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INTEGRABILITY AND L!'- CONVERGENCE
OF REES-STANOJEVIC SUMS WITH GENERALIZED
SEMI-CONVEX COEFFICIENTS OF NON-INTEGRAL ORDERS

KULWINDER KAUR

ABSTRACT. Integrability and L' —convergence of modified cosine sums intro-
duced by Rees and Stanojevi¢ under a class of generalized semi-convex null
coefficients are studied by using Cesaro means of non-integral orders.

1. INTRODUCTION

Let
(1.1) g(z) = Zak cos kx
k=1

be the Fourier cosine series.

The problem of L!-convergence of the Fourier cosine series (1.1) has been settled
for various special classes of coefficients. Young [9] found that a,logn = o(1),
n — oo is a necessary and sufficient condition for the L!-convergence of the cosine
series with convex (AZa, > 0) coefficients, and Kolmogorov [8] extended this

(oo}
result to the cosine series with quasi-convex ( Sn ’AQan‘ < oo) coefficients and
=1

proved the following well known theorem:

Theorem 1.1. If{a,} is a quasi-convex null sequence, then for the L!-convergence
of the cosine series (1.1), it is necessary and sufficient that lim a,logn = 0.
n—oo

Definition ([6]). A sequence {a,} is said to be semi-convex, if

anp —0 as n— o0,

2000 Mathematics Subject Classification: 42A20, 42A32.
Key words and phrases: L'-convergences, Cesaro means, conjugate Cesaro mean, semi-convex
null coefficients, generalized semi-convex null coefficients, Fourier cosine series.

Received March 9, 2004.



424 K. KAUR

and

(1.2) Z n|A%an_1 + Alay| < oo, (ap =0)
n=1

where

N2a,= ANa, — DNapy1 .

It may be remarked here that every quasi-convex null sequence is semi- convex.
In 1968, Kano [6] generalized Theorem 1.1 in the following form:

Theorem 1.2. If {ax} is semi-convex null sequence, then (1.1) is a Fourier series,
or equivalently it represents an integrable function.

Later on, Garrett and Stanojevié¢ [5] introduced modified cosine sums

(1.3) gn(z) = %ZAak +3 ) (Aay) coska
k=0

k=1 j=Fk
and proved the following theorem.

Theorem 1.3. Let {a,} be a null sequence of bounded variation. Then the se-
quence of modified cosine sums

(1.4) 9n () = Sn(x) — an41Dn(2)
where Sy (x) are the partial sums of the cosine series (1.1) and Dy, (x) is the Dirich-

let kernel, converges in L*-norm to g(x), the pointwise sum of the cosine series,
if and only if for every € > 0, there exists §(¢) > 0, independent of n, such that

o0

(1.5) Z |AayDy(x)| dx < e,  for every n.
0 k=n+1

This result contains as a special case a number of classical and neo-classical
results. In particular, in [5] the following corollary to Theorem 1.3 is proved.

Theorem 1.4. Let {a,} be a null sequence of bounded variation satisfying con-
dition (1.5). Then the cosine series is the Fourier series of its sum g(x) and
[I1Sn — gll = 0(1), n — o0 is equivalent to a,logn = o(1), n — co.

In [4] Garrett and Stanojevi¢ proved the following theorem:

Theorem 1.5. If {a,} is a null quasi-convex sequence, then g,(x) converges to
g(z) in the L'-norm.

We generalize semi-convexity of null sequence in the following way:
Definition ([7]). A sequence {a,} is said to be generalized semi-convex, if
a, —»0 as n— o

and

(1.6) Zno‘ (AT a, 1+ ATla,)| < oo, for a>0 (ag=0).
n=1
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For o = 1, this class reduces to the class defined in [6].
In [7] Kaur, K. and Bhatia, S. S. proved the following theorem:

Theorem 1.6. If

a, =0 as n— o0

and

o0

Z n® |(Aa+1an,1 + AaJrlan)‘ < o0,

n=1
where o > 0 is an integral (ag = 0), then g, (z) converges to g(x) in L*-metric if
and only if Nayplogn = o(1), as n — oo.

The object of this paper is to show that the above mentioned Theorem of Kaur,
K. and Bhatia, S. S. holds good for non-integral values of o > 0.

