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ON THE NUMBER OF PERIODIC SOLUTIONS
OF A GENERALIZED PENDULUM EQUATION

ZBYNEK KUBACEK AND BORIS RUDOLF

ABSTRACT. For a generalized pendulum equation we estimate the number of peri-
odic solutions from below using lower and upper solutions and from above using a
complex equation and Jensen’s inequality.

INTRODUCTION

We are interested in an estimation from above of the number of periodic solu-
tions of a generalized pendulum equation.

Our paper is motivated by a paper of Ortega [5], where a method of such
estimation in case of classical pendulum equation is developed.

The estimation method of Ortega is based on use of a complex differential equa-
tion, Ljapunov-Schmidt reduction and Jensen’s inequality for counting of zeros of
an analytic complex function on a unit disc.

We use the same method in our case.

We deal with a generalized pendulum equation
(1) 2’ +ex' +g(x) = f(t) + s,

where g € C*°(R, R) is a 27-periodic function such that ffﬁ g(x)dx =0, f: R—
R is a 1—periodic continuous function such that fol ft)dt =0and ¢, s € R.

We are interested in the number of 1-periodic solutions of the equation (1). The
form of the equation (1) implies that if 2(¢) is a 1-periodic solution then x(t)+ 2k
is also a 1-periodic solution for each k integer. Estimating the number of solutions
we regard such solutions as the same solution.

Assume s € R be such that there is a periodic solution of (1). Integrating the
equation (1) we obtain that
-G<s<@G,
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where G = maxzep |g(z))-
Let S = {s € [-G,G], such that there is a periodic solution of (1)}. We de-
note

(2) s~ =inf S, sT=supS.

Let s7 <51 < 8§ < 89 < s and assume 1,52 € 5. Then there exist 1-periodic
solutions z; of the equations " + cz’ + g(x) = f(t) + s;.

Moreover 7 is a strict upper solution of (1) and x5 a strict lower solution of (1).
Periodicity of g implies that xy + 2k is also a strict upper solution. We choose k
such that zo < 14 2k7w. The existence of a strict lower solution less then an upper
one implies that there is a solution of the equation (1) (see [3], [6]). That means
(s7,sT) C S and using limitation in integral equation we obtain S = [s™, s™].

Moreover for ¢ = 0 it can be shown that 0 € S. The proof of this assertion we
postpone at the end of the paper in Remark 2.

THE ESTIMATION FROM BELOW

It is possible to estimate the number of solutions from below by the method
based on the existence of a lower and upper solutions. (Cf. [3], [6].) The following
two lemmas can be found in [7].

Lemma 1 ([7]). Let |f(t,z,y)| < M and let o, B, a < 3 be strict lower and upper
solutions of the boundary value problem

z + cx' = f(t, z, I‘/) )
z(0) = z(1), Z'(0) =2'(1).
Then there is a solution x(t) such that a(t) < x(t) < B(t).

Lemma 2 ([7]). Let |f(t,z,y)| < M and let o, 3, a & 3 be strict lower and upper
solutions of the boundary value problem

:C/I + C‘TI = f(ta x, II) )
x(0) = z(1), 2/ (0) =2'(1).
Then there is a solution x(t) and points tq,ty, € (0,1) such that z(ts) < a(ts),
z(ty) > B(t).
Theorem 1. For each s € (s_, sy) there are at least two periodic solutions of the
equation (1).

Proof. For each s € (s_,sy) there are s1,82 € (s_,s4), s1 < s < $2. Let x; be
periodic solution of the equation 2" 4 cz’ 4+ g(x) = f(t) + s;.

Then x7 + 2k7 is a strict upper solution of (1) and z2 a strict lower solution
of (1). We choose k such that zo < 21 + 2km and z3 £ 21 + 2(k — 1)m. Then
Lemma 1 implies there is a solution z(t) of (1) such that x5 < x(t) < 1 + 2k7.

