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THE COMPLEX GEOMETRY OF AN INTEGRABLE SYSTEM

AHMED LESFARI

ABSTRACT. In this paper, a finite dimensional algebraic completely integrable
system is considered. We show that the intersection of levels of integrals
completes into an abelian surface (a two dimensional complex algebraic torus)
of polarization (2,8) and that the flow of the system can be linearized on it.

1. INTRODUCTION

Consider a hamiltonian vector fields

OH
1 d=J—, z€R",
(1) P
where J = J(z) is a skew-symmetric matrix with polynomial entries in z, for which
the corresponding Poisson bracket

_ JoH, oH,
{Hi, Hy} = < 0z’ U 0z > ’

satisfies the Jacobi identity.

The system (1) with polynomial right hand side will be called algebraic complete
integrable when:

a) the system is completely integrable with polynomial invariants, to be precise,

the system possesses k polynomial Hy, ..., Hy (functions whose gradients 0H;/0z
are null vectors of J) and m = (n — k)/2 polynomial first integrals Hpi1 =
H,...,Hpim in involution ( {H;, H;} = 0), which give rise to m commuting

vector fields X; generated by (1) applied to Hgy;, 1 < i < m; for generic ¢;, the
invariant manifolds

k+m

ﬂ {zeR": H,(z) = ¢},
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are compact and connected and therefore there exists a diffeomorphism

k+m
ﬂ {z € R": H; (z) = ¢;} — R™/Lattice (real tori) ,
i=1

according to the Arnold-Liouville theorem [3,18].
b) The invariant manifolds, thought of as affine varieties in C™ (non-compact)

kE+m
A= (V{z€C": Hi(z) =},

=1

can be completed into complex algebraic tori A (abelian varieties) as follows

A=A\D,
where D is a divisor in A. In the natural coordinates (t1,. . tm) of A = C™ /Lattice
coming from C™, the functions z; = z;(t1, ..., ) are meromorphic and in partic-

ular (1) defines straight line motion on A.

Adler and van Moerbeke [1] have developed and used the following algebraic
complete integrability criterion: If the hamiltonian system (1) is algebraic complete
integrable, then each z; blows up for some value of ¢ € C and whenever it blows
up, the solution z(¢) behaves as a Laurent series

=t (zi(o)—szl)t—szz)tQ—i—---), kieZ, some k;>0,

which admits dim(phase space)—1 = n — 1 free parameters.

In this paper we consider the following system of differential equations in the
unknowns z1,... ,24 :

Z1 =23,
Zy = za,
(2) 23 = QZl — QOZQ — Z%Zz y
24 = QZQ — QQZl — le% y

where o and 2 are two arbitrary constants. If Q = Qy = 0, this system co-
incide with the Yang-Mills system (see Appendix 1) describing a homogeneous
two-component field having the gauge group SU(2). The solutions of this system
can also be related to the coupled nonlinear Schrédinger equations (see Appendix
2). The following two quartics are first integrals for this system

1 1 1 1
(3) Hy= ZQO (z% + 23) — 592122 + Zz%zg + 573%4,

1 1 1 !
o=~} (0~ 07) v J0mea— 0 (5451 o G+
1 1 1
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The system (2) can be written in the form (1) with n =4, m =2, kK = 0; to be
precise
0H
Z:f(Z):JE’ 22(21,22723,24)T,
where H = H; (3),
O _(oH OH oH OHYT (0 I
B 821 ’ 822 ’ 823 824 ’ o -1 0 ’

0z
The second flow commuting with the first is regulated by the equations

OH,

Z= J—az , z = (21, Z2,Z3724)T
with Hy defined by (4) and is written explicitly as
. 1
z1 = 5924 + 59023 3% (2124 — 2223) ,
) 1 1
29 = =Qz3+ =Qpz4 + =21 (Z12’4 — 2’22’3) R
(5) 2 2 8

) 1 1

23 = 572 (4(22 - 493 — 30022 — Q22 — 4(221,22) — g (2124 — 2223) ,

) 1 1

2y = §Zl (4(22 - 493 — Qoz% - 39025 - 492122) + §Z3 (2124 — 2223) .
The invariant (or level) variety

