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REFINEMENTS OF HOLDER’S INEQUALITY DERIVED FROM
FUNCTIONS 1, ,,» AND ¢,

LUDMILA NIKOLOVA! AND SANJA VAROSANE(C?*

Communicated by C. P. Niculescu

ABSTRACT. We investigate a convex function 1, ,» = max{t,, A\p,}, (1 <
q < p < 00), and its corresponding absolute normalized norm |. ||y, .. We
determine a dual norm and use it for getting refinements of the classical Holder
inequality. Also, we consider a related concave function ¢y, 4 » = min{y,, A, },
(O<p<g<).

1. PRELIMINARIES

Since the end of 20th century several mathematicians have intensively re-
searched properties of the absolute normalized norms on C? (see [2], [0], [],
[10], [I'1]). In this section we give some properties of it which have impact to the
classical Holder inequality for two pairs of numbers.

Let us recall that a norm ||.|| on C? is said to be absolute if ||(z, y)|| = ||(|=], |y])||
for all z,y € C and it is normalized if ||(1,0)|| = ||(0,1)|| = 1. The set of all
absolute normalized norms on C? is denoted by N,. Let ¥ denotes the family of
all convex functions ¢ on [0, 1] with ¢(0) = ¢(1) = 1 satisfying

max{l —t,t} <¢(t) <1, (0<t<1).

Classes N, and W are in one-to-one correspondence, (see [1]). Namely, if ||.|| € N,,
then the function ¢ (t) = ||(1 —t,t)|| belongs to V. Conversely, if 1) € U, then the
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mapping

ol — 4 el e () (y) # (0,0);
It ,y>||¢—{ . (#H47) @) — (0.0 (L.1)

is a norm and ||.||y € N.

The mostly investigated examples of absolute normalized norms are /,-norm
|||, and the norm ||.||,,, of the two-dimensional Lorentz sequence space d® (w, q)
(see [3], [4], [7]). The corresponding convex function ), for the norm |||, is

_ [(1—t)p+tp]%, 1 <p<oo;
vp(t) = { max{t,1 —t}, p=o0.

A norm ||.||,, of the two-dimensional Lorentz sequence space d® (w, q) is defined
as:

(@, y)llog = (@ + wy )

where 0 < w < 1, ¢ > 1, (2*,y*) is a non-increasing rearrangement of (|z|,|y|).
Its corresponding convex function v, 4 is equal to

(L= )74 wt?)i, 0
wqu( ) = 1 1
(¢ + (1 - 1), 4
Another example of particular interest is the following. Let 1 < ¢ < p < o0
1 1
and 27"« < X\ < 1. Then the mapping

-l1p.qx = maxd |- {1, All-flo}

is a norm from N, and the corresponding convex function is defined by

wZMI)\(t) = maX{l/}P(t)? A¢Q(t)}7 te [07 1]

For ¢ € ¥, the dual of the norm ||.[|, is denoted by ||.[|5,. In [5] the following
results about dual of the norm were proved: The mapping ||.[|7, is an absolute
normalized norm and the corresponding function ¥* € ¥ is given by

‘) = su (1—s)(1—1t)+st
v = se[ol,)u Y(s)

for ¢t with 0 <t < 1. Also, the following generalized Holder inequality holds for
convex function ¢ € V:

(1.2)

12| + [yagel < (@, y)llull (@2, w25, (21,31), (22, 92) € C*. (1.3)

For example, the dual norm of the space d®(w,q) was completely determined
by Mitani and Saito in [7]. In the same paper they stated that in formula (1.2)
the conditions ”s € [0,1] and ¢ € [0,1]” can be replaced with ”s € [0,1/2] and
t €10,1/2]” respectively.

In [3] authors considered a family W of concave functions ¢ on [0, 1] with ¢(0) =

¢(1) = 1. The mapping ||.||; defined by (1.1) satisfies the inverse Minkowski
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inequality, i.e. for u, v, z,w € C the following is valid
[Clul + |2[, [ol + TwD)lly = [[(Jul fo Dl +11z] w5

Furthermore, if @/; € U, then @ is non-increasing on (0, 1] and % is non-

decreasing on [0,1). Moreover, if 0 < p <r,0 < ¢ < s, we have

1P @l < 117, 8) |y

For a concave function ¢ € ¥ let us define a function 1, by

L (=) —t) + st

Tossi 9(y)

for 0 <t < 1. The corresponding map ||.||«y is defined by (1.1). Similar concluding

as in [7] gives us that if ¢ is symmetric with respect to t = 1/2, then 1, is also
symmetric with respect to t = 1/2 and

()

_ (1—s)(1—1t)+st
Pult) = 0§s§f1/2 W(s)

for 1/2 <t <1, ([8]). Also, the inverse generalized Holder inequality holds, i.e.

