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THEORY OF RAPID VARIATION ON TIME SCALES
WITH APPLICATIONS TO DYNAMIC EQUATIONS

Jiri ViTovEC

ABSTRACT. In the first part of this paper we establish the theory of rapid
variation on time scales, which corresponds to existing theory from continuous
and discrete cases. We introduce two definitions of rapid variation on time
scales. We will study their properties and then show the relation between
them. In the second part of this paper, we establish necessary and sufficient
conditions for all positive solutions of the second order half-linear dynamic
equations on time scales to be rapidly varying. Note that these results are
new even for the linear (dynamic) case and for the half-linear discrete case. In
the third part of this paper we give a complete characterization of all positive
solutions of linear dynamic equations and of all positive decreasing solutions
of half-linear dynamic equations with respect to their regularly or rapidly
varying behavior. The paper is finished by concluding comments and open
problems of these themes.

1. INTRODUCTION

Recall that a measurable function f: [a,00) — (0,00) of a real variable is said
to be rapidly varying of index oo, resp. of index —oc if it satisfies

(1) lim f(x) oo resp. 0 forA>1,
i —

az—oo f(x) 0 resp. co for0<A<1;

we write f € RPVr(0), resp. f € RPVgr(—00). Note that it is easy to show that
in relation it is not necessary to include both cases A > 1 and 0 < A < 1, i.e.,

A A
lim J(Az) =00 (resp. 0), A>1 & lim f(z)
a—oc f(z) a—o0 f(x)
For more information about the rapid variation on R, see for example [I] and
references therein. In [I7], the concept of rapidly varying sequences was introduced
in the following way. Let [u] denote the integer part of u. A positive sequence {fx},

=0 (resp. o0), A€ (0,1).

2000 Mathematics Subject Classification: primary 26A12; secondary 26A99, 26E70, 34N05.

Key words and phrases: rapidly varying function, rapidly varying sequence, Karamata function,
time scale, second order dynamic equation.

Supported by the Czech Grant Agency under grant 201/10/1032.

These results were obtained during author’s postgraduate study at Department of Mathematics
and Statistics, Faculty of Science, Masaryk University Brno, Czech Republic.

Received February 9, 2010, revised June 2010. Editor J. Rosicky.


http://www.emis.de/journals/AM/

264 J. VITOVEC

ke {a,a+1,...} CZis said to be rapidly varying of index co, resp. of index —oo
if it satisfies

Y oo resp. 0 for A>1,
(2) lim == =
k—oo  fi 0 resp. co for0<A<1;

we write f € RPVz(00), resp. f € RPVz(—o0). Similarly, as in the previous case,
one can show that

Y
lim —=— =
k—oo ,fk:

Note that these types of definitions of rapidly varying functions and rapidly
varying sequences , which include a parameter A, correspond to the classical
Karamata type definition of regularly varying functions, see [T}, [8, [IT], T2 [13], 25]
and references therein. In [I7] it was shown that if a positive sequence {f;} has
the property that A fy increases, then f € RPVy(—o0) if and only if

. kAf,
¥ S

This result shows that under certain conditions there exists an alternative (in some
cases more practical) possibility, how to define rapidly varying sequences (resp.
functions). For further reading of rapid and regular variation in discrete case we
refer, e.g., to [3, 4, [l [7, [I7, [I5] [T6] 26] and the references therein.

In this paper we extend the theory of rapid variation to time scales (i.e., conside-
red functions are defined on nonempty closed subsets of R, see [2,[9]). We work with
two definitions of rapid variation, precisely, with a Karamata type definition and
with a definition using A-derivative, where the latter one is motivated by . Our
aim is to show properties of rapidly varying functions and relation between both
mentioned definitions. The theory of rapid variation on time scales automatically
holds for the continuous and discrete cases, moreover, at the same time, the theory
works also on other time scales which may be different from the “classical” ones.
Finally, note that the theory of rapid variation on time scales naturally extends
and completes our knowledge concerning the theory of regular variation on time
scales, which was earlier studied in [20] 24 [23].

