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LOCAL INTERPOLATION
BY A QUADRATIC LAGRANGE FINITE ELEMENT IN 1D

JOSEF DALK

ABSTRACT. We analyse the error of interpolation of functions from the space
H3(a, c) in the nodes a < b < c of a regular quadratic Lagrange finite element
in 1D by interpolants from the local function space of this finite element. We
show that the order of the error depends on the way in which the mutual
positions of nodes a,b,c change as the length of interval [a,c] approaches
Zero.

1. INTRODUCTION

We motivate and define the notion of a regular quadratic Lagrange finite element
in 1D. Then we explain the main results of this article.
A reference quadratic Lagrange finite element K is determined by
a) the interval K = [—1,1],
b) the local space L of restrictions of polynomials of degree two or less to the
interval K ,
¢) the “set of parameters” relating values p(—1),5(0),5(1) to each p € L.
(These parameters determine p in L uniquely.)
We denote by 114 a (unique) interpolant of a function ¢ : K — R in the nodes
—1,0,1 from the space L.

To a < b < c real, we relate a discretisation step h = max(b— a,c—b), a center
b= (a+c)/2 and a (unique) function Fj, from £ with parameters a, b, c. Of course,
F}, is an injection if and only if F}, is increasing and, by putting v = 0 in (3), we
can see that this is equivalent to

3a+c a+ 3c
(1) T St ——
In this case we say that Fj is a transform and we denote by G} the transform
inverse to Fj,.
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A quadratic Lagrange finite element Ky, in 1D (briefly a finite element Ky) is
related to a transform Fj with parameters a < b < c. It is determined by
a) the interval Ky = [a, ¢,
b) the local space Ly, of functions

(2) pr(z) = p(Gu(x))

for all p € L,
c) the “set of parameters” relating the values pp(a), pr(b), pn(c) to each
pr € Lp,. (These parameters determine py, in £, uniquely.)
We denote by II,v a (unique) interpolant of a function v : K, — R in the
nodes a, b, ¢ from the space L.

In Fig. 1, there is a graph of the transform x = F},(£) with parameters a < b < ¢
such that the node b attains the maximal value (a+ 3c)/4 satisfying condition (1).
It is easy to see (by means of (7) for example) that we have

1 0 1 ¢
Figure 1
d%Fh(f) >0 for £ € (—1,1), but limg__,;- d%Fh(f) =0.As LGy (z) = m for

x = Fy(§) € (a,c), we obtain
d
Jm 2 Gn(@) = Foo.

Hence the transform £ = G, () has an unbounded derivative on the interval (a, ¢)
and, due to definition (2), derivatives of functions p, € L}, are generally unbounded
on (a,c), too. We study estimates of the error v — IT,v on finite elements K, in
which the derivatives d%Gh (x) are bounded in the following way.

Let v be a fixed constant from the open interval (0,1). We say that a finite
element Kj, is regular whenever
d
dé
Our Lemma 3 says that a finite element ICj, is regular if and only if
3) 3a+(1+2u)c§b§(1+2u)a+30
4+ 2v 4+ 2v

Fp(§) >vh in [-1,1].
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For regular finite elements Kj and for functions v € H?3(a,c), we prove the
following relation between the size of error v — II,v and the “speed” of point b as
it approaches the center b for discretisation step h approaching zero:

Let p > 1 be arbitrary. We have |b — b| = O(h?) if and only if there exists a
constant C satisfying

(4) v = Iyvlm,x, < Ch' "™ (R?vls k, + BP|v]2.K,)
form=20,1,2.

As [b—b| < (¢—a)/4 < h/2 due to (1), condition p > 1 is always fulfilled. The
accuracies of the error estimates (4) are the worst in the case p = 1:

(5) v = pvlm, i, < Ch>~™ (hlvls k, + [v]2,x,)

and the least value for which these accuracies are the best is p = 2:
(6) v = 40|,k < CRP7™ (|vls,k, + [vl2,x,) -

Our Example 1 illustrates that the estimates (5), (6) are optimal.

