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A SINGULAR VERSION OF LEIGHTON’S COMPARISON
THEOREM FOR FORCED QUASILINEAR
SECOND ORDER DIFFERENTIAL EQUATIONS

ONDREJ DOSLY, JAROSLAV JAROS

ABSTRACT. We extend the classical Leighton comparison theorem to a class of
quasilinear forced second order differential equations

™) (r@)a’|*722') +e@)lel’ e = f(t), 1<a<pB, tel=(ab),

where the endpoints a, b of the interval I are allowed to be singular. Some applica-
tions of this statement in the oscillation theory of (*) are suggested.

1. INTRODUCTION

In this paper we deal with oscillatory properties of the quasilinear forced second
order differential equation

(1.1) Lagla] := (r(D)|2'[*"%a") + c(t)]o|" 22 = f(t),

wheret € I = (a,b), —00o < a < b < oo, r, ¢, f are real-valued continuous functions
with 7(t) > 0, ¢(t) > 0for t € I and 1 < a < 3 are real constants.

The classical Leighton comparison theorem [12] (see also [17]) concerns the pair
of second order Sturm-Liouville equations

(1.2) (r(t)a’) +c(t)z =0,
(R(t)y") +C(t)y =0,

and reads as follows.
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Proposition 1.1. Suppose that the interval I = [a,b] is compact, the functions
r, R, ¢, C are continuous on I, r(t) > 0, R(t) > 0 in this interval and there exists
a nontrivial solution § of (1.3) such that §(a) = 0= g(b). If

b
/ [(r(t) = R()7"*(t) — (c(t) — C(£))5* ()] dt <0,

Then every solution of (1.2) has a zero point in (a,b) or it is a multiple of §.

Since 1962, when the original Leighton theorem was published, this statement
has been extended in various directions, see [9-11,15,16] and the references given
therein. Our investigation is mainly motivated by the papers [2,10]. In the first
paper conjugacy criteria for the half-linear second order equation

(1.4) (r(t)|2'|*22") 4 c(t)|z|* 2z =0

are established and the second one studies oscillation properties of equation (1.1)
on a compact interval. In our treatment we combine ideas of these two papers
and we prove a Leightone-type comparison theorem for (1.1) where the end points
a, b of the interval I are allowed to be singular. The solution ¢ from the classical
Leighton theorem (i. e., the solution for which §(a) = 0 = §(b)) is replaced by the
principal solution at a and b of a certain half-linear equation. An important role
in the proofs of our results is played by the recently established Picone’s identity
for half-linear equations, see [8].

2. PICONE’S IDENTITY AND PRINCIPAL SOLUTION OF HALF-LINEAR EQUATIONS

Denote, for convenience, ¢(u) := |u|*2u and rewrite half-linear equation (1.4)
into the form
(2.1) (r(t)e(@") + c(t)p(z) = 0.

It is well known that the classical Sturmian oscillation theory extends almost
verbatim to half-linear equation (2.1), see e. g. [1,3,6,13]. In particular, the Riccati-
type equation (related to (2.1) by the substitution w = rp(z')/p(z))

(2'2) w' + c(t) + (o — 1)Tﬁ(t)|w|ﬁ =0,

and the a degree functional

b
(2:3) I(y) = / [r@OlY'[* = e(®)]y|*] dt

play the same role as the classical Riccati equation and quadratic functionals in
the linear oscillation theory. The proof of the relationship between (2.1), (2.2) and
(2.3) is based on the recently established Picone’s identity, see [8]. Here we present
this identity in a modified form as used in [10].
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Lemma 2.1. Let z,y,p(y') € CY(I) and y(t) #0 for t € I. Then

T(t)|$|a ! I_ r x/a_ c 5—04_&
[ 0EL oy >] = r()le’] [ ol - £
r(t)Pa (o2 ) + ;('y) {Losly] — £} .

||

where
P, (u,v) = |u|® — aup(v) + (a = 1)[v|* >0
for every u,v € R with equality holding if and only if u = v.
We will need also the following statement proved in [10].

Lemma 2.2. Suppose that the interval I = [a,b] is compact, there exists a non-
trivial piecewise differentiable function y € Cla,b] such that y(a) = 0 = y(b) and
b
Fab) = [ @1~ Masle IOl dt <0,

a

where

24)  Magle, f1(0) = (@ — 1) 75 (8 = 1)(8 — ) = e(0)] 7 £(1) | 77
(with tne convention that 0° = 1 in case a = (). Then every solution of (1.1)
defined on [a,b] and satisfying x(t)f(t) < 0 in this interval has a zero in [a,b].

Note that Lemma 2.2. is proved in [10] under the (stronger) assumption y € C1(I),
but the proof directly extends to the case when y € C'(I) only piecewise.