2. NOTATION AND FORMULAE

In what follows, the following notations are used [10]:

Given a sequence Sy, S1, Se, .. ., we define for every a = 0, 1, 2, . . ., the sequence
Sg, S, S, ..., by the conditions:
S =3,

Se =808ty St 48507 (a=1,2,...,n=0,1,2,...).

Similarly for & = 0,1, 2, ..., we define the sequence of numbers Af, AY, A3, ...,
by the conditions

A =1,
A2 = Ag AT Ay A0t (@=1,2,..., n=0,1,2,...).

Consider Y a, be a given infinite series. For any real number a the Cesaro
sums of order « of Y a,, are defined by

n

Splap) =Sy = Z Ay _pap = Z AZ‘:;Sp,
p=0

p=0

where A} denotes the binomial coefficients and are given by the following relations
o0
ZAZ‘:CP =1 —z)">!
p=0

and S,,’s are given by

(2.1) > oSgal =(1—x) ) Spat.
p=0 p=0
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Also
g =y A, Az - A7y = Ay
p=0
n+« n®
A% = ~ — -1,-2,-3,...).
The Cesaro means 7y*of order a are then defined by
SOt
e ==k
Also for 0 < z < m, let
_ 1
Dy(x) 3 cotg
Sy () = Do(z) + sinx + sin 2z + - - - + sinnw
Sp(2) = So(x) + S1(x) + Sa(x) + -+ + Su(2)
Sn(x) = So () + 81 (2) + S3(2) + -+ + S ()

Sp(x) = 557 (2) + 877 (@) + 87 (@) + - + S (2)

The conjugate Cesaro means T,f‘ of order « are defined by

_ S
2.2 Ty ==k
(2.2) =T
The following formulae will also be needed:
Qa/Qr\ _ Qa+r+1
(2.3) SL(Sp) = Sy ,
(2.4) Sitt- S =Sy, Do An Ay = AT
p=0

For any positive integer « the differences of order « of the sequence {a,} are
defined by the equations

1
AN Gp = Ap — Gpt1

A%, = AN(A*tay), n=0,1,2,....

For these differences we have
«

o0
(25) Aaan = Z Ar_no‘_lan.;,_m = Z A;a_lan_,_m,
m=0 m=0
since A,@"t =0 for m > o+ 1.
If the series (2.5) are convergent for some a which is not a positive integer, then
we denote the differences

(2.6) A =Y A Yapim, n=0,1,2,....

m=0
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The broken differences Afa, are defined by

n—p
(2.7) Aay = A apim.

m=0

By repeated partial summation of order «,

(2.8) > apby =Y So N ap) Aghy.
p=0 p=0
If « is positive integer then we have
(2.9) > apby =Y S8 Map) Ay + > Sy ap)Anb,.
p=0 p=0 p=n—a+l
3. LEMMAS

We need the following lemmas for the proof of our result:

Lemma 3.1 ([3]). Ifa>0,p >0,
() en=o(n?),

o0
(ii) > AP Aot | < oo,
n=0

then -
(iii) S AMP ’AAHen’ < o0, for =1 <A< and
n=0
(iv) AMPAXe,, is of bounded variation for 0 < X\ < a and tends to zero as
n — 00.

Lemma 3.2 ([1]). Let r be the real number > 0. If the sequence {€,} satisfies the
conditions:
(1) en = O(1) and

(ii) > on" AT e, | < oo,
oo

NBe, = Z AT=BATHe L for B>0.

m=0

Lemma 3.3 ([2]). If0< 46 <1 and 0 < m < n, then
’iAfz_—ESi
i=0

Lemma 3.4 ([10]). Let S, (z) and TS be the n-th partial sum and conjugate Cesdaro
mean of order a > 0, respectively, of the series

1)
< Jmax |5

Dy(x) +sinx +sin2x +sin3x + - - - +sinnz + . ..
Then

(i) |Sn(2)| dx ~ logn,

O—y
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(ii) [|T2| dz remains bounded for all n.
0

4. MAIN RESULT
The main result of this paper is the following theorem:
Theorem 4.1. If
a, — 0 as n — oo

and

Z n® |[(AMa, 1 + Aay,)| < oo,

where a > 0 is non-integral (ag = 0), then g,(z) converges to g(x) in L*-metric if
and only if Naylogn = o(1), as n — oo.