Gz y0)lloll (22, y2) e < 12| + |y192], (1.4)

where x1, 29,91,y € C, ¢ € 0.

Examples of concave functions from the family ¥ are the following:

(i) 9, for p € (0,1).

(ii) t,,4 for g € (0,1) and w > 1, (see [8]).

(ili) Let 0 <p<g<land A € (1, 2%*%) The function ¢, ,\ = min{t,, A\, }
belongs to the family U,

In this paper we consider functions 1,4, and ¢, .. Firstly, in the following
section we consider the function ¢, , x. We will determine the dual function ¢
and the corresponding map “”T/’pqx Also, we will state and analyse the gen-
eralized Holder inequality and the Cauchy inequality which appear in that case
and find out some refinements of the classical Holder and the Cauchy inequali-
ties. The last section is devoted to the function ¢, which belongs to ¥. We
will calculate [|.|[g, .., @pgr,, the corresponding map ||.[.g,,, and investigate
inequalities which arise from the inverse generalized Holder inequality (1.4).

2. FUNCTION v 4 5

2.1. Case p < 00. Let 1 < ¢ < p < ooand \ € (2V/P71/4 1), Let us consider a
function vy, 41 (s) = max,ep11{1p(s), AMy(s)}. It is a function from .

Let so € [0,1/2] be a point such that 1,(s¢) = Ath,(s0), i.e. [(1—s0)P + sh]}/P =
A[(1 — 50)7 + s8]*/9. Then we have

| () fort e |0,s0]U[l— so,1];
Upaalt) = { A, (t)  for t € [so, g — S0) ’
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and the corresponding absolute normalized norm is

(2 + lyP) Ve for 2 < k

), = el ol M)l = { ST o
where k = lf—OSO
The function v, is symmetric, so by Propositions 2 and 3 from [7], the
function ¢ is also symmetric and
) (1—s)(1—t)+st 1
Pr o \(t) = sup , tel0,=]. (2.1)
P s€[0,1/2] Vpga(s) | 2]

Let us calculate the function 7 . From (2.1) we have that ¢y (t) =
max{A, B} where

A= max (1—3)(1—15)—1—st7 B max (1—s)(1—1t)+st
s€[0,50] Py(s) s€[s0,1/2) Ay(s)

Firstly, we consider

(L—s)(1—t)+st)]>

h(s) = S q |~ )

The first derivative of f(s) is equal

o p(l—s—t+ 2st)PH(t(1 — s)P~t — (1 —t)sP™ 1)
ft(5> - ((1 . S)p —|—Sp)2

and the unique stationary point on (0,1/2) is
1
tr-1 1
S1 =

ST (L) 1y (L)

The function h; increases for s < s; and decreases for s > s;. Consider now
another function

Q=

(1 —s)(1—t)+ st)?
(1 —s)a+ 59

The point of the local maximum of g; on interval (0,1/2) is

9i(s) = %

1
taT 1
So =

_tq%l—i—(l—t)q%l :1+(%)q%1'

Since 0 < ¢t < %, g < p we have sy < s; and there are exist three different
orders: sp < s9 < 51, S9 < 51 < 59 and s9 < sg5 < 51

Case a) If 59 < s < s1, then:

A= max ha(s) = hy(so) = L= =D st

oelosa (1= so)p + sp)v
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1 [((1=s2)(1—t)+spt)?]
B pr— pu— = —
SEI[EOE,??Q] gt(S) gt(SQ) A (1 — Sg)q + Sg

q—1

1 9 9 -
=—((1—=t)aT 4+ ta-1) 7 .
(1= )7 +47)

The Holder inequality for pairs (1 — sg,s9) and (1 — ¢,¢) with exponents ¢ and
7+, states:

1—g

(1= s0)(1 — ) + sot < (1= 50)? + 53 ((1 — )7 +¢77) 7.
Using the previous result we get that
1-— 1—-1 t 1 q ¢ L
Cy,(t) = (1= 50)( )+ SP < —((1—=t)a7t +taT1) ¢
M1 =s0)+s)a A

and in this case

* 1 _q_ _4q_ qq;l
Vpaalt) = (A=) +temr)
Case b) If s, < 51 < 59, then
1- 1—t t » , o=l
A= max hy(s) = hy(s) = LSZDESE g gty g5ty
el (1 —=s1)P+sh)7
1—59)(1—1)+ spt
b= max gt(S) = gt(SO) = ( 0)< ) ;0 = Cso(t).
s€[s0,1/2] )\((]_ — 30)‘1 + Sg)q
As above, using once more the Hélder inequality we see that
U (1) = max{[(1— )71 4 655] 7 Oy (1)} = [(1— 1)1 41751 7

Case c) If 55 < 59 < 51, then
A = max h(s) = h(so) = Cs, (1),

s€[0,s0]
B = max g(s) = gi(so) = Cs(t)
$€[s0,1/2]
and
Upaa(t) = Cs (1)
Let us express conditions of above cases in terms of the variable ¢.
a) If so > s¢, then

1
———3 25
Lt ()

which is equivalent to the inequality
1
t>t,= —
1=So
L+ (52)
b) If 51 < sg, then
1
1 S S0
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or equivalently
1
t<ti = —— .
1+ (1‘—°>
80
Note that since ¢ < p,0 < so < 1/2 we have 0 < ¢; <t < 3.
¢) And finally, if so < 59 < 51, then t; <t < ts.

The following theorem is a result of the above discussion.

Theorem 2.1. Let 1 < ¢ < p < oo and A € (27714 1), Then the function
g 1S equal

(1=t + P 0<t<ty;
Cso(t) t <t <ty
Uraa®) = L0074 <<ty
Coo(1—1) -t <t<1—t;
L (L=t + )Y 1—t <t <1,

where p' and ¢’ are conjugate exponents of p and q, i.e. %—I—I% =1 and %—k? =1,

1 1
ty =

T N\p D T/ Ne 1
1—s 1—s
1+ (—00) 1+ (—00>

(1—80)(1—t)+80t (1—80)(1—t)+80t
Cy, (1) = — = —.

((1 = s0)? + s0)7 A((1 = s0)? + )
Let us determine the norm which corresponds to the function ¢y ;.

Let t = |x||i||y‘ € [0,t,]. Since t; < 3, then |y| < |z|, i.e. z* = |z[,y* = |y| and the

t, =

and

*

* p_l
inequality 0 < t < t; gives L )p,l or & < ( A ) . Using formula

Y <
Tryt — 1+(1;50 1—s0

(1.1) we get that in this case [[(z,y)[[}, , = (Jz|”" + |y[*)/*". Calculations for
other cases are similar. So, we have the following result.

The norm ||(z,y)[[}, ., is equal to
([ + [y )7, <R
[E R et :
el + W, e
where k = $°.- and (z*,y") is a non-increasing rearrangement of (|z[, [y|).

Example 2.2. Let us investigate the simplest case when ¢ = 1 and p = 2. Then

)‘6 <\/L§’1>’ Z51 = S0 = #7 tQ: % and k: )\2_1——\/2)\)527_1 III that case

(1—t)2+t3)Y2, 0<t<sporl—sy<t<l;
s <t <1~ s,

s ={ |

Y
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(1 —t)2+)V2 0<t < s
250 — 1—s9 1
¢2,1,A(t) = 1—2sg So 1 .
h\ t it b S t S 1 - 50;
(=P rdpe st
The corresponding norms are
2+ )2 L < E;
e lonsn ={ S0 E54
(el + 1), ==k,
@ sk
7 Y = 1_ :B*
(= y)||¢2,1,>\ { 50 (ky* +27), L >

22. Case p=oc. If p=ocand X € (275, 1), then

1@, )l gn = max{{|z, Yoo, All (2, 1)}
and
1—1t, tE[O,So];
Yooga(t) =8 APy(t), t € [s0,1— 50;
t, t € [1 — S, ]_]
where sg is a point from [0,1] such that 1 — sy = A((1 — ¢)? + t9)/9. An easy
calculation, similar to the calculation in the first part of this section gives us that

Cso (1) 0 <t <ty
Vsoaa(t) = %((1 1) )y <t <1 —ty;
Cso(1—1) l—t,<t<l1
and *
ky* + a7, U< el
H(l’?y)H:/)oo,q,A - { %(ulq’ + Iyl Ve z_* > fa-1

where ¢/, t5 and k are defined as in the case when p # co.
Let us observe that %, , \ = lim, oo ¥,y and ||.[[},_ = = lim, oo [[.[[5, . For
q = 1 the function ¢}, , was calculated in [5].