Now recall the concept of the principal solution of half-linear equation (2.1)
as introduced by Mirzov [14]. Suppose that (2.1) is nonoscillatory, then among
all proper solutions of the associated Riccati type equation (2.2) (i. e. solutions
which are extensible up to o) one can distinguish the so-called eventually minimal
solution w, a solution with the property that any other proper solution w satisfies
the inequality w(t) > w(t) eventually. The solution Z of (2.1) given by the formula

o) = e { [ v @ as) v o) =) 2D,

where ¢! is the inverse function of ¢, is said to be the principal solution (at co)
of (2.1). Clearly, the principal solution is determined uniquely up to a multiple
by a nonzero real constant. Observe that if b is a regular point of (2.1) (i. e. the
initial value problem x(b) = o, 7(b)¢(2'(b)) = x1 has the unique solution for
any zg,r1 € R) and x; is a solution given by the initial condition z,(b) = 0,
r(b)p(x; (b)) # 0, then the associated solution wy, = () /p(xp) of (2.2) satisfies
wp(b—) = —oo and wy is minimal solution of (2.2) in a left neighbourhooh of b.
Hence, x;, can be regarded as the principal solution at (the regular point) b and
the condition §(a) = 0 = ¢(b) from Proposition 1.1 can be reformulated “j is the
principal solution at a and b”. From this point of view the main result of our paper
can be regarded as a singular version of Leighton’s comparison theorem. For more
details concerning principal solution of half-linear differential equations see [2, 4,
5, 7).

1
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3. SINGULAR LEIGHTON’S THEOREM

The main result of our paper reads as follows.

Theorem 3.1. Suppose that the half-linear equation

(3.1) (R(t)e(¥)) + C(t)ely) =0

is nonoscillatory both at a and b and the principal solutions at a an b of this
equation coincide, denote this solution by §. Further suppose that 0 < r(t) < R(t)
near a and b and

lim sup { [ e~ royra

t1la,t2Th t1

(3.2) -t [ Oaale 1)) - cO)) att < 0.

s1<t1,8221t2 J o,

Then every solution of (1.1) satisfying x(t)f(t) <0 has a zero in I.

Proof. According to Lemma 2.2 it suffices to find a1,b1 € I, a3 < b1, and a
nontrivial piecewise C! function y such that y(a;) = 0 = y(b;) and

b1
Flysan,by) = / ()] — Magle, £1(8)]y]] dt < 0.

al

In our proof we borrow some ideas used in the proof of the conjugacy criterion of
[2].

Let a < a1 < t1 <2 < by < b (these values will be specified later) and let f, g
be the solutions of (3.1) satisfying the boundary conditions

fla1) =0, f(t1) =9(t1), g(t2) =7(t2), g(b1) =0.

Note that such solutions exist if £; and ¢, are sufficiently close to a and b respec-
tively (due to nonoscillation of (3.1) near a and b and the fact that the solution
space of this equation is homogeneous). Define the function y as follows

0 t € (a,a1],
ft)  tela,ta],
y(t) = q ot t € [t1,ta],
g(t), t € [ta,b1],
[
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Then we have
fmmwnzlﬁ<mw Magle, FI(0)lyl°] dt
=LTm@mm%4xwwwhﬁ+lﬁwu> RO~ (Masle, £I(6)~CO)Iyl") dt
=LﬁR@MWtﬁwnﬁﬂﬁ+Lﬁ&@—R@MfP—M@daﬂ@—ow>ﬂﬂw
+ [ RO -cli] a [ o) -ROI - Mosle. 10 -CO) d
+AﬁR@MT“£WMﬁﬂﬁ+l?W@) R@)g'| — (Masle, £1(0)~C1))]g|"] dt
Denote by vy, v, and @ the solutions of Riccati equation associated with (3.1)
(3.3) v+ C(t) + (a — D)RT= (t)|v]5°T =0

generated by f, g and ¢, respectively, i.e.,

o, = Belf) 0 Relg)
P70 T el o(g)

Then using integration by parts

[ IROIFE - Cl) de = Ripll = [ FIROR) + O]

= opl 1 [&
similarly,
[ mwige - o) a= e
t
1
[ 1rwig ~ cwiar) =
ta
Consequently,

b1
[ Rl ~ clt) de= sl s+l |

= [g(E)|* (vf (1) — 0(t2)) + [§(t2)|* (0(t2) — vg(t2)) -

Next we deal with the integral f Mgsle, f1(t) —

% is monotonically increasing in (a1, 1) since %(

C(t)) |f|*dt. The function
1) = 0%()=land(§)/:
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% # 0 in (ay,t1). Indeed, if f'§ — f§' = 0 at some point ¢ € (ay,t1), i.e.
fTI(f) = %(f) then vy (f) = §(f) which contradicts the unique solvability of (3.3).