As an application, we study asymptotic properties of solutions of the second
order half-linear dynamic equation

(4) [@(22)]* — p(t)(x7) = 0

oo (resp.0), A>1 & limM:

0 (resp.oc0), A€ (0,1).
Jm B =0 (resp. oc). A€ (0.)

on a time scale, where p > 0 is an rd-continuous function, and ®(z) = |z|* sgnz,
a > 1. Note that this results automatically hold for the second order linear dynamic
equation

(5) 228 — p(t)z® =0

as a special case of equation (when a = 2).
In this paper, the time scale T is assumed to be unbounded above, min T = a
(with a > 0) and the graininess satisfies u(¢) = o(t). This condition will be discussed
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at the end of the paper. As we show, if we want to obtain a reasonable theory, we
cannot omit this additional requirement on the graininess.

2. PRELIMINARIES

We assume that the reader is familiar with the notion of time scales. Thus note
just that T, o, p, f°, p, f2, and f; f2(s) As stand for the time scale, forward
jump operator, backward jump operator, f o o, graininess, A-derivative of f, and
A-integral of f from a to b. See [9], which is the initiating paper of the time scale
theory, and [2] containing a lot of information on time scale calculus.

In [20], the concept of regular variation on T was introduced in the following
way. A measurable function f: T — (0,00) is said to be regularly varying of index
9, ¥ € R, if there exists a positive rd-continuously A-differentiable function g
satisfying

g (1)

(6) f(t)~ Cot) and  Jim 00 =
C being a positive constant; we write f € RVr(¢). If = 0, then f is said to be
slowly varying; we write f € SV. Moreover, the function g is said to be normalized
reqularly varying of index 9; we write g € N'RVr(9). If 9 = 0, then g is said
to be normalized slowly varying; we write g € NSVr. In [24], we introduced a
Karamata type definition of regularly varying function on time scales and developed
and enriched the existing theory with new statements (the embedding theorem, a
relation between previous and Karamata type definition, etc.). Here is the Karamata
type definition. Let f: T — (0,00) be a measurable function satisfying

- f(r(A))
(™ N0
uniformly on each compact A-set in (0,00), where 7: R — T is defined as 7(t) =
max{s € T: s < t}. Then f is said to be regularly varying of index 9 (9 € R) in the
sense of Karamata; we write f € KRVy(9). If ¥ = 0, then f is said to be slowly
varying in the sense of Karamata; we write f € KSVr. For further information
about theory of regular variation on T see, e.g., [20, 22, 24 [23].

i

—\Y

3. THEORY OF RAPID VARIATION ON TIME SCALES

In this section we establish the theory of rapid variation on time scales. Recall
that throughout the paper, T is assumed to be unbounded above, min T = a (with
a > 0) and u(t) = o(t).

Definition 1. Let ¢, d be the real constants such that 0 < ¢ < d and ¥ € R.
A measurable function f: T — (0,00) is said to be rapidly varying of index oo,
resp. of index —oo if there exist function ¢: T — (0, 00) satisfying ¢ € RV (¥) or
¢ < p(t) < d for large ¢ and a positive rd-continuously A-differentiable function w
such that f(¢) = p(t)w(t) and

. tw? (t)

. twB(t)
=00, resp. lim =
t—o00 (.d(t)



266 J. VITOVEC

we write f € RPVr(c0), resp. f € RPVr(—00). Moreover, the function w is said
to be normalized rapidly varying of index oo, resp. normalized rapidly varying of
index —oo; we write w € NRPVr(00), resp. w € NRPVp(—o0).

Proposition 1.

(i) It holds f € RPVr(o0) if and only if 1/f € RPV1(—0).

(ii) Let f € NRPVr(cx). Then for every ¥ € [0,00) the function f(t)/t” is
increasing for large t and lim;_ o f(t)/t” = oco.

(iii) Let f € NRPVr(—o<). Then for every ¥ € [0,00) the function f(t)t?
decreasing for large t and lim;_,, f(t)t? = 0.

(iv) f € NRPVr(o0) implies f2(t) > 0 for large t and f(t) is increasing for
large t, moreover f and f* are tending to co.