2.3. Refinements of the Holder inequality and the Cauchy inequality.
As a consequence of the generalized Holder inequality (1.3) and results about
norms |||y, ., and [[.[[3, . we have six inequalities which are valid in the different
regions. As we will see two of them have a form of the classical Holder inequality
and some of them are better than the classical Holder inequality. Because of
simplicity, let x1, x2,y1,y2 be non-negative real numbers. These six inequalities
are the following:
(1) If y— < k and y— < k=, then

Ty + yiys < (aF + y) VP (el +yh )P
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(2) If & <k and k7' < ¥ < k971 then

2

T1T2 + Y1y2 < (xf + ?ff)l/p(ky; + x3).

(k7 + 1)1/

(3) If & <k and 2 > k97!, then
1 2

1
@+ )P+ )M

(4) If % >k and 2 < kP!, then

T1T2 + Y1y2 <

179 + y1ya < Az + yDY(2h 4 o2 )P
(5) If &4 > k and k71 < 2 < k971 then
1

2

T1T2 + Y1y2 < (z] + yg)l/q(ky; + 13).

A
(kP + 1)1/p
(6) If z—l > k and Z—Q > k971 then
1 2

1 + y1ys < (2 + gl (ad + g )V
In the following theorem we give a refinement of the classical Holder inequality.

Theorem 2.3. Let 1, x9,y1,y2 >0, 1 < qg<p cmd k: = Letp and ¢’ be a
conjugate exponents of p and q respectively, i.e. ; + 17 = 1 and rian ? = 1.

IF U <k and kP~1 < 2 < k971, then
Ty Lo ’

122+ Y192 < (af +y]) P (kys +3) < (f +]) P () +95) 7 (2.2)

1
(kP + 1)1/p

IF >k and kP~1 < 2 < k971 then
Ty Lo

11T+ Y1y < (@d +yD) U (kys +a3) < (21 +yD)Y (2l +yd)M7. (2.3)

(kp + 1)1/p
Proof. Assume that & < k and k*~! < %2 < k91, The first inequality in (2.2) is
a consequence of the generahzed Holder mequahty (1.3). The second inequality
is equivalent to W(/ﬂyQ +23) <
inequality is equivalent to

(#8 + y2)Y/7. Furthemore, the previous

(14 kt)”

= + kP) T (2.4)

for t € [kP~1 k771 Function y(t) = (111]?,;7 is non-increasing on [kP~* k77! and

y(kP~1) = (1 + kp) . So, inequality (2.4) holds and refinement (2.2) is proved.
Inequality (2.3) is proved similarly. O
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When p = 2 and ¢ = 1, then using the generalized Holder inequality (1.3) we
have the following inequalites:
(1) If & <k and £ < k, then
1 2
21y + y1ys < (07 + y7) P (aF + v3) 2.

(2) If Y& >k, % <k, then

Il -
T123 + Y2 < M|@1| + |]) (23 + 92)1/2
(3) It & <k, % >k, then

1—80

T1T9 + Y1ya < (7 + y%)I/Q(IS + kys3).

(4) It & >k, % > [, then
1 2

212y + yrya < (1= so) (1] + [y1]) (25 + ko).

The first inequality is the classical Cauchy inequality. As a consequence of
(2.2), the third one is a refinement of the Cauchy inequality, i.e. we have

1—80

T1%2 + Y1Y2 < (23 + 91)1/2(1’2 + ky3) < (af + 91)1/2(1’ + Ys )1/2 (2.5)

forg—<ky3>k.