By the second mean value theorem of integral calculus now there exists £ € (aq1,t1)
such that

/ *(Magle, £1(8) — C(0)) | f1° dt = / " Masle, A1) — @) 1L @

ay ay |9

- / *(Masle (1) — C(1)) 131 dt .

By the same argument % is monotonically decreasing in (t2,b1) and

b1 &2
/(Mag[c,f](t)—C(t))|g|°‘dt:/ (Magle, f](t) = C(t)) [|* dt

to ta

for some & € (t2,b1).
Therefore

1

by &2
/(Mag[c,f](t)—()(t))y|°‘dt:/§ (Magle, f](t) = C(t)) 9] dt .

Summarizing our computations and using the fact that r(t)—R(t) < 0 on [a1,t1]
and [to, b] if 1,12 are sufficiently close to a and b, respectively, i.e.,

t1 by
/ (r(t) — RW)|f'|" dt <0, / (+(t) — ()| dt <0,

1 t2

we have
Fysa1,br) < [4(t)|* (vr(tr) — 0(t1)) +[5(t2)|" (0(t2) — vg(t2))

ta &2
+/ (T(t)—R(t))\?§/|adt—/ (Magle, f](t) = C(t)) 5] dt .

t1 1

According to (3.2) there exists € > 0 such that

/ (1) — RO dt / " (Masle, £1(8) — C(0) Il dt < —=

t1 s1

whenever s; € (a,t1), s2 € (t2,b), if t1,ts are sufficiently close to a and b, respec-
tively. Further, since ¥ is generated by the solution § of (3.1) which is principal
both at ¢ = a and ¢ = b, according to the “Riccati equation” construction of the
principal solution mentioned in the previous section, we have (for 1, t5 fixed for a
moment)

lim [’Uf(tl) - f}(tl)] = 0, lim [’Ug(tg) - f}(tg)] = 0,

a;—a+ by —b—
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(see [2] for details) observe that solutions v, v, actually depend also on a; and
b1, respectively. Hence

e . € e e

9801 [os(t2) 0] < 5, [5(E)]" [0(t2) — vy (t2)] <

if a1 < t1, by > to are sufficiently close to a and b, respectively.
Consequently, for the above specified choice of a1 < t; < ta < b; we have

N ™

€ £
f(y7a17b1)<§+§_8_0

what we needed to prove. The statement now follows from Lemma 2.2. O

If r(r) < R(t) in the whole interval I (not only near a and b as supposed in
Theorem 3.1), assumptions of Theorem 3.1 can be modified as follows.

Theorem 3.2. Suppose that r(t) < R(t) on I, § is the same as in Theorem 3.1,

(3.4) timing, [ (Masle, £1(2) — C()} 131 dt > 0
and
(3.5) Masle, f1(t) 2 C(6) in I,

Then every solution of (1.1) satisfying x(t)f(t) < 0 in I has a zero in this interval.

Proof. We will proceed similarly as in the proof of the previous theorem. Con-
tinuity of the functions C, M,glc, f] and (3.5) imply the existence of ¢ € I and
d,o > 0 such that (Muglc, f](t) — C@))|g(t)|* > d for ( — o,T + 0), and let A
be any positive differentiable function with the compact support in (t — o, + g).
Further let a < t; <t —p < t+ 90 < ta < by < b and define the function y as
follows

0 t € (a,a1],
f(t) t € lar,ta],
sy 4 10 ve b o7+,
GO +AW), telf-oitad,
g9(t), t € [t2,b1],
0 t e [br,b),

where ¢ is a real parameter. We have

by
Flysan,by) = / (04| — Magle, £1(8)|y]°] dt

ai

by
~ [ B "= cll) @

ai

by
+/ [(r(t) = R(@)ly'|* — (Magle, f1(£) —C())ly|*] dt
by

by
< [ IRl F-Cli) de- | (Masle, 71O~ CONII dt.

ai ai
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Computation of the integrals over [a1,?1] and [t2, b1] is the same as in the proof of
Theorem 3.1. Concerning the interval [t1,t2], we have by Lemma 2.2 with § = «

and f =0

/t RO — COlyl) dt

o0 5+ [ [ROWI" - o0/ o) + (0~ DRTE @[50 =T hl?] d

_ Sl |t o ~/ ~\/ o ‘P(y
=olgl* |3+ [ R(t)|7"+0(A9)'|* —aR(?)
t—o

X (14+6A)*7 + (o — 1)Rﬁ (t) ‘R(;)é()g/)