(v) f € NRPVr(—o0) implies f2(t) < 0 for large t and f(t) is decreasing for
large t, moreover f is tending to 0. If f is convex for large t or if there exists
h > 0 such that u(t) > h for large t, then f* is tending to 0.

Proof. (i) Let f € RPVy(o0), f = ¢ w. First, we show that w € NRPVrp(x0) &
1/w € NRPVr(—00). Due to (§), w?(t) > 0 for large t. Therefore,

o€ NRPVi() & lim t:jit()t) 0 & lim w”(t);ﬁgwA(t) _0
= g (230 - 1) =0 e gm0 =0
<o wff(gf)) x e m (5 'w<§3§t<)t>> -
R t%W = o0 & & NRPVi(~0).

Now, since 1/p € RVr(—1), see, [24, part (iv) of Proposition 1], or 0 < 1/d <
1/¢(t) < 1/c for large ¢, we have 1/f € RPVr(—o00). Similarly, 1/f € RPVr(—o0)
implies f € RPVr(00).

(ii) Let f € NRPVr(oo) and ¥ € [0,00). Then there exists a function &(t),
t <&(t) < o(t), such that

(f(ﬂ)A _ AW - ) A - 9f () (E)° -

& t(a(t))” - tﬂ( ®)”

(9)

v

In view of

A0 (€0
10) > (t) for large ¢

(indeed, tf2(t)/f(t) — oo and &(t)/t — 1 as t — oc), which is equivalent to
AW > 9f(t)(E(t)?" for large t,

@D is positive for large ¢ and hence f(t)/t” is increasing for large t. By a contra-
diction, suppose that lim; .., f(t)/t’ = L, L € (0,00) (note that the limit of
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this function exists for all ©¥ > 0 as a finite or infinite number, because the func-
tion f(t)/t” is increasing). Then f(t) ~ Lt and hence f € RVr ("), which is a
contradiction with f € NRPVr(cc). Therefore, lim; .o, f(t)/t" = oco.

(iii) It follows from (i) and (ii).

(iv) Let f € NRPVr(00). If we take 9 = 0 in (ii), we get f(¢) is increasing (thus
fA(t) > 0) for large t and lim; .o, f(t) = oo. To prove that lim; ., f2(t) = oo,
it is enough to show that liminf; .., f2(t) = co. We know that f2(¢) > 0.
Assume that liminf; .., f2(t) = ¢, ¢ > 0. Then, in view of lim; .. t/f(t) = 0
(which follows from (ii) ), lim inf; . tf2(t)/f(t) = 0, a contradiction with (8). So
lim inf; .., f2(t) = oo and hence lim;_, o, f2(t) = oo.

(v) Analogously as in case (iv), we get (by using (iii) for ¢ = 0) that f(¢) is
decreasing (thus f2(t) < 0) for large ¢ and lim; ., f(t) = 0. Let f be convex for
large t. Then f2(t) increases for large ¢ and lim; ., f2 () exists as a nonpositive
number. By a contradiction, assume that lim; ... f2(t) = k < 0. Hence, f2(¢) < k
for large t. By integration of the last inequality from ¢y to t (where to € T is
sufficiently large), we get f(t) < kt+q (¢ = kto — f(to)) for large ¢. Hence, f(t) <0
for large ¢, a contradiction. Let (for large t) pu(t) be bounded from below by a
positive constant h. Then in view of that f(t) is decreasing for large ¢,

(10) 0> fA(t) = f”(ti(;)f(t) > f"(t)h— ) for large t.
If t — oo in ([I0), we get (by using limy_,oo f(t) = 0) lim¢—oo ((f7(¢) — f(t))/h) =0,
hence lim; o, f2(t) = 0. O