Proof. We have

1 n n n
(4.1) gn(x) = 5 Z (Aay) cos kx
k=0 k=1 j=k
n
ao
=5 Z ay coskx — apy1Dp(2)
i —
= Z ay cos kx — any1 D, () (a0 =0)
k=1
n—1 . .
_ (a a )sm kx u sin nx
= k=t Ml sing "losing
sin(n + 1)x
+ anﬁ - an-i—an(-T) ;
where
sinnx + sin(n + 1)x
sin
n—1 . . .
sin kx sin na sin(n + 1)z
gn(x) = ;(ak_l - akH)QSinx + an_12sinx n 2sinx
sin na sin(n + 1)z
_ g NPT )
+12sin " 9sing

sin(n + 1)x

25111,7: 2sinx

Z (Aag—1 + Dag) sinkx + Aay,
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Applying Abel’s transformation, we have

n—

1 k
gn(x) = ! [ (A2ap_1 + Nag) Z sin vx}
1

2sinx
k= v=1
1 o sin(n + 1)z
+ sz {(Aan71 + Aay) ;smvx} + Aanm
1 n—1 B )
~ 2sinz [k_l(AQle + A?ag) (SP(x) — So(x))}
1 a0 & sin(n + 1)z
g [(Ban—1 + Dan) (S3(x) = So(@))] + Aan—) —
n—1 ne1
— 1 2 2 ) _ 9 5 _
= 2sin$[ (A%ak—1 + D%ak) Sy () (Aap—1+ A ak)50($)}
k=1 =1
1 al —
* s [(Dan—1+ Dan)Sp(@) = (Dan-1 + Dan)So(z)]
+ Aanw
2sinx
n—1
1 qQ = -
42 = 2sinx [Z(Azak_l + A%ai) SR (@) + (Aan—1 + Day)S) (x) + a2So(x)
+ Aanw .
2sinx

As a > 0 is non-integral. Let o = r+ 9§, r is the integral part of «;, and ¢ is the
fractional part, 0 < 6 < 1.

Case (i). Let r =0.
Applying Abel’s transformation of order —4 + 1, we have by (2.8)

n—1
Z Siil(z) (A‘Hlak,l + A5+1ak)
k=1

n—1 n—(k—i—l)
=D Sk(@) Z A2 (A gpet + A a1 )
k=1 m=1

Also by Lemma 3.2, we have
n-l n—1
Z S @) (A7 aka + 87 ay) = Z gk(m){ (A%ap—1 + N%ay)
k=1 k=1

- Z A (A o + AHlaerk)}
m=n—k

n—1 _

= Z Sk(x) (A2ak_1 + A2ak) — Ry (x)

=1

E



430 K. KAUR

where
Zsk 5 2 Aé-‘,—l 1+A6+1an)
+ An 3 (O ay + A ay )+ )
Therefore
1 n—1 B
2sinx Z Sk(x) (A2ak*1 + AQ&’C)
k=1

n—1

_ ! { SHa € (A g + AT hay) + Rn(x)}

2sinx
1

b
Il

and consequently by (4.2)

gn .’L' 28111:6{ 255 1 Aé—‘,—lak 1 +A6+1 )

+ Ry (%) + (Aap—1 + Aay)SS(z) + a2S(z )} Aanw_

2sinx

When r = 0, then o = ¢ and

g(z) = lim gn(2)

{Zsé 1 A(H_l 1 +A5+1ak) +a25«0($)}

28111:6
Therefore,
T us 1
— gn dr < 55 1 A6+1 _ Aé-‘,—l
| o) - ae < [ QSm{kZ @A ap s+ A ay)

1

— Ru(z) — (Dap_1 + Dap)S dx—i—/ ’A sin(n 4+

~ 2sinz

o 3 (A% apo + A7 1ay)| / 15871 ()] da
k=n 0
+ [(Aap—1 + Day) |/‘§0 x d$|}

Dz
JrC'/ |R, (z |dz+/ ’Aansmn+ ’daz

2sinx
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= c{ ST (A apy + A ay)| /7r 1T (z)| d
k=n 0