2

(6) A:ﬂ{Hi(Z):CZ‘}C(C4,

=1

is a smooth affine surface for generic ¢ = (c1,c2) € C2. So, the question I address is
how does one find the compactification of A into an Abelian surface? Now granted
the system (2) is integrable, how does one effectively integrate the problem? The
proof of the Liouville theorem concerning integrals in involution and invariant tori
is non-constructive: neither does it enable you to decide about its integrability, nor
does it provide means for integrating the problem. The idea of the direct proof we
shall give here is closely related to the geometric spirit of the (real) Arnold-Liouville
theorem [3,18]. Namely, a compact complex n-dimensional variety on which there
exist n holomorphic commuting vector fields which are independent at every point
is analytically isomorphic to a n-dimensional complex torus C™/Lattice and the
complex flows generated by the vector fields are straight lines on this complex
torus. Now, the main problem will be to complete A (6) into a non singular
compact complex algebraic variety A=AUD insucha way that the vector fields
(2) and (5) extend holomorphically along the divisor D and remain independent
there. If this is possible, Ais an algebraic complex torus (an abelian variety) and
the coordinates z; restricted to A are abelian functions. A naive guess would be
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to take the natural compactification A of A by projectivizing the equations:
2
A=({Hi(2)=ciZ;} c CP".
i=1

Indeed, this can never work for a general reason: an abelian variety A of dimension
bigger or equal than two is never a complete intersection, that is it can never be de-
scriped in some projective space CP™ by n-dim A global polynomial homogeneous
equations. In other words, if A is to be the affine part of an abelian surface, A
must have a singularity somewhere along the locus at infinity A, = AN{Xy = 0}.
In fact, we shall show that the existence of meromorphic solutions to the differen-
tial equations (2) depending on 3 free parameters can be used to manufacture the
tori, without ever going through the delicate procedure of blowing up and down.
Information about the tori can then be gathered from the divisor.

2. LAURENT EXPANSIONS SOLUTIONS AND CURVES

Consider points at infinity which are limit points of trajectories of the flow.
If the hamiltonian flow (1) is algebraic complete integrable, it means that the
variables z; are meromorphic on the torus C™ /Lattice and by compactness they
must blow up along a codimension one subvariety (a divisor) D C C™ /Lattice. By
the algebraic complete integrability definition, the flow (1) is a straight line motion
in C™ /Lattice and thus it must hit the divisor D in at least one place. Moreover
through every point of D | there is a straight line motion and therefore a Laurent
expansion around that point of intersection. Hence the differential equation must
admit Laurent expansions which depend on the m — 1 parameters defining D and
the m + k constants ¢; defining the torus C™ /Lattice the total count is therefore
n — 1 = dim (phase space)—1 parameters.

Proposition 1. The pole solutions of the system (2) restricted to the surface A (6)
is a curve D (8) of geometric genus 7. Its smooth version is a hyperelliptic curve
C (10) of genus 5, which is a double cover ramified at 4 points of a genus 2 hyper-
elliptic curve Co (11).

Proof. The first fact to observe is that if the system (2) is to have Laurent ex-
pansions solutions depending on dim(phase space)—1 = 3 free parameters, the
solutions must blow up like:

(0)
7 = —th 420 4 Py B2y Wy
(0)
Z9 = —Z2t + zél) + zéz)t + zég)t2 + z§4)t3 + -
(7)
)
23 = ——zt12 +2P 42Dy 3.2y

(0)

z4 = —% + 252) + 2z§3)t + 3z§4)t2 + e
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this follows immediately from the differential equations (2). Putting (7) into (2),
solving inductively for the z(*), one finds at the 0" step a non-linear equation,
and at the k™ step, a linear system of equations. One free parameter o appear at
the 0" step and the two remaining ones (3, v at the k' step, k = 3, k = 4. More
precisely, we find

z%o) =a, z%o)zg ) = -2,

z%l) =0, zél) =0,
@ _ @ _ 1 1 1

2 Qa—|— Qozg—i— a 30, 25 ——6922—1—5900[—1— 122290,
AV = 2a%8, 5’ =1,

AW = iQQOzg + i9043(20 - —z Q2 - — 592 1a2’y A = v
! 12 24 2472 48 2 2 ’