In this paper, for a given bounded interval K, the symbols || - |0,k |- |o,x mean
the norm in the space Ly(K) which we denote by H(K), too. For m = 1,2,3,
symbol || - |l;m,x means the norm in the space H™(K) and | - |m.kx, | * |m,co,k 18

a notation of the seminorm in H™(K), W™ (K), respectively.

2. EXPLICIT FORMULAS FOR SOME DERIVATIVES

We find derivatives of the transform Gj in Lemma 1 and of the interpolants
II,v in Lemma, 2.

Definition. We put
Di=(c—a)/2 and Dy=c—2b+a
for a finite element /Cj,.

As a < b < ¢ are parameters of the transform F), € £, we obtain
1
(7) x:Fh(g):b+§D1+§§2D2.

Lemma 1. Let us consider a finite element K, and put F = Fy,, G = G},. Then
the following statements a) — ¢) are valid for all x € (a,c).

a) #G(x) = F/(cl:(z)) = D1+G1(z)D2’

& (GG (@) D
b) 4=G() = ——FGuy = ~mreEn
a3 o 3F//(G(Z))G/(Z)G//(Z) o 3D2
¢) @ G(@) =~ = DTG

Proof. Insert £ = G(x) into (7) and compute the first, second and third derivatives
of both sides of x = F(G(x)). O
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Definition. Let /C;, be a finite element. To every function ¢ : K — R we relate
a function v : Kj, — R by the formula

(8) v(z) = (Gh())
and we put
D1 (v) = (v(e) —v(a))/2, Dy (v) = v(a) — 2v(b) + v(c) .
It is easy to see that

v(Fu(€)) = 9(6)

for all pairs of functions v, ¥ satisfying (8) and that
veL, e bveL.

Especially,

— ~

Hh’U(Fh(f)> = Hhv(é) cLl.

This fact together with ﬁh\v(—l) = v(a) = IIa(-1), ﬁh\v(O) = o(b) = 119(0),
,o(1) = v(c) = (1) give us

9) v = 19,
(10) Mo (Fu(€)) = v(B) + € Dy() + 5 €2Dalv).

Lemma 2. Let be Ky, a finite element and v : K — R a function. If we put
F = Fy,, G = Gy, then the following statements a), b) are valid for all x € (a,c).
a) d;dthU(Z') _ Dl(’U)-‘rG(I)DQ(’U)

° D1+G(xz)D>
b) %H}{U(Z’) _ 'U(a)(c—bzgfsrbé((am—)gsg(c)(b—a)'
Proof. If we insert £ = G(x) into (10) and use Lemma 1, we obtain a):
d d d dG  Di(v) +G(x)D
o) = 2 [Mo(F(G)] = femalr(e) G = 2E ez
and b):
d? drd dG d? dG\?
re@) = - [ (FE) | = ZaMe(F©) ()
a PG va)(c—b)+o(b)(a =)+ v(e)b—a)
+ d_§Hhv(F(§)>W N (D1 + G(x)D5)? '

3. ESTIMATES ON REGULAR FINITE ELEMENTS

We present two characterizations of regular finite elements X; in Lemma 3.
Under the assumption of regularity, we obtain estimates of certain seminorms of
the transforms Fj and G in Lemmas 5 and 6 by means of a technical Lemma
4. Estimates of the norm ||v]|o,x, and of the seminorms |v|m, k, for m = 1,2,3
appear in Proposition 1. Corollary 1 gives us an estimate of the seminorm |{)|3 i
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Lemma 3. The following statements a) — ¢) are equivalent for an arbitrary finite
element Ky, .

a) The finite element KCp, is regular,

b) vh S min(D1 - DQ, D1 + DQ),

c) the inequalities (3) are satisfied.
Proof. a) <= b): a) < vh < Dy +{D; for £ € [-1,1] due to (7) <
I/hg D1 7D2 and I/hSD1+D2.

b) <= ¢): Let us assume that Dy > 0. ASD220<:>bSZ~7<:>h107b,

we have b) <= vh < D) — Dy <= v(c—b) < St —c+20—a = W <
b. In the case Dy < 0, equivalent to b < b, we prove b) <= b < a

+2v)a+3c
442v
analogically.