71+ 6A)* Ydt

i+o
= algl* i+ [ RO + b0 o) + 0l0) - ali’ + (A7) ol

X (1+ (@ —1)5A +0(8)) + (o — D)|F'|*(1 + adA + 0(8)) } dt
t+o
ol i+ | RO+ ad(Ag) o) — ol |* — ade() (Ag)

— afa = DAF|* + (o = DIF|* + (o — DadAlF'|* + o(0) }dt
= 0lgl* [& + o(d) -

Consequently,

by
[ RO~ Cleli) de= wglf1* (2, + 51317 |2 + wylol” |12 + 0(6)

= [g(t)[* (wy (tr) — 0(t2)) + [5(t2)|* (0(t2) — wy(t2)) + 0(6)

as § — 0+. Further,

| taslec 10—yt = [ (taale 1))~ C0) e
1 t_+g 1
[ (uglec IO = Cw) 3171+ )" ar

+ / * (Magle £1(0) — C) [3]° dt

+o

- / " (Magle, £1(6) — C (1)) [3]° dt

t+o
40 [ (Magle 10— CO) 31 A) di + o(5)

t—po

> / " (Magle, £1() — C()) [3]° dt + 6K + o(5)
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where K = « t“’(Maﬂ —CO)|g|*dt > 0.
Summarizing the previous computations, we have

Fly;a1,b1) < |g(t)|* (v (tr) — 0(t2)) + [9(t2)* (0(t2) — vg(t2))

&2
= [ (Masle £10) = €Ol dt = (55 + of6)).

Now, let 6 > 0 (sufficiently small) be such that K¢ + o(§) =: € > 0. According
to (3.4) the points ¢1,¢2 can be chosen in such a way that

[ @tusles 1)~ cn il > -3

s1
whenever s1 € (a,t1), s2 € (t2,b). Consequently, for suitably chosen a1 < t; <
ty < by, using the estimates from the proof of Theorem 3.1 we have then

e g
]:(y,al,bl) < Z+Z—8<O

and the statement follows from Lemma 2.2. O
Corollary 3.1. Suppose that I =R = (—o0

(3.6) /_rla t)dt = oo = /rla

and
lliminfT / Magle, f1(t)dt >0, Mugle, f1(t) Z0 for teR.
S1 0,82 | OO
Then every solution of (1.1) satisfying x(t) f(t) <0 for t € R has at least one zero
in R.
Proof. Let R(t) =r(t) and C(t) =0 in (3.1). Divergence of the integrals in (3.6)

implies that § = 1 is the principal solution of (R(t)¢(y’))’ = 0 at +oo, see e. g.
[2]. The statement now follows from Theorem 3.2. O

Corollary 3.2. Suppose that I = (0, 00),
S2 _ 1 [e3
lim inf / [Maﬂ[c, () — (O‘ ) t“"] tdt > 0
1

s$110,52To0 s (8%

and
a—1

Mgle, f1(t) — ( ) t7*£0 in (0,00).
Then every solution of (1.1) with r(t) = 1 satisfying z(t)f(t) < 0 for t € (0,00)
has a zero in this interval.

Proof. Let R(t) =1 and C(t) = (<2)" ¢~ Then (3.1) is the generalized Euler
equation

Yo a—1\“
() + o) =0, 7a= < " )
This equation is disconjugate on I = (0,00) and § = % is its principal solution
at t = 0 and ¢ = oo, see [3]. The statement now again follows from Theorem 3.2.
O
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Corollary 3.3. Suppose that r(t) > (1 + [t|*)*~! on R,

lim inf /ttz{Mag[c,f](t) a_l} L__ >0

tllfooigToo N 1 + |t|0£ (1 + |t|a)a_1
and
Magle, fl() - 2=L 20 in R
Ozﬁ ) 1 + |t|0‘ .

Then every solution of (1.1) satisfying x(t)f(t) <0 in R has a zero point in R.

Proof. Consider the equation

a—1

- :0
1+|t|aso(y)

(3.7) (@ + ) Le()) +

The transformation of independent variable x(t) = y(arctan,, t), where

arctan, t /t ds
rctan, t = —_—
“ o L4 s|*’

transforms (3.7) into the equation

(p(a")) + (@ =1)p(x) =0.

The last equation has been extensively studied by Elbert [6]. Denote by sin,, ¢ its
unique solution given by the initial condition y(0) = 0, ’(0) = 1. Further denote

cosat := (sing t), tan,t = %zi The first positive zero of the function sin,,
is Ty 1= 2Sin’z7/ro/‘a), cosqt = 0 for t = £%2 and the function tan, (which is the

inverse function of arctan,,) maps the interval (—%, ”7‘*) onto R. This implies that
(t) = cosq(arctan, t) = (14 [t|%) ! is the principal solution of (3.7) at 4+-0o. The
statement now follows from Theorem 3.2. g
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