Substituting the solutions (7) into H; = ¢; and Hy = cg, and equating the ¢°-terms
yields

11
H:——‘lﬁ2 Q2Q——Q2——92 2502 — Qzﬂ—
! 72 ot ghath 36 36 e #2200 50‘7’
_ 9 9 19 af03 17 4092 3,2 2,2 3
Hy = 4aﬁ 576 Q+144Q Q5 Q 144(2 Q—|— Q
2 11
— ZQOQB’Y + 3Qary,
with z£0)z§0) = —2. Eliminating ~ from these equations, leads to the followings
curve of geometric genus 7,
(8) D: a®3 —P(a)=0,
where
1 7
P(a)= — —Q —002a!° 1 g 3508 + 360H; + 560°
(a) 0 5a + 52200 (356% + 360H +560%) o°
1
- E (—140° + 180H, + 108QH; + 45QQ%) o
19 8
——Q (703 — 3507 — 324H — 0200 + —03.

©) 1620 o (796 = 3507 = 320 o + 750500 +
Its smooth version is the following hyperelliptic curve of genus 5,
(10) C:u*—~P(a)=0.
It is a double ramified cover of the genus 2 hyperelliptic curve,
(11) Co:v>—P (&) =0,

ramified at the four points covering £ = 0 and oo. The polynome P (&) of degree
6 is given by (9) with £ = a?. This concludes the proof of Proposition 1. O
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3. INVARIANT SURFACES AS AFFINE PART OF AN ABELIAN SURFACE

We now wish to give a direct geometric proof that the surface A (6) is an affine
part of an abelian surface. Let A be a smooth surface compactifying A. Consider
a basis 1, f1, ..., fy of the vector space

L=L(C) = {f . f meromorphic on A, (f) > —C} ,

of meromorphic functions on A with at worst a simple pole along C and the map

Av—> C]PN, pr— []-ufl(p)v"'ﬂfN(p)] ’

considered projectively, because if at p some f;(p) = oo, we divide by f; having
the highest order pole near p, which makes every element finite. The Kodaira
embedding theorem tells us that if the line bundle associated with the divisor is
positive, then for k € N, the functions of L (kC) embed smoothly A into CPY and
then by Chow’s theorem, A can be realized as an algebraic variety, i.e.,

A:ﬂ{zECPN:Pi(z):()},

where P; (z) are homogeneous polynomials. In fact we shall show that the diviseur
2C provides a smooth embedding into CP*°, via the meromorphic section of L (2C).
Put § = 2C and let

X (S) = dim H°(A, O(S)) — dim H' (4, 0(S)),

be the Euler characteristic of S. The adjunction formula and the Riemann-Roch
theorem for divisors on abelian surfaces imply that

Q(S)ZWJFL
X(8) = pua(A) + 145 (- (5-K5)

where g (S) is the geometric genus of S and pa(ﬁ) is the arithmetic genus of A.
Since A is an abelian surface (K ; = 0,pa(4) = —1),
S-S
==
=x(S) -
Using Kodaira-Serre duality [6, p.153], Kodaira-Nakano vanishing theorem [6,
p. 154] and a theorem on theta-functions [6, p.317], it is easy to see that
(12) 9(S)—1=dmL(S) (=h°(L) .
—N+1,
= 6102,

g (§)-1

where d1,02 € N, are the elementary divisors of the polarization of A.
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Proposition 2. The orbits of the vector field (2) running through S = 2C form a
smooth surface A, near S. Near p € S, the surface strip A, coincides with A and

A, \ § C A; A, is the only part ofg in a small neighbourhood of p. Moreover,
the variety

Au(lJAay) =A=4us,
peES

is smooth, compact, connected and embeds smoothly into CP*®.