Lemma 4. The following statements a) — e) are valid for an arbitrary regular
finite element ICp,.

a) 4(24+v) <Dy <h,

b) vh< Dy —Dy < 2(4-v),

c) vh < Dy+ Dy < 5(4—-v),

d) —3h(1—v) <Dy < Zh(l—-v),

¢) M y(4—v) < D}— D3 <h%

Proof of a). As h = max(b—a,c —b), we have D1 = 2(c—b+b—a) < h. If
h=0b—a then Dy <0 and

d%Fh(&) =Dy + €Dy > vk VEe[-1,1]

|= |z

1
<:>D1+D22Vh<:>gc+§a—2b21/h
<= 3D1>vh+2b—a)=h(2+v).

If h =c¢—bthen D1 > % (2 4+ v) can be proved analogically.

Proof of b) and c). The first inequalities in b), ¢) are valid by Lemma 3 b).
If Do > O0then h = c—band Dy — Dy < D1+ Dy = G5 +c—20b+a =
2h — Dy < 2h— 2(2+v) = (4 — v) due to a). If Dy < 0 then we can prove
Di+Dy <Dy —Dy < %(4 — v) in the same way.

Proof of d). We obtain d) by multiplying the inequalities b) by —1 and adding
them to the inequalities c).

Proof of e). This is a direct consequence of a) and of d) in the form 0 < |Dy| <
2h(1 —v). O

Lemma 5. If Ky, is a regular finite element then the following statements a) — c)
are valid.

a) vh < & F(§) < (4 —v) Ve [-1,1],
b) |Fuly i =210 =8 < (1),
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) |Fhl3 0. =0-

Proof. These statements follow by F}(§) = D1 + {Ds, Fj! = Dy = 2(b — b),
F}" =0 and by Lemma 4 b), ¢), d). O

Lemma 6. Let K, be a regular finite element with the property |Fy|, . z < Ch?
for some constant C and for some p > 1. Then

a) |Ghl1i00,k, < 2h7Y,
b) |Ghl2,e0 K, < 5 hP73,

2
c) |Ghl3,00,kn < 3% h?=5,

A

Proof. The statement a) is a consequence of Lemmas 1 a) and 5 a). Statement
b) follows by Lemmas 1 b), 5 a) and statement c) is valid due to |Fy|,  z = |D2]
and Lemmas 1 ¢), 5 a). O

Proposition 1. Let KCp, be a reqular finite element. Then the following assertions
a) — d) hold true for all pairs of functions v : K;, — R, 0 : K — R satisfying
condition (8).

a) If o € Lo(K) then v € Ly(Ky) and
1
[ollo,r, < [Ful} o g llollo % »

b) If b € HY(K) then v € HY(K}) and
Lo,

¢) If o € HX(K) then v € H2(K}) and

vl1r, < [Fhl |Ghl1,00,5, |01 & -

1
[ols.scn < 1F? g (16 ceory 10l 1 + 1Gnloesrn 911 )

0 1
d) If o € H3(K) then v € H*(K}) and |v|s k, < |Fh|1200 .

(IGHS o 16 19151 + 31Gl1,00, 160 | Gilzsoo, a9, e + Gl et 1011 )

Proof of a). Let us consider v(x) = 4(Gp,(z)) for some 0 € Ly(K). As 9(€)2F}(€)
is non-negative, measurable due to [4], Theorem 10.18 and bounded by the inte-
grable function 0(§)?|Fyl, oz, we conclude that ©(£)*Fj (€) is integrable by [4],
Theorem 10.27. Then the change of variables, see [6], Theorem P. 24, gives us

ol = [ o@fdo = [ S(€PFAE) dE < 1P, 1
h

as well as v € Lo(K}).

