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ASYMMETRIC DECOMPOSITIONS
OF VECTORS IN JB*-ALGEBRAS

AKHLAQ A. SIDDIQUI

ABSTRACT. By investigating the extent to which variation in the coefficients
of a convex combination of unitaries in a unital JB*-algebra permits that
combination to be expressed as convex combination of fewer unitaries of the
same algebra, we generalise various results of R. V. Kadison and G. K. Peder-
sen. In the sequel, we shall give a couple of characterisations of JB*-algebras
of tsr 1.

INTRODUCTION

The class of JB*-algebras was introduced by Kaplansky in 1976 (see [7]). In
[4, 5], we presented a theory of unitary isotopes of JB*-algebras and by apply-
ing this theory some interesting results on convex combinations of unitaries were
obtained. With these results now to hand, we in this article generalise results on
asymmetric decompositions of elements in C*-algebras from [2] for JB*-algebras.
We investigate the extent to which variation in the coefficient of a convex combina-
tion of unitaries in a unital JB*-algebra permits that combination to be expressed
as convex combination of fewer unitaries of the same algebra. In the sequel, we
shall give a couple of characterisations of JB*-algebras of tsr 1 [6].

JORDAN ALGEBRAS AND THEIR HOMOTOPES

We begin by recalling (from [1], for instance) that a commutative (not neces-
sarily associative) algebra (J,0) is called a Jordan algebra if for all x, y € T,

2o (zxoy)=(x?oy)ox.

Let J be a Jordan algebra and z € J . The xz-homotope of J, denoted by J,],
is the Jordan algebra consisting of the same elements and linear algebra structure
as J but a different product, denoted by “-.”, defined by

a - b= {axb}
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for all a, b in Jp,). {pgr} will always denote the Jordan triple product of p,q,r
defined in the Jordan algebra J as below: {pgr} = (poq)or—(por)og+(gor)op.

An element z of a Jordan algebra J with unit e is said to be invertible if there
exists 271 € J, called the inverse of z, such that zox™! = e and 22 o271 = 2.
The set of all invertible elements of J will be denoted by Jin. In this case, z acts
as the unit for the homotope J[,-1; of J.

If J is a unital Jordan algebra and = € Ji,y then by z-isotope of J, denoted
by J*!, we mean the z~'-homotope Jiz-1) of J. The following lemma gives the
invariance of the set of invertible elements in a unital Jordan algebra on passage
to any of its isotopes:

Lemma 1. For any invertible element a in unital Jordan algebra J, Jiny = jl[:\l
Proof. See from [4]. O

A Jordan algebra J with product o is called a Banach Jordan algebra if there
isanorm ||-|| on J such that (7, ] -||) is a Banach space and ||aob| < ||al| ||b]]. If,
in addition, J has a unit e with |je|]| = 1 then J is called a unital Banach Jordan
algebra. Throughout the sequel, we will only be considering unital Banach Jordan
algebras.

Lemma 2. Let J be a Banach Jordan algebra with unit e. If x € J and ||z| < 1
then e — x is invertible and (e —x)~' =37 z".

Proof. See from [4]. O

JB*-ALGEBRAS AND THEIR UNITARY ISOTOPES

We are interested in a special class of Banach Jordan algebras, called JB*-
-algebras. These include all C*-algebras as a proper subclass (see [7, 8]):

A complex Banach Jordan algebra J with involution * (see [3], for instance) is
called a JB*-algebras if |[{xz*z}|| = ||=||® for all x € J. A JB*-algebra J is said
to be of tsr 1 if Jiny is norm dense in J (for some interesting properties of such
algebras see [6]).

Let J be a JB*-algebra. u € J is called unitary if u* = v~!, the inverse of w.
The set of all unitary elements of J will be denoted by U(J). If u is a unitary
element of JB*-algebra [J then the isotope J [l is called a unitary isotope of J.