Remark 1. (i) From the above proposition it is easy to see that the function
f(t) = a® with a > 1 is a typical representative of the class RPVr(oo), while
the function f(t) = a' with a € (0,1) is a typical representative of the class
RPVr(—00). Of course, as we can see also from Definition [I} these classes are
much wider. The rapidly varying function can be understood like a product of
an exponential function and a function, which is regularly varying or bounded.
However, the exact representation is not known for now. We conjecture that it
could be somewhere near to this one: for f € RPVr(c0) resp. RPVr(—00),

f(t) = p(t)a?d® a>1resp.a€(0,1),

where ¢ is defined as in Definition (1| and g(¢) > h(t), h € RVr(9) with ¢ > 0.
Observe that this “representation” is sufficiently wide and includes many various
rapidly varying functions, e.g., (sin(t) + b)a?, In(t)a’, t7al, at’ and a* with a €
(0,1)U(1,00),b>1,v € (—00,00) and ¥ > 0.

(i) Case (ii), resp. (iii) (and of course (iv), resp. (v)) of Proposition [I] does not
hold generally for f € RPVr(00), resp. f € RPVr(—00). It is enough to take, e.g.,
a function f(t) = a'=25"t with a > 1, resp. f(t) = a'~25"? with a < 1. Note that
f(t) € RPVr(+00) in view of al=2sint = q=2sntgt with bounded a =25t

(iii) The assumption of convexity or existence of h > 0 in Proposition [1] in
part (v) (unlike part (iv)) is important, because without this condition only
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limsup, ... f2(t) = 0 holds, as can we see in the following example. Let n € N
and consider function f defined on the discrete time scale T = NU {n + (1/2)"+?}

such that .
l) fort=n
f(t) = {(2 t ’ n+2
) o= a ()"
Then f(t) € NRPVr(—00), liminf; .., f2(t) = —1 and limsup,_, . f2(t) = 0.
Now we introduce a Karamata type definition, see , and .

Definition 2 (Karamata type definition). Let 7: R — T be defined as 7(t) =
max{s € T : s <t}. A measurable function f: T — (0, 00) satisfying

. f 1
(11) lim f(r(At)) _ Jooresp. 0 for A>1,
t—oc  f() 0 resp.oco for 0 <A<1
is said to be rapidly varying of index oo, resp. of index —oc in the sense of Karamata.
We write f € KRPVr(o0), resp. f € KRPV(—0).

Note that the classes CRPVr(00) and KRPVr(—00) can be described similarly
as the classes RPVrp(o00) and RPVr(—o0), see part (i) of Remark |1} Now we prove
some properties of rapidly varying functions in the sense of Karamata.

Proposition 2.
(I) f e KRPVr(o0) if and only if 1/f € KRPV(—00).
(IT) Let f: T — (0,00) be a measurable function, monotone for large t. Then
(i) f € KRPV (o) implies f is increasing for large t and lim;_, o, f(t) = co.
(ii) f € KRPV1(—00) implies f is decreasing for large t and lim;_, f(t) =
0.

(iii) tli)rgo Jc(}—g\;)) =00 (A>1) implies f € KRPVr(0).

(iv) limy_, o0 % = (A > 1) implies f € KRPV1(—0).
Proof. (I) We have

f € KRPV(0) & lim M: oo for A>1,
¢ 0 for0<A<1

—oo f(t)

1

o 0 for A>1, 1

& lim 1C00) _ or A & — € KRPVr(~o0).
t=oo g oo for0< <1 f

(IT) (i) Let A > 1 and limy_ f(7(At))/f(t) = oo hold. Suppose that f(t) is
nonincreasing for large ¢. Then limsup,_, ., f(7(At))/f(t) < 1, a contradiction.
Next, let lim; o f(t) = ¢ < 00. Then, lim; .o f(7(At))/f(t) = 1, a contradiction.

(ii) This part we can prove analogically as the part (i).

(iii) Let A > 1 and lim; . f(7(At))/f(t) = oo hold. From (i) we know that f(t)
is increasing for large t. Therefore,
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(due to f(r(A7(£))) < f(£)). Hence, limy_.oc f(t)/f(T(At)) = 0o for 0 < A < 1 and
thus limy_,o f(7(At))/f(t) =0 for 0 < A < 1. Therefore, f € CRPV1(00).
(iv) This part we can prove analogically as the part (iii). O
Now, we show that the Karamata type definition is under certain conditions
equivalent to Definition [}

Lemma 1. Let f be a positive rd-continuously differentiable function and let f2(t)
be increasing for large t. Then

(i) f € KRPVr(0) iff f € RPVr(0) iff f € NRPVr(c0).