1 ’ T2
But for Z—l > k, 3—2 < k (conditions of case (2)) we can put better inequality.
Let us prové that
1—sp
A
Putting ¢t = i—ll the previous inequality becomes (1 — s9)(1 + kt) < X\?(1 +t) or
t(A2 — (1 —s9)k) > 1 — 89 — A2. Since sq < 1/2 then A2 — (1 — so)k = A\? — 59 =
252 — 359+ 1 > 0 and we can write t > 5 o S 120 = k. The last inequality
t > k is true in the case (2), so we prove (2.6).
If we change the places of (z1,y1) and (z3,y2) in (2.5), then for —i >k, é <k
we get

(@7 + ky7) < Alaa| + ). (2.6)

1-— So % %
(x% + 93)1/2(% + kyp) < (551 + 91)1/2(% + Ya )1/2

T1T2 + Y1y2 <

This and (2.6) shows that we have improved the inequality from the case (2)
and this improved inequality

— S * *
(a3 4+ 3) V2t + k)

is also an refinement of the classical Cauchy inequality.
So in the case (1) we have the classical Cauchy inequality and in cases (2) and
(3) we have refinements of the classical Cauchy inequality.

T1T2 + Y1y2 <
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3. FUNCTION ¢y, 42

Let 0 < p < ¢ < 1and A € (1,2/771/9). The function ¢, is defined as
Gpga(s) = mingep11{1p(s), AMy(s)}. It is a function from ¥ and it is easy to see

that
[ (t)  for t €]0,s0);
Ppar = { M, (t)  for t € [so, %]

which is expanded to the whole interval [0, 1] by symmetrization with respect to
the point 1/2, where sy € [0,1/2] is a point such that v, (so) = AM,(so). Also,

— mi _f a1y for & < ks
162,y = minlo )l Al = { (0P E - or s <

x*

* %

where k = $2%-. In the following text we will use notation ¢ = ¢p 4.

Using the same method as in the Section 2, we state the following theorem:

Theorem 3.1. Let 0 < p < ¢ <1 and X € (1,2Y/P=Y/9) Then the function ¢, is
equal

(1=t +HYY 0<t<1—ty;
€50<1—t) 1—t1§t§1—t2,
¢*(t) = X((l_t>q/+tq/>1/Q/7 1_t2 §t§t2,
Cy, () R ty <t <ty
L (L=t + Y <t <1,

where p' and ¢’ are conjugate exponents of p and q, i.e. }D—F[% =1 and %—i—& =1,

1 1
h=——"—"57 lb=——"—" 73
1+ (ﬂ> 1+ (ﬂ)
S0 S0
and
C (t)— (1—80)(1—t)+80t . (1—80)(1—t>+80t
S - 1 - i -
i (L=so)+sh)>  A((1—s0)7+ s8)7
The corresponding map ||.||«s is equal
(" + [y, <k
— (kyfta), KPP <L <k
I )lo =13 Grpry ) :
—(|z]? + |y| PV, o> pleg
)\ T
where k = 2= and (z*,y") is a non-increasing rearrangement of (|z|, yl).

As a consequence of the inverse generalized Holder inequality (1.4) and results
about .||, and ||.||.s we have six inequalities which are valid in the different
regions. As we will see two of them have a form of the classical inverse Holder
inequality. Because of simplicity, let z1, x2, y1, y2 be non-negative real numbers.
These inequalities are the following:

(1) It & <k and % < k'7, then

Ty + yiys > () + y) VP (el b )P
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(2) If & <k and &7 < 2 < k179, then

1 * *
W@If +y)) P (kys + 23).

(3) If & < k and 2 > k9, then
1 2

T1T2 + Y1y2 = (

1 / ! /
T1T2 + 1Yz = X(ﬁzf +yD) P (g + g )V
(4) If 4 >k and £ < k'7, then
1 2

172 + Y1y > Mad + )/ 9(2h + )
(5) If & > k and &'~7 < 2 < k!9, then
1 2

T1T2 + Y1yo = ( (zf + y(f)l/q(ky; + x3).

kp + 1)1/17
(6) If &L > k and 2 > k=9, then
1 2

Ty + iy > (2 + y)YU(xg +yd )V

In the following theorem we give a refinement of the classical inverse Holder
inequality.

Theorem 3.2. Let x1,22,y1,92 > 0,0 <p < g <1and k= . Let p and ¢
be a conjugate exponents of p and q respectively.
If 2 <k and k'™P < 22 < k!9, then
1 2

1 * * / / ,
Ty @+ D) ks 4 5) = (af ) (ad )

Ify—}t >k and kP < 2 < k179, then
Ty Lo

T1To + Y1Yo > (

)\ * * / / ,
Ty s 33 > (a4 D)V )

Proof. The proof is similar to the proof of Theorem 2.3. O

T1T2 + Y1y2 = (
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