Now, we prove
b) o € CYK) = v e C'(K}) and
1

olurn < 1FlS &

G100, |01 £
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If & € C'(K) then v € C'(K}) due to Lemma 1 a) and to the regularity of j.
Moreover,

do dGp 12 doy 2
2 _ P e < 2 / — ) F/(&)d
|U|1,Kh /Kh [dg(Gh(x)) dr L= |Gh|1,oo,Kh - (d«f) n(§) d€
S Fnly o 2 1GR 1 oo, 017 4 -

In the same way, the following assertions ¢), d) can be proved.
&) v e C*(K) = v e C*(Kj) and

1

ol2,r0n < IFWIT (|Gh|1a°<>aKh|U|2,f( T |Gh|27°°7K’I|U|Lf() ’
5 R 1
d) o € C}(K) = v € C3(K}) and |v|s ik, < |Ful? .-

(IGH2 s, 015, +31Gn10urcu | Gilzoo. s [0, + 1Gls.c ol )

The operator j : Ly(K) — Lo(Kp), j(0)(z) = v(z) = 9(Gp(x)), is linear
obviously and continuous due to a). The statements a), b), ), d) say that for
m = 1,2, 3, the operator j,, = j|Cm(f() is continuous from Hm(f() to H™(Kp).
As C™(K) is dense in H™(K), there exists a unique linear continuous extension
Jym Of jim to the space H™(K) such that the operator norm |.J,, || is equal to ||jm||
by [1], Theorem 3.4.4. The values of J,,, have been defined in the following way.
For an arbitrary © € H™(K), there exists a sequence (9,)3° C C™(K) such that
[0 = Onll,, x — 0 as n — o0 and Jp,(9) is the limit of the sequence (v,) in

H™(K}). But then also || — 0[], g — 0 as n — oo and Jp, () is the limit of

(vp) in Lo(Kp). This, Jy,(0,) = j(0,) for all n and continuity of j in La(K) give
us Jip (0) = j(0), so that Jo = jlgm (g

1 .
Proof of b). Let us put & = [Fy|? _ - |Ghli,c0,i0,- As¥ € H(K) = v =Ji(0) €
H'(K}) is valid, it remains to prove that |v|; g, < k||, z: For every o € H'(K)

there exists a sequence (9,,)5° C C*(K) such that ||o — Onlly g — 0 as n — oo.
Hence for every € > 0 there exists 9, such that |0 — 9,]|; < € and we have

lv—vnll1,x, = |J1(0 — D) |l1,5, < ||J1]|e. By this inequality and by b) we obtain

g, < (v =vnlim, + |vali g, < [lille + &lon]y g

IN

[PAEEYS (|f;n — |, 4+ |@|1’K) < kol g+ (I1] + w) e
As this estimate is valid for all € > 0, |v|1,k, < K|0]; z is necessary.
The statements c), d) can be proved in the same way. O

Corollary 1. There exists a constant C such that if v € H3(K},) then © € H3(K)
and

~ 1
[0l & < €0 (B2 ols.ie, + |Fhly o i l0l2,ic, )



110 J. DALIK

for all reqular finite elements ICp, and for all pairs of functions v : K, — R,
0+ K — R satisfying condition (8).

Proof. If we mutually exchange the intervals K, K}, the transforms z = Fj, £),
& = Gp(x) and the functions 6(¢), v(z) in Proposition 1 d) and use Lemma 5 c)
then we obtain

1
1913 & < 1GAIF ety | Fily oo ic (1B oo 0l + B1Flg o gelolaic, ) -

This inequality and Lemmas 6 a), 5 a) give us the statement. O

4. MAIN RESULTS

An estimate of the interpolation error © — I14 on the reference finite element
is presented in Lemma 7. Lemmas 8, 9 give us estimates of the seminorms |v —
40|m k,, m = 0,1,2, on regular finite elements. Theorems 1, 2 formulate an
equivalence between the orders of estimates of the above seminorms and the order
of the seminorm |F}, |,  # for regular finite elements Kj,.

Lemma 7. There exists a constant C such that
|0 — Hﬁ”z,f( <C |1A’|3K
for all v € H3(K).