(i) f € KRPVr(—0) iff f € RPVr(—0) iff f € NRPVr(—0).

Moreover, f2(t) be increasing for large t is not to be assumed in all if parts.

Proof. (i) We will proceed in the following way:
f € KRPVr(0) = f € NRPVr(00) = f € RPVr(00) = f € KRPVr(00) .

Let f € KRPVr(o00). First, observe that f(¢) is monotone for large ¢. Indeed, f(t)
is convex, so there exists ¢y such that f(¢) is monotone for ¢t > t. Hence, f(¢) is
increasing for large ¢ due to Proposition [2| Now, for all A < 1, we have

t

f@) = fr (M) = / FR(9)As < ROt —T(A)] < FA)[E— (A = p(r(AL))]

T(At)
= RO = A) + p(r(A)].
Hence,
FEMEA=X) +p(r))] _ f(b) = F(r(AD))
f@®) - f(t) '
Note that u(r(At))/f(t) — 0 as t — oco. Really, f(¢) is convex and increasing, so
there exists ¢y € T such that f(¢) > ¢ for ¢ > ¢( and hence,

() ()
0= lim === = lm =75~

(12)

>0.

Since A < 1 is independent of ¢t and can be chosen arbitrarily close to 1, in view
of u(r(At))/f(t) = 0 ast — oo and f(7(\t))/f(t) — 0 as t — oo, from inequality
we have

A1) 1

13 lim inf > su = 00
1) mRUm SR T
and thus f € NRPVr(c0). The part f € NRPVr(oo) = f € RPVr(oo) holds
trivially. Let f € RPVy(00) and take A > 1. Then, by Definition [I]
(14) lim fr(\) _ lim p(M) wAt) _ lim hk(t)w.

T Sy M (s M S 7y
Let ¢ € RVr(9). Hence, ¢ € KRV1(9) by [24, Theorem 2], which implies that
h(t) — A\? as t — oco. Let ¢ is bounded, i.e., 0 < ¢ < ¢(t) < d for large t. Then,
<liminf hy(t) < hx(t) < limsup hy(t) < d

t—o0 t—00 C

Ul o
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Together, hy(t) is bounded both above and below for large ¢ by the positive
constants. Due to w € NRPVr(00), w(t) is increasing for large ¢ (by Proposition []).
Now, for all A > 1, we have

T(At)
w(T(At)) > w(T(At)) —w(t) = /t wh(5)As > w(t)[r(\t) — 1]
> B (O — u(r(A)) — ] = B (Ot = 1) — p(r(A))] -

Hence,
w(r(At) _ w2 (O 1) — p(r(A))]
) @ 2w |
Since A > 1, in view of u(7(At))/w(t) — 0 as t — oo (a similar reasoning as in the

first 1mphcat10n of part (i) of this proof), from and we have
fim LT S hA(t)itw BA-1) _
N I (0

and thus (by Proposition [2) f € KRPVr(o0).

(ii) We will proceed analogically as in case (i). Let f € KRPVp(—o0). Similarly
as in part (i), we get f(¢) is decreasing for large ¢ due to Proposition [2| Now, for
all A > 1, we have

T(At)
—f(r(A) + f(t) = /t (—F2(s)As < —f2(B)(r (M) — 1)) < = A = 1)t

Hence,

()‘>1)a

A, L A0 i | L S
[ty —Aa-1 ft) A—1 f) 7

Since A > 1 is independent of ¢ and can be chosen arbitrarily close to 1, in view of

f(r(At))/f(t) — 0 as t — oo, from the above inequality we have

tfA(t
lim inf — a0 > sup =00
t—o0 f(t) A>1 A - 1
and thus f € NRPVr(—o0). The part f € NRPVr(—o00) = f € RPVr(—o0)
holds trivially. Let f € RPVr(—o0). By using Proposition [I} part (i) of this lemma
and Proposition [2] we can successively write:

€ RPVr(—o0) = % € RPVr(00) = % € KRPVx(00) = f € KRPV(—o0) .