Theorem 3. Let u be a unitary element of the JB*-algebra J. Then the isotope
JM is a JB*-algebra having u as its unit with respect to the original norm and
the involution *, defined as x** = {ux*u}.

Proof. See Theorem 2.4 of [4]. O

CONVEX COMBINATIONS OF UNITARIES

In [4], we presented several applications of the theory of unitary isotopes of
JB*-algebras; these include a new proof of the famous Russo-Dye theorem for
J B*-algebras and various results on means and convex combinations of unitaries.
Here, we need for the sequel to recall some results from [4]:
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Lemma 4. For any JB*-algebra J, Ty N (T )1 C 5 UT)+U(T)). Here, (T )1
stands for the closed unit ball of J .

Lemma 5. Let J be a JB*-algebra with identity element e. Let x € (J)1 be such
that dist(z,U(J)) < 2a with « < L. Then
reald(T)+(1-a)U(T).

Let J be a unital JB*-algebra and let x € J. We define two numbers u.(x) and
Um () by

uc(x) :min{n:x:zn:ajuj with uj € U(T), o >0, zn:aj :1},
; =

Jj=1

Um(z) = min{n : z = %Zuj, uj €UT)}.

If x has no decomposition as a convex combination of elements of U(T), we define
ue(z) to be oo

Lemma 6. Fach convexr combination of unitaries in a unital JB*-algebra J is
the mean of the same number of unitaries in the algebra. Hence um(x) = uc(x) .

In the sequel, the number u,,(z) = u.(z) will be called the unitary rank of x
and denoted by u(x).

ASYMMETRIC DECOMPOSITIONS

We now prove JB*-algebra analogue of various results on asymmetric decom-
positions of elements in C*-algebras from [2]. We investigate the extent to which
variation in the coefficients of a convex combination of unitaries in a unital JB*-
-algebra permits that combination to be expressed as convex combination of fewer
unitaries of the same algebra. As a generalisation of [2, Proposition 18] we shall
give two characterisations of JB*-algebras of tsr 1.

Definition 7. Let J be a unital JB*-algebra. For every positive integer n, we
define co, U(J) as the set given by

con,U(J) = {iaiui cu €UT), ap > O,iai = 1}.
i=1 i=1

Hence
conU(T)={x e J: ulx) <n}.
Lemma 8. Let J be a unital JB*-algebra and let x € J be such that

(i) llz|| <1 —€ for some e€ (0,(n+1)"1).
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Let x have the distance to co, U(T) less than 1‘_26. Then there exist unitaries

u, € U(T), i=1,...,n+1, such that

n
xr = E 0 UG + €EUn41
i=1

where oy > 0 and Z?:l a;+e=1.

Proof. Since dist(x,co, U(T)) < €2(1—€)~!, there exist (by definition of co, U(T))
unitaries vy, ...,v, in J such that

<e(1l—-et

(i) Hx— iﬂjvj
j=1

for some [ > 0 with Z?Zl B; = 1. Without loss of generality we can assume that
B; = L for all j (by Lemma 6). Let w be defined by

n—1
(i) w=p"(z-1-93 o))
j=1
where 3 is given by

(iv) B=ec+(1—¢€)bn.

Then 0 < 8 < 1 since 8, +€(1 — 3,) < 1.
Now, we observe that

ol = 57 (= = (1 - e>§6jvj)\]

= ﬁfl]Hx —ex+ex—(1—¢) Zﬂjvj + (1 —¢)Bpon

j=1

= ﬂle(l —€e)(z - Zﬂjvj) + (1 — €)Bpvn + x|
j=1

< B =e)llz =D Bivjll + (L = &) Balloall + ellz])

j=1

< BHE+ (1= )Ba+el—e) =1
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by (i)-(iv). That is, ||w| < 1. Hence, as n=! = 3,, we have that
[w = vall < [lw = B7HL = €)Bpvall + 16711 = €)Bavn — va

n
== By
=1

<HHE 4l — ) + 1 A1 - (by (1) and (i)
=B e+ 1 (1) = 2657
<2n(e'+n-1)"" (by(iv)) <1

