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Simplicial maps from the 3-sphere to the 2-sphere

Keerti Vardhan Madahar

(Communicated by K. Strambach)

Abstract. We give minimal simplicial maps # : S}, — S7 and ¢ : S, — S? of Hopf invariant
one and two respectively. In general we give, for each n > 3, a simplicial map & : SZ" — SZ
(not necessarily minimal) of Hopf invariant n. We use the notation S¥ to denote a v-vertex
triangulation of the k-sphere.
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Introduction. Let f : S° — S? be any map; we may assume it simplicial relative to
some triangulations of S* and S%. Note that the pre-image, f71(x), of an interior
point x of any 2-simplex of S? is a simple closed curve in S§* and by using orienta-
tions of S? and S* a natural orientation can be assigned to it. As we know any simple
closed curve bounds in S°; so by subdividing S suitably, we can choose a 2-chain 2>
(say) bounded by f~'(x) and orient all its 2-simplices such that the induced orien-
tation on f~!(x) coincides with its natural orientation. In this way we get a homo-
morphism £, : Hy(22, f~1(x)) — Hy(S?, x), defined as f,([«]) = d - [f] for some inte-
ger d. The number d is independent of the choice of the interior point x, it depends
only on the homotopy class of the map f and is called Hopf invariant of the map f.

We know that any two maps from the 3-sphere to the 2-sphere are homotopic if
and only if they have the same Hopf invariant. In this article we give, for each n € N,
a simplicial map (from the 3-sphere to the 2-sphere) of Hopf invariant » and we ob-
serve that for n = 1,2 these are minimal simplicial maps.

We say that a simplicial map ¢ : Sf(n) — S7 is a minimal simplicial map of Hopf
invariant # if there is no simplicial map S{?(n)q — 87 of Hopf invariant 7. It seems to
us that it is a hard problem to find such minimal simplicial maps. However if we re-
strict ourselves to the category of some special maps, e.g. if we consider only those
maps S* — S? in which the inverse image of each point of S? is homeomorphic to S'
then we hope to get minimal simplicial maps of any given Hopf invariant. Note that
in each homotopy class of maps S* — S2, such a special map exists. So we shall give
simplicial maps Sf(n) — Sj in this category.
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Indeed we are going to triangulate a particular type of the Seifert fibrations [3] of
the 3-sphere. We know that any Seifert fibration of S* gives a quotient map S* — S?
(see [3]) under which a circle maps to a point and at most two points of S* can be
exceptional and all other points are ordinary. But in our constructions at most one
point of S? will be exceptional. We first recall definitions of ordinary and exceptional
points of S? for a given quotient map S* — S? having only one exceptional point.

Ordinary points. Let f : s* > 8§’bea map in which f~!(x) is homeomorphic to s!
for all points x of S? and let ID? denote the unit 2-disk in IR? with centre at the origin.
We say x € S? is an ordinary point or a regular point if there exists a neighbourhood
U, = S? of x, and homeomorphisms

vy - D2xs!

-y

h
. — - D?

h:f~Y(Uy) — D?xS"and & : Uy — ID? with A(x) = 0 for which the above diagram
commutes.

Exceptional points. Let p:ID?> — ID? be a rotation map defined as p(r-e’) =
r-e!0+27/n) for some n > 2. Consider the quotient space, I, obtained from ID? x I
by identifying the points (x,0) with (p(x), 1) for all x € ID2. This identification gives
a quotient map ¢, : ID? x I — T, under which exactly n fibers, i.e. x x I, p(x) x I,
p2(x) x I,...,p" Y(x) x I (here x # 0), of D? x I, together form a single circle of T,
and the fiber 0 x I of D? x I maps to the middle circle of T},.

Let a map #: ID? — ID? be defined as #(z) = z” for some n > 2. Then there is a

unique map ¢ : I', — ID? which makes the following diagram commutative.

D2x1 —1. T,

L]
D2 . D2

We call a point x of S? an exceptional or a singular point of multiplicity n, for
a given map f : S® — S?, if for each neighbourhood Uy of x there are homeomor-
phisms % : f~!(U,) — T, and & : U, — ID? with &(x) = 0 which make the following
diagram commutative.

U, —— D?

A fiber corresponding to an exceptional point will be called an exceptional fiber.
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Theorem. There exist minimal simplicial maps n,& : sz — Si of Hopf invariants
one and two respectively, and in general for each n > 2 there is a simplicial map
&:S; — S} of Hopf invariant n.

Proof. A simplicial map 7 : sz — Si has been shown and defined by the vertex
labelling in Figures 1 and 2.
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Figure 1. T¢ = dMg and M{

We have proved in [2] that the map # is the minimal triangulation of the well-known
Hopf fibration / : S* — S2, so the map has Hopf invariant one. Now we shall give a
minimal simplicial map ¢ : S], — S of Hopf invariant two.