As xy £ 21 +2(k—1)m, Lemma 2 implies there is a solution y(t) such that there
are to,tp € [0,1], y(ta) < z2(ta), y(ts) > z1(ts) + 2(k — 1)m.

Clearly z(t) # y(t) + 2mm. O
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THE COMPLEX EQUATION
Let

(3) glx) = Z(an sinnx + b, cosnx)
n=1

be the Fourier expansion of the periodic function g(z).
We assume that there is a positive constant d € R and a sequence {¢,}52 4,
cn >0, >0 | ¢, < 00, such that

(4) |an| + [ba] < cpe™™.

Then the function g(z) can be extended to an analytic complex function
oo
g9(z) = Z(an sinnz + b, cosnz)
n=1

defined on the set By = {z, [Imz| < d}.
Moreover (4) implies that g(x) is a C*° function.

Example. Let r : (—1,1) — R be an analytic function, r(z) = >~ a,z™ for
€ (—=1,1). Then the functions

N | —

oo
g1 = (T(qe”) + r(qeii:’:)) = Z anq" cosn,
n=0

1 _ _ oo
go = % (r(qe”) - r(qefw)) = Z an,q" sinnx
n=0

satisfy for |g| < 1 the condition (4).

For example for r(z) = T e get
—x

B gsinx
~1—2gcosz+q2°

1—gqcosz

2 92(35)

91(z) = 1—2gcosx +q

We deal with the complex equation

(5) 2 e +g(2) = ft) + s,

where z: R — C.

Each real valued solution of (5) is a solution of (1). Therefore the number
of periodic solutions of (1) is estimated from above by the number of periodic
solutions of (5).
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An abstract form of the equation (5) is an operator equation
(6) Lz+Nz=f+s,

where L : D(L) C Z — Z, Lz = z"” + ¢z’ is a linear operator, Z = {z(t), z :

R — C is a continuous 1-periodic function} is a complex Banach space with the

norm ||z|| = max |2(t)|, D(L) is a subspace of two times continuously differentiable
€

functions, N : Z — Z, Nz = g(z) is a nonlinear operator, f € Z is real-valued
(recall that fol f(t)dt =0), ¢ and s are real numbers.
The kernel of L is ker L = C. We denote by W the subspace W = {w €
1
Z, [, w(t)dt =0}
Then Z =C @ W and z(t) = z0 + w(t).

We use the Ljapunov-Schmidt reduction. The operator equation (6) is equiva-
lent to the pair

(7) QN (z)
(8) w

5,

K(I - Q)N(z0 +w) + F(t)

where K : W — W is a right inverse operator to L|w, Q : Z — C is a projection
onC, Qz= [} 2(t)dt and F = K(I — Q).

Lemma 3. Let K=-K(I-Q):Z — W.

1
18v/3°

For ¢ # 0 the operator norm | K|| = fol ls= — & +

For ¢ =0 the operator norm | K|| =

1 °t t
c(ee—1) et — E| dt.

Proof. The case ¢ =0 is proved in [5]. Similarly we prove the case ¢ # 0.
Let p € Z be such that Kp = w, i.e. w” + cw' = —(I — Q)p. Denote ¢(t) € W,

11 1,

¢(t)=———2+m€ —E.

The function ¢(¢) is a solution of the boundary value problem

¢ —cd =1,
$(0) = ¢(1),

¢ (1) — cg(1) = —(¢/(0) — cd(0)) = % .

Then

1 1 1
dt= [ (I—Qpodt = — " 4w ) dt = w(0).
/Oqu t /0( Q)po dt /O(w +cw')pdt = w(0)



ON THE NUMBER OF PERIODIC SOLUTIONS 201

Due to periodicity we can assume that ||w|| = |w(0)]. Then

1
] < / 16l dt ]

That means ||K| < [ [¢]dt.
Now we choose p, € Z, ||pn|| =1, pn, — sgn¢(t) a.e. t € (0,1). Computing the
limit in the integral

1
/0 Pnddt = w, (0)

we obtain that | K| > [ [¢]dt. O

Now we prove that by the auxiliary equation (8) there is defined a contractive
operator T, for a suitable fixed zp.
Let o, 1 be positive real constants. We set

Qp ={w e W, [Imw(t)] <n},
B, ={z€C,|[Imz| < o}.