+|(Aan_1+Aan)I/\53($)d$’}
0

+C’/|Rn(z)| dx+/
0
0

<CL Y ATH(AMapoy + A ag)| + [(Aan—1 + Aay)]

sin(n + 1)z
2sinx

Aay,

}dz

k=n
r T sin(n + 1)z
+C | |Rn(z)] dx + Aay, ——— ‘ dx
0 2sinx
0
s - . 1
(4.3) = o(1)+C1 |(an-1 — anp1)| + C / | Ru(@)] da + / }Aanism(”.* 2 e
0 2sinzx
0
by Lemma 3.1 and 3.4.
Now for the estimate of f |R,(x)| dz, we have

/|R |dz—/| (ZS () A%~ 2)(&“ L AL
k

n—1
+( Sy (x)A°~ i+1)(A§+1an+A5+lan+1) bl da

=1

B

- n—1
< / (Aa,_ + A%a,)] ‘ Z gk(z)Ai__i‘ dz
0

+/ |(Aa, +A‘5+a+1HZSk (2)A°~ 2,€+1‘d:c+...
0 k=1
</ }(A5+1an,1+A6+1an)| max }SS 1 )} dx
0 1<p<n—1
<p<sn

—|—/ ‘(A“la + N, +1 ‘ max ‘56 1 ‘dx—i—
0

by Lemma 3.3,
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™

_ A+ 5+1 5—1 551
= |AT a1 + AT ay,)| A /15;?31{—1 Ty~ ()| da
0
™

+ }(AaJrlan + A‘Hlawrl)} Afljrll /1r<n;1<xn }Tgil(z” de + ...
0

< CAS (A a1 + A% ay,)|
+ CAS (A ay + A an )|+

< CA (A an—1 + A ay,)|
+CAY 4 (A an + A apy)] + ...

=o(l)+o(1)+...

=o(1), by Lemma 3.1 and 3.4.

Moreover, since

T : 1
/ de‘SCbgn, n>2.

0 2sinx

Therefore,
4 sin(n + 1)z
Nay————— dm‘ ~ Naylogn.
0 2sinx

Thus, by (4.3),
(4.4) lim [ |g(z) — gn(x)| dz =0(1), if and only if

0
Aaplogn =o0(1), as n— oo.

Case (ii). Let r > 1.

We have
1 n . sin(n + 1)z
n\T) = Aag—1+ A kx 4+ Aay,—————.
gn(2) 2sinx ;( a1+ Day)sinkz + La 2sinx
Applying Abel’s transformation of order r,
1 n—r _
(45)  ga(@) = 5=—{ D (A ars + 47 ay) 57 @)

+ (Akanfk + Akaf’nkarl) gs:]lﬁ_l(z) + GQSO(x)}
k=1

sin(n 4+ 1)z
2sinz

+ Aay,
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Again applying Abel’s transformation of order -6, we obtain

5’;‘71 (x)(AO‘""lak,l + AO"Hak)

k=1
n—1 n—(k+1)
= 5271(1') Z Afn_l(AOH_laerkfl + Aoz-l—laerk) .
k=1 m=0
By Lemma 3.2,
1 n—1
46 ga_l AO("rl _ Aa_;’_l
( ) QSin:Ckz:; k (x)( ag—1+ ak)
1 n—1
— qr—1 r+1 r4+1
QSinx{ Sp @A a1 + A ar) Rn(m} 5
k=1
where
n—1
Ru(x) = Sp  @){ Ay (A an—1 + A% ay)
k=1

+ A (A ay + A ay )+ )

i
L

- (ZS;:*l(x)Ai:i)(AaHanil +ASHLG)

+ ( gZ_l(w)Aich) (AaJrlan + Aa+1an+1) +..