Proof. Based on the above motivation, it is easy to find a set of polynomial
functions {1, f1,..., fx} in L(S) such that the embedding of S = 2C with those
functions into CPY yields a curve of genus N + 2. Straightforward calculation, us-
ing asymptotic expansions, shows that the space L (S) is spanned by the following
functions

L(S):{17f17'~'7f15}7

where

fi=m="+0(1),

2
fo=2=2-+0(),

t
f3=Z3=—L%+0(t),

0
f4:Z4:_t—2+0(t)a

2
f5:'z%:,0;_2+0(t)7

9 4

fGZZQZW‘FO(t)a

2
f7:2122:_t_2+0(t)’

a?+2
fs = z124 — 2023 = Qo (a® — 2) e +ol(t),
2 2
2 (a® +2
fg = (2’12’4 — ZQZ3)2 = Q(Q) (Oéz — 2) % + O(t) )
2
+2
f10 = Zz1 (2’12’4 - 2223) = QO (Oéz - 2) aat2 +o0 (t) )

2
(e
f11 = Z9 (2’12’4 — 2223) = —290 (Oé2 — 2) W +o0 (t) 5
f12 = 23 (2124 — 2223) + Qo1 (z% — z%) =—-6—=50+o0(t),

fi3 = 24 (2124 — 2023) + Qo2o (27 — 23) = t—25+ o(t),
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fia= (27 — 23) mza + 2 (23 — 23) ,

1 4 9 9 )
= 5 (—Q()Oé + 4Qa —490) (O[ +2) W +O(t) s
fis = 2122 (2124 — 2223) — 2Q0 (2123 — 2224) — 2 (2124 — 2223) ,
12
= —t—20zﬂ +ol(t).
The map
S — CP'?,

b= }/i_{%tQ (Lfl(p)a"'aflf)(p)) ’
= (0.0,0. 7). A7 ®).0.57@), .. £ W)

maps the curve S into S C CP* and the genus of § is 17, satisfying the requirement
(12). Let A, C CP' be the surface formed by the divisor S with fibres defined
by the flow (for small ¢) departing from the points of S in a neighbourhood of the
point p € S. Let H € CP'® be a hyperplane transversal to the direction of the
flow at p and consider the segment of the curve S’ defined by &' = HN A,. If
S’ is smooth, then using the implicit function theorem the surface A, is smooth.
But if &’ is singular at 0, then A, would be singular along the trajectory (t-axis)
which go immediately into the affine part A. Hence, A would be singular which is a
contradiction because A is the fibre of a morphism from C* to C? and so smooth for
almost all the two constants of the motion ¢;. Next, let A be the projective closure
of A into CP*, let Z = (Zo, Z1,Z2,Z3, Zy) € CP* and let Ao = AN {Zy = 0} be
the locus at infinity. Consider the map

f:ACCP* - CP¥, Z— f(2),

where f = (1, f1,..., f15) € L(S) and let A = f(A). In a neighbourhood V (p) C
CP" of p, we have A, = A and Ap \ 8§ C A; A, is the only part of A in a small
neighbourhood of p. Otherwise there would exist an element of surface A}, C A
intersecting A, at p € S. Let g%, (p) be the orbit going with the vector field (2)
through p. We have

orbit {gf‘s{l (p), 0<|t| < 5} = (AZD DA;) \A,
Apn A; = t-axis.

Hence A would be singular along the t-axis which is impossible. Since the variety
AN{Zy # 0} is irreductible and since the generic hyperplane section Hgeneric of
A is also irreducible, all hyperplane sections are connected and hence A, is also
connected. Now, consider the graph I'y C CP* x CP'® of the map f, which is
irreducible together with A. It follows from the irreducibility of A, that a generic
hyperplane section I'y N {Hgeneric X (CIP’15} is irreducible, hence the special hyper-
plane section T'y ({{Zy = 0} x CP*} is connected and therefore the projection
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map
projepis[T'y N {{Zo = 0} x CP}] = f(Ax) =S,
is connected; a projection maintains connectivity by continuity. Hence, the variety

Au(lJa,)=4=4us,

peS

is compact, connected and embeds smoothly into CP'® via f. This completes the
proof of Proposition 2. O

Proposition 3. The variety A comes equipped with two everywhere independent
commuting vector fields, which extend holomorphically on A.