O

Remark 2 (Important). (i) Note that the concept of normalized rapid variation
is not known in the literature concerning the continuous (resp. discrete) theory
and it seems that there is no reason to distinguish the two cases of rapidly varying
behavior in this situation. We conjecture that in this case, every positive differen-
tiable function f (resp. every positive sequence), which is rapidly varying, is
automatically normalized rapidly varying. Hence, there is no point to consider
both definitions (specially, when we study asymptotic properties of differential or
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difference equations and deal with functions which are differentiable). However, the
situation is different in the general time scale case, where the previous assertion
is not true in general (only if f is convex and A-differentiable, then, in view of
Lemma these two definitions are equivalent). Indeed, take, e.g., T = NU{n+2""},
n €N, and f, ¢, w: T — R satisfying the assumptions of Definition [1| such that

1427t fort=n
t) = ’ d w(t)=2" (teT).
o (t) {1—2"5 fort=n+2"" and - w(t) ( )

Then ¢(t) — 1 as t — oo and w(t) € NRPVr(o0). Moreover,

20 +1 fort=mn,
) = ptw(t) = {2t 1 fort=n+2"
is of the class C} (T). It is not difficult to verify that f(t) is decreasing in each ¢ = n,
n € N. Hence, f2(t) is negative for every t = n, thus liminf, ... tf>(t)/f(t) <0
and hence f € NRPVr(0).

(ii) Looking at Definition [I| and a condition on a function ¢, the reader may ask
why we require the function ¢ just in this form. The other eventualities are, e.g.,
to consider ¢ in the following forms:

(a) p(t) ~ C, where C >0 (a less general form),

(b) t¢ < o(t) < t¢, where c,d € R, ¢ <d (a more general form).

However, the case (a) is less general then in our definition. Moreover, observe that
the function ¢ from the previous example from (i) satisfies condition (a). The case
(b) is more general but not convenient since our theory focuses on a generalization
in the sense of a “domain of definition” rather than considering “badly behaving”
functions.

4. APPLICATIONS TO HALF-LINEAR DYNAMIC EQUATIONS

As an application of the theory of rapid variation, we study asymptotic behavior
of solutions of half-linear dynamic equation in the form . In [I8] the reader
can find many useful information about half-linear dynamic equations and the
monograph [2] is a very good source for many results about linear dynamic equations.
In view of the structure of equation , it is not difficult to see that every positive
solution y of satisfies y22 > 0 , i.e., y is convex and y® is increasing.

Theorem 1. FEquation has solutions u € RPVr(—00) and v € RPVg(c0) if
and only if for all A > 1

T(At)
(16) lim to‘_l/ p(s)As = 0.
t

t—o0

Moreover, all positive decreasing solutions of belong to NRPVr(—o0) and all
positive increasing solutions of belong to NRPVr(c0).
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Proof. “If”: Let u be a positive decreasing solution of and let hold. By
integration of equation from ¢ to 7(v/At) (A > 1) we get

T(Vt)
B (r(VAD)) — B (u () = /t p(5)® (4 (5)) As.

Since u® < 0 and v is positive decreasing with zero limit, we can write

a1 > ¢>—1([(m) p(s)q)(uf’(s))As)

(17) > u(T(\/Xt))cI)_l(/tT(ﬁt)p(s)As) :

In the last inequality we use the fact that
b

(18) / FI(gt)AL > f(b )/ gt)At  (a,b€T;a<b)

a
holds for arbitrary positive decreasing function f and positive function g. This
inequality follows from the time scales version of the second mean value theorem
of integral calculus, see [18, Lemma 2.5]. By integration of from t to 7(v/At)
(A>1) we get

T(VAt) 7(VAs)
u(t) — ’U,(T(\/Xt)) > /t u(T(\F)\s))CI)_l(/ p(r)Ar) As.
By using with u(r(vVAp(T(VAL)))) > u(r(At)) we get
T(Vt) T(VXs)
(19) u(t) Zu(T()\t))/t qu(/ p(r)Ar)As.