Replacing n by n — r+ 1 in (4.6), we have

1 =
4.7 2sinzx Z S @) (A ag—y + A% ay)
e N
- 2511096{ Z Sy (@) (A ag—1 + A" ay) — Rn7T+1(z>} :

Now by (4.5) and (4.7), we have

n—r

(4.8) gn(x) = 1 { Z S’?il(x)(ﬂo‘+1ak_1 + AO“"lak) + Rp—ry1(x)

2sinx

+3 (A + A ay 1) S L (@) + aggo(:c)}
k=1

sin(n + 1)z
2sinz

+ Aay,
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Therefore

| o) = onta |dx</]2m{ S S @B s + A% ay)

k=n—r+1

R, 7‘+1 Z A Qp— k+A Qn— k+1)Sn k+1($)}’d$
k=

/‘ sin(n 4+ 1) d
2sinx
C 3 |6 s+ 87 a) [15e7 @) s
nfr O
|Rn T+1( )| dx

+Z‘ A an—i + ANFan_jiq ‘/|Sn pa ( )|dz

/‘A Slnn—|—1) ‘dm

2sinx

—0 Y Aot actay)| [T @)
k=n—r+1

+ i@ da
0

JrZAn k1 Akan,k+Akan,k+1)‘/|Tf Ii-i—l )‘ dx
0
/’A Slnn+1) ’dm
2sinx

O A (A + A a \+c/|Rn r(2)] da
k=n—r+1
sin(n + 1)x
2sinx

dzr

+012An bt | (D an—i + AFay )| +/’A
0
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1
o(1) + o1 +C/|Rn r1(x |dz+/‘ sin(n + 1)z
2sinx
sin(n + 1)z
(49) +/| - |x+/] (]
by the hypothesis of the theorem and Lemma 3.1.
But
— 5—1 a+1 a+1
n—r+ n—r n—r
/|R 1(z)] do < /‘ Z AnrkJrl)(A Ap—r + AN ay i) do

+ / ’ (ggg—l(x)Ai—i k+2) (Aa+1an7r+1 + Awflan,prg)‘ dx

* / ’( S ( )Ai 1r k+3) (Aa+1an7r+2 + Aa+1anfr+3)‘ dz

< Z Aiilr—k+1Aal;71 / |T1:71(=T)| dx ‘(Aaﬂanw + Aa+1anir+1)|
0

ZAH r— k+2A271/‘TI:71($)’ dl‘ ’(Aa+1an—r+1 +Aa+1an—r+2)’

0
™

+ Z An r— k+3A;_1 / }Tlg_l(z” dx |(Aa+1anfr+2 + Aa+1anfr+3)|
0

n—r
<Gy A AT (A e + A an )|
k=1

+ Cl Z An r— kJrQA};il ‘(Aa+1an—r+1 + AO"Han_H_Q)’

+C Z AL k+3A2_1 |A T a0+ A ay )|
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n+1—r

< Cl Z Afzz-ll—r—kA};il ‘(Aa-ﬂanﬂ“ + AOH_lanﬂ”rlﬂ
k=1

n+2—r

O YD AL AT (A it A )|
k=1

n+3—r
6—1 —1 1 1
+Ch E : An+37T7kA7l; ‘(ACH_ an—r42 +Aa+ an—T+3)|
k=1

6—1 1 1
< CQA::;J_T (AOH_ Gp—r + Aa-‘r a/n—'r-‘rl)’
6—1 1 1
+ CQA:lizfr (AO‘Jr Qn—r+1 + AaJr anfr+2)|

+ C2A:;_r|_%:1‘ }(Aa+1an—r+2 + AOt—i_lan—r—i-i%)’

< CoATE L [(A  apy + Ay )
+ CQA;igfr ‘(Aa+1anfr+1 + Aa+1anfr+2)|

+ 0214:;%_T ‘(Aa+lan—r+2 + AO‘Jrlan—r—i-i%)’

= 02A2+17r ‘(Aa+1an,7\ + Aa+1an,7\+1)|
+ C2A%+2_T ‘(Aa+1an—r+1 + Aa+1an—r+2)’

+ 02A2+37T ‘(AaJrlanfrJrQ + AOHL10J717'1‘+41)|
=o(1) + o(1)

= 0(1) )
by the hypothesis of the theorem.
Hence (4.9) implies

(4.10) lim [ [g(z) — gn(z)|dz = o(1),

0
if and only if Aa,,logn = o(1), as n— co.
Thus by (4.4) and (4.10)

™

(4.11) lim [ Jg(2) — ga()] da = o(1).

0
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if and only if Aa,logn = o(1), as n— oo, where « is non-integral. (]

=

(10]
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