(I

+ellal) + (1= 8711 = )Bu)llvall (by (iii))

since € < (n+1)~1 by (i).
Now, since ||w— v, | < 2¢87! < 1 and since vy, is a unitary, we get from Lemma
5 the existence of two unitaries uy,, u,+1 in J such that

w = (1 - Gﬁil)un + 6571u7l-i-1 .
Hence, by (iii),

n—1 n—1
J::ﬁw—l—(l—e)Zﬁjvj = (1—6)Zﬁjvj—l—(ﬁ—e)un—l—eunH.
j=1 j=1

But 8 — e = (1 —€)B,. Therefore, z = (1 —¢) Z?;ll Bivj + (1 — €)Brun + €Upi1.
Thus
T = Zaiui + eupy1 with o, =(1—¢€)5;
i=1
fori=1,...,nand u; = v; fori = 1,...,n — 1. Clearly, each «a; > 0 and
Yiaite=(1-¢)3 L fite=1 O

Definition 9. For any unital JB*-algebra J, we define co, U(J) as the set of
elements x in J with the property that for each real number ¢ > 0 there is a
convex decomposition Z?Ill a;u; of z with u; € U(T) and apq1 < €.

Lemma 10. Let J be a unital JB*-algebra, (J){ and €0, U(T) denote the open
unit ball and norm closure of the set co, U(J) in T, respectively. Then

(7)1 NeonU(T) = (T)7 N cony U(T) -

Proof. If z € (J)$ N copt U(T), then for arbitrary but fixed € > 0, there exist

. . . 1
Uty ..., Upt1 InU(T) and non-negative real numbers oy, . . ., ay, 1 with Z?jl o =

1 such that a1 < 5 and x = Z?Ill a;u;. We observe

n—1
|z — Z ity — (p + apg1)tnl| = || — ant1tn + ant1tnta] < 2an41 < €.
i=1

But € is an arbitrary positive real number. It follows that = € (J)$ Neo, U(T).
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Conversely, let € (J); Nco, U(TJ). Let € > 0. Reducing e if necessary we

may assume that e < n+r1 and ||z|]] < 1 —e. Now, since dist(z,co, U(T)) =
0 < 1‘—;, the previous Lemma 8 is applicable so that @ € con+ U(J). Hence,
x € (J)]Ncont UT). O

Now, by using above Lemma 10 we get the following characterisations of JB*-
-algebras that are the norm closures of their invertible elements:

Theorem 11. Let J be a unital JB*-algebra. The following statements are equi-
valent :

(i) J is of tsr 1;
(i) 2U(T) + SU(T) is norm dense in (T )1;
(i) (7)5 C cony UL).

Proof. (i)=-(ii): Let x € (J)1. By (i), there exists a sequence (x,) in Jin, which
converges uniformly to z. Putting a,, = (max{1, ||z,|})~! we see that

|z — anznll < |l =20l + (|20 — anznl
where we note that

|zn — anznll = (1 — an)||zn]] = 0 asn — oo
since ay, — 1 as ||, || — ||z|| < 1 when n — oo. Therefore,
T |l — anzn|| = 0 as n — oo.
Further, we note that for each n, apz, € (J)1 N Jinv because x,, € Jiny and
| = {Hzn” <_1 it ay = 1;
| |znl|~t2n]l =1 otherwise.

Since each apzy, € Jiny N (J)1, it follows from Lemma 4 that

QpTp € (%U(j)-l—%U(j)).

This together with (I) gives the norm density of $U(J) + $U(J) in (J)1.
(ii)=-(iii): By the hypothesis, co2U(J) = (J)1 so that
(77 = (TN N(Ih = (T)iNcoUT).
And, by Lemma 10,
(77 Neoad(T) = (J)i Neoar U(T) -
Thus
()7 € copr UT).