Proof. Let gt and g2 be the flows generated respectively by vector fields (2) and
(5). For p € § and for small € > 0, g"(p), Vt1, 0 < [t1] < ¢, is well defined and
gt (p) € A. Then we may define g*2 on A by

9"(q) =9 99" (q), ¢ € U(p) =9 " (U(g"(p))),

where U(p) is a neighbourhood of p. By commutativity one can see that g% is
independent of t¢1;

—t1—e1 ta t14e1 —t1 ,—¢1 t2 t1 €1

g g9 (@) =9 g g9 g™,
=g "g"g" (q).

We affirm that g'2(g) is holomorphic away from S. This because g'2g'(q) is
holomorphic away from S and that g'' is holomorphic in U(p) and maps bi-
holomorphically U(p) onto U(g"*(p)). This finishes Proposition 3. O

Proposition 4. The affine surface A (6) defined by the intersection of two quar-
tics completes into an abelian surface A ~ a complex algebraic torus C?/period
lattice. The system of differential equations (2) is algebraic complete integrable

and the corresponding flow evolues on this torus.

Proof. Since the flows g and g** are holomorphic and independent on S, we can
show along the same lines as in the Arnold-Liouville theorem that A is a torus.
And that will done, by considering the holomorphic map

C* — A, (ti,t2) — g"g"(p)
for a fixed origin p € A. Then
lattice = { (t1,t2) € C?: g1 g™ (p) = p},

is a lattice of C? and hence C?/lattice — Ais a biholomorphic diffeomorphism.
Therefore A C CP' is conformal to a complex torus C2 /lattice and an abelian
surface as a consequence of Chow theorem. This establishes Proposition 4. O
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4. ABELIAN SURFACE OF POLARIZATION (2,8), PRYM AND JACOBIAN
VARIETIES

We can go further and describe what abelian surfaces arise this way. The
system (2) can then be solved by quadratures, that is to say their solutions can
be expressed in terms of Abelian integrals. We make also a few comments about
the relation between the abelian variety A, the Prym variety Prym (C/Cy) and the
Jacobian variety Jac (C).

Proposition 5. The flow (2) evolues on abelian surfaces A C CPY of period

matric
2 0 a c a c
<08cb)’ Im(c b)>0’
and it will be expressed in terms of abelian integrals, involving the differentials
(15).

Proof. Note that the affine invariant surface A (6), has the following involution
o: (Zl, Z2, 23, 24) — (—zl, —Z92,—2Z23, —24) y

which amounts to a reflection about some appropriately chosen origin on A. This
map acts on the parameters of the Laurent solutions (7) as follows

(ta Oé,ﬂ) — (_tv _avﬁ) :

Since L is symmetric (0*L~L), o can be lifted to L as an involution & in two ways
differing in sign and for each section (theta-function) s € H" (L), we therefore have
G5 = +s. Recall that a section s € H% (L) is called even (resp. odd) if 75 = +s
(resp. s = —s). Under & the vector space H® (L) splits into an even and odd
subspace

HO (L) — H() (L)even @ HO (L)Odd ,

with H? (L) containing all the even sections and H (L)°*® all odd ones. Using

the inverse formula [21, p. 331], we see after a small computation that

902 42 (1+[2]— %) foreven &

2
51262 + (1_|_ %2 _ b ) for odd 9,

)

RO (L) = dim H (L)™™" = {

(13)
i . . N9 _ 9 (14 [&]— %) foreven d
hO(L)ddEdlmHO(L)dd:{@_(l(_’_[é]z] 5§) f dd51
X : or odd dq

By the classification theory of ample line bundles on abelian varieties and Propo-
sition 4, A ~ C2/Lq with period lattice given by the columns of the matrix

(01 0 a c a c
Q_<0 5206)’ Im(c b)>0’

according to (12), with
5152:h0(L)=g(S)—1=16, 61|52,5¢€N*.
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Hence we have the following possibilities: (i) 61 = 1, d2 = 16 and (i7) 01 = 2,
d2 = 8. From formula (13), the corresponding line bundle L has in case (i), 9 even
sections, 7 odd ones and in cases (i7) 10 even sections, 6 odd ones. Among the
functions of L, there are 10 even and 6 odd functions for the involution ¢, showing
that cases (i¢) is the only alternative and the period matrices have the form