Proof. As all norms in the three-dimensional space L are mutually equivalent and
the imbedding from H3(K) into C(K) is continuous due to the Sobolev Imbedding
Theorem 3.8 from [3], Chap. 2, there exist constants C7,Cy such that

(11) 18]l 4 < Crmax(|d(=1)[,[8(0)], [6(1)]) < Culldll ¢y < Calldlls &
for all ¥ € H3(K)

Let us take a fixed ¢ € H?(K) such that |9, » = 1 and consider the scalar
product

Then, due to (11),
@) < 1o —1olly g < oMy & + M0l x < (1+ Co)l0]l5 4

for all & € H3(K) and, at the same time, 1(p) = 0 for all p € L. These facts
and the Bramble-Hilbert Lemma 4.5 from [2] say that there exists a constant C
satisfying
[0 = 1d[|, = sup  |(0 =100, 9), | < Clol3 4
112, =1
for all o € H3(K). O
Lemma 8. There exists a constant C such that
|0 = 0|k, < Ch3™[0], ¢

for = 0,1,2, all regular finite elements Kp, and for all pairs v € H3(K}),
H3(K) satzsfymg condition (8).



LOCAL INTERPOLATION BY A QUADRATIC LAGRANGE FINITE ELEMENT IN 1D 111

Proof. Let a regular finite element K}, and v € H?’(Kh) NS H3(K) satisfying
(8) be arbitrary. The mterpolants Mpv € Ly, s € L satisty Hhv = IId by (9)

and, consequently, UfH\h’U =0 — Hhv = § — II6. Then we obtain
[v = IIpv|m i, < Ch? Mo — H’UH

by Proposition 1 a) and Lemma 5 a) in the case m = 0, by Proposition 1 b) and
Lemmas 5 a), 6 a) in the case m = 1, and by Proposition 1 c¢) and Lemmas 5 a),
b), 6 a), b) in the case m = 2. An application of Lemma 7 concludes the proof. O

Lemma 9. There exists a constant C' such that
[0 = vl i, < C R (2ol rc, + [Faly oo glol2,k, )
for m = 0,1,2, all regular finite elements Kj, and for all v € H3(K},).
Proof. We obtain this statement by Lemma 8 and Corollary 1. O

The following basic Theorems 1, 2 present an exact formulation and a proof of
the fact that for every regular finite element Kj,, the property

(12) |Fh|2,oo,f( < CyhP
is equivalent to the estimate
(13) [0 = Ty 0fm, i, < Coh ™™ (h?|vl3,kc,, + hP[v]2,xc,,)

for m = 0,1,2 and for all v € H?(K}).

Theorem 1. For every constant Cy there exists a constant Cy such that the esti-
mate (13) is valid on all regular finite elements KCp, with the property (12).

Proof. This is a direct consequence of Lemma 9. O

Theorem 2. For every constant Cs there exists a constant Cy such that all regular
finite elements Kp on which the estimate (13) is satisfied, have the property (12).

Proof. Let us assume that the estimate (13) is valid on a regular finite element
Kp. If we put m =2 and v = 2?2 in (13) then we can see by means of |v|3 g, = 0,
w3k, =4 [ dz < 8h that the second power of the right-hand side has an upper
estimate 8C5h?P~1. Then (13), Lemma 2 b) and substitution z = Fj,(£) give us

c d2 2
8022}121071 2/ <2 o 2Hh:c) dx

[ o e o,

1 2 2 2 2
— /_1 <2 _lezd) Lé’l(iwcz; all “)> (D1 + €Dy)dg .
By means of the identity a*(c — b) + b*(a — ¢) + ¢?(b — a) = D1(2D? — 1D3) and
by routine computation, we can find the value
D1D3
2(Dt - D3)*

(48D¢ — 31D{D3 — 7D} D3 + 8D5)
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of the last integral. Then we have

2
8C2h2P—1 > D1 Dy

6 4 2 2 2 12 2 2
Z 57— DIyt (10D + 38D1(D} — D3) + TD{D3(D7 — D3)

DiD3 2+v\" D3

8D§] > 5—5 12 5 —2

+8D3] > (DI —D3)t 3 h
by Lemma 4 a), e). Hence |Fy|, . z = [D2| < C1h? for Cy = Cs (5(%{/)7)5 due
to (7). O

The following example shows us that the error estimate (13) is optimal in the
cases p = 1 and p = 2, formulated in (5) and (6) explicitly.