Lemma 4. Assume that (4) is satisfied and

©) IBNS nllan + [bal) < 1.

Then there are o, 1 positive, o +n < d, such that for each zo € B, the operator
T, : Qy — Qy,
Tzow = 7Kg(ZO + w) + F

s a contraction.

Proof. At first we prove that T%, is a contraction.
For each zg € B, and each wy, wa € €, there is

| Teywi — Togwa| <[ K|l g(z0 +w1) — g(z0 + ws)]
<K sup |9’ (20 + w2 + t(wi —wa)) | w1 —w2)l].
te(0,1]
Using the inequalities
| cos z| < cosh [Im z|, |'sin z| < cosh |Im z|

we obtain that

| Togwi = Tegwa| < K1Y n|an] + [ba]) coshn(o +n)lfwi (t) —wa(0)].

n=1
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The condition (4) implies that for o+7 < d the series >~ | n(|an|+|bn|) coshn(o+
1) is convergent and depends continuously on o + 1. Now the assumption (9)
implies that there are o, sufficiently small such that

(10) | K| Zn(|an| + |bn|) coshn(o +n) < 1.

n=1

That means T, is a contraction.

Now we prove that T (£,;,) C Q,. We use the inequalities
|Im cos z| < sinh |Im z|, |Im sin z| < sinh |Im z|
to estimate
[lm Ty (w)| =[Tm (=K g(z0 +w) + F)| = [K (Img(z0 + w))|

(11) <KD (lan| + [ba]) sinh n(o + n)
n=1

<K1Y~ (lan| + [bal)n(o + 1) coshn(o +1).

n=1

Arguing as above we obtain from the condition (4) and assumption (9) that
there are o, n sufficiently small such that

1K1 (lan| + [bal)n(o + 1) coshn(o +n) <7
n=1

ie.

TZO (Qﬂ) c QU . U
Remark 1. The same Ljapunov-Schmidt reduction is also possible for differential
equation (1), where the operator equation (6) with operators L, N acting on real
Banach space X = {z(t), « : R — R is a continuous 1-periodic function} with the
supreme norm is equivalent to the pair

(12) QN(z) = s,
(13) w=—-K({I—Q)N(zo+w)+ F(t)

where K, (Q and F have the same meaning as in the complex case.

Assuming (9), for each z¢ € R the operator T, defined by the equation (13) is
a contraction in the variable w. Then for each xog € R there is a unique solution
w(zo) of (13) and this solution depends continuously on xg. As g is 27-periodic,
for xp and zg + 27 we get the same solution w. Using these facts, we can prove
the equality S = [s_, s ] stated before Lemma 1 in a different way.
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Let us denote

(14) B (30) = QN (0 + way) = / 90 + wy) dt

The function A, : R — R is a continuous 27-periodic function, so its range is a
closed interval S = [s_,s;]. The set S is obviously nonempty and a solution of
(1) exists if and only if s € S.

It is not known if the case S = {so} is possible (see [4]). If the case S = {so}
occurs, then for each xy € [0, 27) there exists a solution x of (1) of the form

x(t) = xo + w(zo)(t) .

As w depends continuously on xg, the set M = {xo + w(zg), zo € [0,27)} is a
continuous and bijective image of the connected set [0,27), so M is connected. If
all functions from X that differ only by a multiple of 27 will be identified then M
is a one dimensional continuum.

The function h, depends continuously on f, so its range depends continuously
on f, therefore the numbers s_, s; are continuous functions of f.

THE ESTIMATION FROM ABOVE

For o, n from Lemma 4 we define the operator z9 € B, — w,, € §1,, where w,,
is the fixed point of T7,.