(iii)=(i): It is sufficient to show that (J); C Jinv. Choose any positive € < 1.
Under the hypothesis, each = € (J)$ has the form aju; + asus + asus with
uy, ug,uz € U(T), a1, az,a3 > 0 such that az < € ( < %) and ag + as + a3 = 1.
Without any loss of generality, we assume that a; < as.
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Case 1. If oy = 0, then as + a3z = 1 together with az < % gives that ag > % > as,
hence |los *azus|| = a5 'as < 1. Then, by Lemma 2 and Theorem 3, us + ay 'azus
is invertible in the isotope Jlual, Therefore, by Lemma 1, us + a51a3U3 € Jinv
and hence x € Ji,y, in this case.

Case 2. If a; > 0, then we put 6 = min{e, 2oy} and let y = (o1 — §)ur + (a2 +
as + 6)U2 Then

D e =yl = [leawr + azuz + azus — (01 — 0)ur + (az + az + 6)us)||
[[6ur — (ag 4+ 0)ue + azus|| < 2(as +96) < 4e

since a3 < e.
Now, we observe that a1 > 0 together with the non-negativity of as, positivity

of €, the construction of § and the assumption a3 < as gives that #;;15 < 1.

So that ||a20jr1a_3‘15u1|| = azojrlo;ig < 1. We deduce (as we did in the Case 1), by
Lemmas 1, 2 and Theorem 3, that
a1 — )
- - ¢ E inv -
uz+0¢2+0¢3+5U1 J
Hence, y € Jiny. This together with (II) implies that 2 € Jipny. O

Remark 12. Generally, it is not possible to replace coa+ U(J) by cooU(T) in
the statement (iii) of above Theorem 11. This follows from the fact that any C*-
algebra can be considered as a JB*-algebra and the illustration given with the
C*-algebra of convergent complex sequences, by Kadison and Pedersen in [2].

Theorem 13. Let J be a unital JB*-algebra and let x € J be such that u(z) =
n > 3. Suppose that v ="' | a;u;, where uq, ..., u, € U(T) and a, ..., o are
non-negative real numbers with sum equal to 1. Then
(i) a; < aj + o, (for j #k);

(i) 753 < oy +ak, (for j #Fk);

(i) a; < =27, V).
Proof. We may assume that a1 < ag < -+ < ay,. If ap, > a3 + ao, then

lan H(@aur + azuz|| < agt(leru || + [lagus|)) < 1.

So, by Lemmas 1, 2 and Theorem 3 (similarly as in the proof of previous Theorem
11), we see that u, + a;l(alul + azusz) € Jiny and hence

(a1 + ag + ay) " Hagug + asus + anu,) € Jin
such that
(a1 + g + an)_l(alul + agug + anuy)|| < 1.

Therefore, by Lemma 4,

1
(o1 + ag + o) Hauy + asus + anuy,) = 5 (V1 +v2)
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for some vy, v2 € U(T). Hence

auy + aouz + apup = %(oq +az +ay)(v1 +v2)
provides a convex decomposition of z in terms of n — 1 unitaries in U(J). This
contradicts the hypothesis that u(xz) = n. This gives (i) as
o <ap<ogt+ay<aoj+ap forall j#k.
Now, for j # k, we get from (i) that
(n—1) pairs

1=Zai§(a1+a2)+(a1+a2)+---+(a1+a2)
i=1

= (n = (a1 +az) < (n = 1)(a; + ax)

since a1 < ag < -+ < . This gives (ii).
Finally, we see from (i) that

(n—l) pairs
(n—1)on < (o1 +az) + (a2 +ag) + -+ (A2 + ap_1) + (1 + 1)
=2(a1 4+ Fap—1)=2(1—a,).

This gives that a,, < nL_H . Thus a; < ayp, < n%_l for all j. O
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