2 0 a c a ¢
(0801))’ Im(cb>>0'
Consider on A the holomorphic 1-forms dt; and dts defined by

where X is the flow (2) and X5 the other flow (5) commuting with the first. The
holomorphic differentials on C can be spanned as well by

(14) wi, = akpl(cg . 1<k<5.
The restriction of dt; and dts to the curve C are easily computed:
ada
(15) e };(a)’
dts o = wy = a’da
P (a)
This ends the proof of Proposition 5. O

Finally we make a few comments about the relation between the abelian variety
A, the Prym variety Prym (C/Cp) and the jacobian variety Jac (C). As pointed out
before, C is a double ramified cover of a hyperelliptic curve Cy of genus 2, whose
sheets are interchanged by the involution («,u) — (—a,u). Hence

Jac (C) = Prym (C/Cqy) & Jac (Cyp) -

Since the space of holomorphic differentials splits according to odd and even dif-
ferentials respectively (for that involution)

Q(C) = {w1,ws, w5} & {wa, wa} ,
the flows evolve on the 3-dimensional Prym (C/Cy) and therefore
AC Prym (C/Co) .

Its differentials restricted to the curve C are given by wi,ws and ws. This shows
that Prym (C/Cp) splits further, up to isogenies, into an elliptic curve £ and the
3-dimensional invariant torus A :

Prym (C/Co) = A €.

The torus A can also be regarded as a double cover of the Jacobi variety Jac(Cyp)
and the system (2) can be integrated in terms of genus 2 hyperelliptic functions
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of time. The differentials dt; and dta, corresponding to the flows (2) and (5),
restricted to the curve C, go down to Co. Indeed, using (15)

it o = ws — ada _ d& ,
VP ()  P(§)
dts |6 = ws = o? do _&dg

VP(@) P

yielding the two hyperelliptic differentials on Cy.

Appendix 1. Consider the Yang-Mills system for a field with gauge group SU(2) :

OF;
DypFy = 87]: + [Ak, Fra] =0,

where Fkl7 Ak S TeSU(Q), 1< k,l < 4 and

0A; 0Ag
F — — —— +[Ag, 4] .
ki = 9rr Oz + [Ax, Al
In the case of homogeneous two-component field,
0A
=0 (k#1), Ai=As=0, Ay=nUy, As=noUs,
833k
where n1 o = constant, n1 = [ne, [n1,n2]], na = [n1, [n2,n1]] and the system
becomes
0%,
2 + U U2 =0,
0%U,
8t2 + U2U1 == O
with ¢t = 1. By setting
13 oUy  V2(1—1) .
0= (V2) = o a st
1\ Uy _ V2(1+1) :
Uz =3 (V2) 2. A e Gt

Yang-Mills equations are reduced to hamiltonian system with the hamiltonian

1 1
H= 5%3%4 + Zz%zg,
which obviously coincides with (3) for Q = Q¢ = 0.
Appendix 2. It’s well known [5] that the system of two coupled nonlinear
Schrodinger equations is given by

0A 10%A 2 2
8Z+§W+UB+(|A| +~|B| )A_o,
0B 10°B

za—Z+28T2+UA+(|B| +7|A|) ~0.
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Making the change of variables

Az?(u—kiu% zz%(’y—Fl)Z,
B:\/Ti(u—iv)7 t=+(+1)T,
gives the system
i%—i—%—i—ﬁou—l—g(|u|2+|v|2)u+%(u2—|—1)2)ﬂ:07
i%—l—%—i—@w—i—%(|u|2+|v|2)v+%(u2+1}2)5:07

where Qy = %a. We seek solutions of these equations in the following form:

u(z,t) = % (z1 + 22) (t) exp (iI2z2) ,

1 )
v(z,t) = % (21 — z2) exp (iQ22) ,

where z1 (t) and 25 (t) are two functions and ) is an arbitrary constant. Then we
obtain the system

él = Qzl — Q()Zz — Z%Zz 5

:2;2 = QZQ — QQZl - leg,

with hamiltonian

1 1 1 1
H, = 1Qo (21 4 23) — 592122 + 12%23 + 97%3%4,

which obviously coincides with (3).
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