Now each solution z(t) = zg + w,, of (5) satisfies the bifurcation equation (7)
written in the form

(15) h(zo):/o (20 +ws,)dt —s = 0.

We estimate the number of roots of (15) by use of Jensen’s inequality ([1], [2])
which estimates the number of zeros of a complex analytic function on a disk with
radius p centered at origin using maximum value of modulus at unit disc.

In [5] the unit disc is transformed to a horizontal strip B, and the following
result is proved.

Lemma 5 ([5]). Let h: B, — C be an analytic 2 periodic function. Then for
the number Ny, of roots of h on each interval [x,x + 2) there is

-1 M
Ny < ——In—,
lntanhZ—d m

where

M = sup |h(2)|, m = max |h(z)|.
2€B, rER
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Let s € [s_, s4] be fixed and h(z) be given by (15). Then
1
o)l < [ latzo+ wop)ldi+ G
0

1 oo
§/ Z|ansinn(zo+wZ0)+bncosn(zo+wZ0)|dt+G
0

n=1
9]

<G+ (lan| + [bn]) coshn(o +n),

n=1

where G = maxzep |g(z))-

The assumption (4) implies the convergence of the last sum.

As the range of the function h,(xg) given by (14) is the interval [s_,s;] we
have

m =max{|s — s |,|s — sT|}.

Finally we estimate the number of periodic solutions of (1) using Lemma 5.
To this aim we have to prove that the function h given by (15) is a differentiable
function defined on B,. As h is a composition of maps hq : zg — 2o +w(z9) =: w,
he : w— g(w) =: u, hg : u — fol wdt, it suffices to prove the differentiability of
each h;. This is obvious for hj, the derivative of hs is the map

dhz(w)d = ¢’ (w)d .

The differentiability of hy : zg — w(zp) is a consequence of the Implicit Function
Theorem, namely w,, is the unique solution of the equation

H(zp,w) :=w+ K —Q)g(z0 +w) — F(t) =0,

the operator H has continuous partial derivatives 0H,, and 0H,,6 = (I + K(I —
Q)g' (20 +w))d and the derivative OH,, is a homeomorphism as | K (I —Q)¢’|| < 1.

So for the function A all assumptions of Lemma 5 are satisfied and we get the
following

Theorem 2. Let us consider the differential equation (1) with s € [s7,sT], s,
st given by (2). Let g(x) € C*®(R, R) be defined by (3) with coefficients a,, by,
satisfying (4) and (9).

Then there are o, n positive such that the number N(f,s) of periodic solutions
of the equation (1) is estimated from above by

N < L G S + b coshinto + 0
Intanh 7> m(s)

3

where G = max,eg |g(x)], m(s) = max{|s — s7|,|s — sT|}.

The existence of positive constants o, 1 is assured by Lemma 4, its proof shows
that it is sufficient to choose them satisfying the inequalities

(10) 1K1Y n(lan] + [ba]) coshn(o + 1) < 1

n=1
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and
(16) 1K (an] + [ba]) sinhn(o +n) <7
n=1

AN EXAMPLE
We consider the equation

sin x

(17) z + =f(t) +s,

1—2qgcosz + g2
where ¢ = efd, d>d>0.
So the function
0 ~
g(z) = Z eq" sinna
n=1
and the condition (4) is satisfied with ¢, = e dg—n(d-d)
The inequalities (10), (16) give the following two conditions on o, 7.

1KY nllan] + [ba]) coshn(o +n)

n=1
— 1K) Z ) coshn(o + 1)
(18) R S | 7 coshdcosh(o +1n) —1 1
18\/_ 2(coshd — cosh(o + 7))?
and
KD (Jan] + ba]) sinhn(o + )
n=1
< ||IK|| Z smhn(JJrn)
1 7 h
(19) - ol Snh(o £ 1) <

18v3  2(coshd — cosh(a + 7))
The maximum of a real function g(x) is given by a constant

1
1—g¢

(20) G=—:

and the estimation of |g(z)| is

7 cosh(o+n) — e=d

21 M; = max |g(z)| < e? = .
@1) ' l9(z)] < 2(coshd — cosh(o + 7))
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If d = 4 then (18), (19) are satisfied for 0 = 2.49 and 5 = 0.51, (20) implies
G = 1.0004 and (21) gives M7 < 15.92.