Example 1. We examine two collections of regular finite elements related to the
nodes a, < b, <c¢, forn=1,...,10.

In both cases, we use the function
4

v(z) =a* —e”

and we denote h, = max(¢c, — by, by — an), Kn = [an, ),
“(en —an), Da(n) =cp—2b, +an,
Fal©) = b+ € Da(n) + 56 Da(n).
Dy (v,n) = %(U(cn) —v(an)), Da(v,n) = v(cy) — 20(by) + v(an),
I, v(F,(€)) = v(by) + € Di(v,n) + %52 Ds(v,n).

Due to Lemma 2 a), b), we compute the seminorms of interpolation error in
Lo, H', H? by the following formulas.

0Tl = [ 00F(E) = TP Fr(6) de.
oMok, = [ [ e) - 2R ] g ae,

1 d2
o=, = [ [GEE©)

v(an)(cn = bn) +v(bn)(an — ) +v(cn)(bn — an)r

(D1(n) + € Da(n))3 Fp(6) de .

In the first case, we put

ap=-27""b,=0, ¢,=2"".
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Then h,, = 2*7" and Da(n) = 227" — 21=" = 1h,, so that p = 1. In Table 1, we
present values of the lower estimates

fm(n) =

k" (ha ol [0l

of the generic constant C' from the formula (5) for m =0,1,2, n =1,...,10.

Jfo(n) fi(n) fa(n)
0.01326605 | 0.04911164 | 0.32236026
0.01015252 | 0.03844066 | 0.22579268
0.00720223 | 0.04966095 | 0.72000078
0.03227066 | 0.15416260 | 1.98841239
0.04775567 | 0.21923563 | 2.74714388
0.05199045 | 0.23769159 | 2.97680427
0.05298483 | 0.24254836 | 3.04760990
0.05339632 | 0.24479767 | 3.08374039
0.05361941 | 0.24605864 | 3.10431198
0.05373998 | 0.24674534 | 3.11551222 |  rpup o 1

[v = I1,0|m, K,

o|lo|xw|N|o|u| k| w |~

—_

In the second case, we put
an =—22""1-2""), b, =0, ¢, =2*"".
Then h, = 22" and Dy(n) = 2272" = 1p2, so that p = 2. In Table 2, lower

estimates
[v = I1,,0|m, K.,

gm(n) = ey
W™ ([v]s ke, + [0]2,k,)
of the constant C from (6) for m =0,1,2 and n = 1,...,10 are summarized.
go(n) g1(n) g2(n)

0.01053705 | 0.03900872 | 0.25604647
0.00803949 | 0.03232572 | 0.20823404
0.00918685 | 0.04001027 | 0.26050865
0.01731354 | 0.06254085 | 0.31047510
0.02703486 | 0.09081996 | 0.38322695
0.03470397 | 0.11393049 | 0.45332569
0.03842156 | 0.12515299 | 0.48902544
0.03968640 | 0.12889298 | 0.50080214
0.04006793 | 0.12997263 | 0.50403188
0.04018614 | 0.13028430 | 0.50487509 Table 2

ol || u kx|wi |3

—_

Remark. Lemma 9 says that there exists a constant C' satisfying
(14) |U - Hhv|m7Kh S Ch3_m|v|37[{h
for m = 0,1,2 and for all v € H3(a, ¢) if and only if

|l = 0.
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This condition is equivalent to the linearity of the transform x = F,(£) and also to
the fact that L is the space of polynomials of total degree two or less. Estimate
(14) is a special case of classical results concerning polynomial interpolation. See
the estimate (44) in [5], Section 1.7 for example.
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