Construction of a minimal simplicial map of Hopf invariant two. As we wish to make
simplicial maps in which the pre-image of each point of Si (it is the minimal trian-
gulation of the 2-sphere) is homeomorphic to S!, so corresponding to four vertices of
S; there are four simplicial circles in §* and each will have at least three vertices. So
at least 12 vertices are needed in S° to make a simplicial map of any non-zero Hopf
invariant. Moreover it is interesting to know that any simplicial map Sf — Si, with
v < 11, is a homotopically trivial map (see Theorem Ila of [1]).

The simplicial map & : S;, — S} = d[ABCD]. Our simplicial complex S3, is the union
of two solid tori. One of them, Mg, is the pre-image of a 2-simplex ABC. Its trian-
gulated boundary has been shown in Figure 3 below. This solid torus consists of nine
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Figure 2. T¢ = 0N}, and N},
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Figure 3. T¢ = oM and M
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Figure 4. T¢ = 6N}, and N},

3-simplices, three of them are 4¢gByCoB;, AgA1B1Cy, A1B;C;Cy and the remaining
six can be obtained from these by using the permutation o« = (4pA14,)(BoB1B>) -
(C()C] Cz)(DoDlDz).

The second solid torus, N132, is the pre-image of Sf\lnt.ABC. Its triangulated
boundary (shown in Figure 4 above) is isomorphic to, and will be identified with,
the boundary of Mg. It has thirty-six 3-simplices, twelve of them are 4yCoC,Dy,
A1A>C1 Dy, A1 A2B2Dy, A2BoB2Dg, BoB,CyDg, BoCoCrDg, AgB1DoDy, BiC1 DDy,
A1C1 DD, A1B,DyD, B,CyDyD;, AyC>,DyD; and the remaining twenty-four can
be obtained from these by using the permutation o. Note that the solid torus N7,
is homeomorphic to I'; under a fiber preserving homeomorphism, its middle fiber
E1(D) is exceptional of multiplicity 2.

The simplicial map & : sz — Sﬁ given by X; — X for all X € {4, B, C,D} is well
defined, as under this map simplices of §132 get mapped onto the simplices of Si .

Remarks. 1. The solid torus N7, contains pre-images of CAD, ABD and BCD. We
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Figure 5

have given simplices of ¢~!(CAD), in Figure 5, explicitly and simplices of £~ (4BD)
and ¢~ 1(BCD) can be obtained similarly. The simplicial complex &~ (CAD) consists
of twelve 3-simplices, four of them are 4gCyoDyD;, AgA1CyD7, A1 CoD1 Dy, A1 CyC D,
and the remaining eight can be obtained from these by using the permutation o.

2. From here it is very clear that pre-images of 4D, BD and CD are Mbius strips
bounded by ¢7!(4), ¢ 1(B) and £7'(C) respectively. In each case the middle circle of
the M&bius strip is £~ (D). Further note that pre-images of 4B, BC and CA are cyl-
inders.

3. Here vertices 4, B, C are ordinary vertices while the vertex D is an exceptional
vertex of multiplicity 2. So in order to verify the Hopf invariant of the map &, we
choose a 2-chain, in sz, bounded by one of the pre-images of 4, B or C and see
the restriction of the map & to this 2-chain. In particular let us see in Figure 6 the
restriction of £ to a 2-chain bounded by the pre-image of the vertex 4 of Si.

It is clear from Figure 6 that the restricted map & : (22,& ! (x)) — (S?,x) has de-
gree +2, so the Hopf invariant of the map is +2 depending upon the choice of the
orientations of S* and S2.

Now we shall give for each n = 3, a simplicial map & : Sgn — Si of Hopf invariant n
but their minimality is yet to be verified.
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In order to make a simplicial map ¢ : S] — S? of Hopf invariant n > 3, we take
a sphere S;, which is the union of two solid tori (M and N say) whose common
boundary is shown in Figure 7 above.
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The solid torus M has been triangulated with 3(2n — 1) 3-simplices. Three of them
are AgByCyB, A1 B1C1Cy, AgA1 B, Cy and rest of the 3-simplices can be obtained from
these by using the permutation o = [y 4 g c py (X0 X1 ... X2n2).

The second solid torus has been triangulated with 3(2n — 1)(3n — 2) 3-simplices;
3(3” — 2) of these are C,'Al'AHlD(), AiAj+1Bl'+1DO, A,'+1B,'+1Bl'+2Do, Bj+1Bl‘+2Cj+1DO,
Bi2Cit1Ciy2 Do, Cit1CippAia Dy, AoB1DoD1, BiC1DoDy, A1C1DoDy, AiBi1DoD1,
B \1Ciy1DoDy, Ci1AinDogD; for each odd ieZ/(2n—1) ie. i lies in the set
{1,3,5,...,2n — 3} and the rest of the 3-simplices can be obtained from these by
using the permutation o. It is easy to verify that the simplicial map & : Sgn — Sf
defined as X; — X for all X € {4, B, C, D} has Hopf invariant n.
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