Then Theorems 1, 2 imply there are at least two different periodic solutions of
(17) and at most

N(f,s) <10.19 —3.60lnm(s)
periodic solutions of (17) for each s € (s_, s4).

Remark 2. For the sake of completeness of the paper, let us recall the proof that
for ¢ = 0 and s = 0 there exists a 1-periodic solution of (1) belonging to C?[0, 1].
The Sobolev space W1:2[0, 1] is continuously embedded into C|0, 1], so the space

H = {z ¢ W"?[0,1], z(0) = z(1)}

is a Hilbert space with the norm ||z|/1,2 = ||z||2 + ||2’||2, where || - ||2 is a Lz norm.
According to the inequalities

ll2 < &)+ [l2"ll2,  [20) < [zl < z]l2 + [|2”|2

we get
1
slelle < [2(0) + fla'[l2 < 2l|z]1,2,

therefore
[z]lo = [x(0)] + [l2"||2

is an equivalent norm on H.
Let us consider the functional J : H — R,

sa) = [ |5 OF < 2e0) +a050) .

where 7 is a 2m-periodic function, v/ = g. Denote by M the closed convex subset
{r € H, —7 < z(0) < 7} of H. We show that J is weakly coercive on M and
weakly sequentially lower semicontinuous, accordingly J has a minimum on M.
As J(M) = J(H), this minimum is a global one.

The weak coercivity of J on M follows from the inequalities

1 1/1 ?
)| 2 1B~ B = Allell > 5 (Ghelha =) = Allla - B,

where 4= | f]l, B = ]l
Before the proof of the weak sequential lower semicontinuity of J let us remark
that the weak convergence x, — x in W2[0, 1] implies
(i) the boundedness of {x,}>; in W12[0,1] and accordingly in C]0,1],
(ii) the pointwise convergence x,(t) — x(t) for each t € [0, 1]
(t) -

and therefore the convergence fol |zn (t) — 2(t)| dt — 0,
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(iii) the weak convergence x,, — ,,(0) — = — z(0) in W20, 1].
Now the functional

Jo() = / () F(t) — A(x(t)) dt

is weakly sequentially continuous as

1
|J2(zn) = J2(z)| < (1@ + IIW'II)/0 | () — =(t)] dt .
The first term of J can be expressed as

@) = [ @O = o013

and the norm is weakly sequentially lower semicontinuous.
Thus it exists an 29 € H such that J(z¢) = mingey J(x). For this ¢ and each
h € H we have

(22)  0=DJ(a,h)= / 2 (DR (8) — glwo(t) h(t) + F()h(t) dt

Integrating by parts we get

o- | 1 (who+ [ glao(r)) dr — / ) ar) w0

for each h € Cg°[0,1]. As b € {C5°[0,1], [, I'(t)dt = 0}, we get

xg(t) —i—/o g(xo(r)) — f(r)dr =k

for a.e. t € [0, 1], and

2o(t) = ka + ket — /Ot (/Oug(xo(T)) — f(r) d7> du

for each t € [0, 1].
The function of the right hand side of the last equality belongs to C2[0,1], so
xo € C?[0,1], differentiating two times we get
(23) g (1) + g(xzo(t) = f(1).
As 29 € H we have z4(0) = x¢(1). Let us now choose h € C'[0,1] such that

R(0) = k(1) # 0.
Integrating (22) by parts we get, with respect to (23),

0= /0 (=g (1) = g(wo(t)) + f(O)h(t) dt + [z6(H)A()]o = [26(DRE)]5 ,
thus 2/(0) = 2/(1).
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