In view of for any arbitrarily large constant M > 0 there exists tg sufficiently
large such that

(VL)
(20) /t p(s)As >

ja—1° t>1p.
Since w is positive, from and we get
u(t) -1 (VM) -1 1 | (VA 1
o 2 (M)/t o (Sail)As_é (M)/t ~As
VAt
> <I>’1(M)/ v “ds= 71 (M)In T(‘t@)
- w YR HEA) gy (5 HEO/A0)Y

where the inequality fr(ft) (1/s) As > ftT(ﬁt)(l/s) ds (used also in further part of

the proof) follows from [I9, Lemma 1.1]. Since u(7(v/At))/t — 0 as t — oo and since
M was arbitrarily large, this implies u(t)/u(7(At)) — oo as t — co. Consequently,
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u(T(At))/u(t) — 0 as t — oo for A > 1, which implies (due to Proposition |2)) that
u € KRPVr(—oc) and hence, by Lemmal[l} u € (N)RPV(—o0).

Let v be a positive increasing solution of and let hold. By integration
of equation from 7(t/VA) to t (A > 1) we get

s w) - #(o2(-(5))) = [ t(t) PP (07(5)) As.

Since v® > 0 and v is positive increasing, we get
t

A (1) > q)_l(/f(k) p(s)q)(vf’(s))As)

> v(r(\%))@‘l(/T(k) p(s)As) .
By integration of the last inequality from o(7(t/v/))) to t (A > 1) we get
v(t) —UU(T(%>> > /a(r(\t&)) v(7(\%>)®_1(/T( ) )p(T‘)AT)As.

By using the same ideas as before we get

(21) u(t) > U<T(§)) /U(T( ) QJ_I(/TS( ) )p(r)Ar)As,

VX VX

o(r())
o(r(Z4)) 20 (5)-
Inequality can be rewritten on the form
71}@) t -1 ) r)Ar|As
B ey Uy e

In view of , which can be equivalently written with v/A instead of A, we have
(due to {7(t/vA)} C T for large t)

. t et (A (5))
tlggo (T(\?/\» /T(\ta) p(s)As = o0
Therefore, thanks to 7(t/vA) < t/VA <t and 7(vVA7(t/VN)) < t, we get

t
lim t"_l/ p(s)As = 0,

)

7
which means that for arbitrarily large M > 0, there exists s¢ sufficiently large such
that

8 M
(23) [ amarz 25 s,

S

where we use
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and since v is positive, then from and , we get (by using the similar
calculation as in previous case for the decreasing solution u)
t

&>(1>*1(M) t }As>‘1’71(M) lds
@0 L 22 L
; VA
> ' ‘Mmh—o—— (M)l —— .
2 &7(M) L +u(r(L)) o 14 10(5)
x

Since u(t) = o(t), u(r(t/VA))/(t/VX) — 0 as t — co and since M was arbitrarily
large, this yields v(t)/v(7((t/A))) — o0 as t — oo for A > 1, i.e., v(7(At))/v(t) — 0
as t — oo for A < 1, which implies, similarly as in the proof of Lemma [l} first
implication of part (i) (indeed, v satisfies and ), that v € (N)RPVq(c0).

“Only if ”: Let u be a positive decreasing rapidly varying solution of . Thanks
to u?® > 0 (see equation (4))), we have u® increases and due to Lemma
u € NRPVr(—o0). Hence, u=(t) is negative with zero limit and u(t) — 0 as
t — oo (by Proposition . Moreover, —u®(t) decreases. For A > 1 we have

B () () (1= =) = —u (7€) (7(M1) — 1)

T(At)
T(At)
= —u® (T()\t))/t As

T(At)
(24) < —/t u?(s)As = u(t) — u(T(\t)).

From the fact that
t t 1 1

08 S TN RGO T A EEm T R ey

t
we have (due to pu(r(At))/At — 0 as t — o0):

lim (1 t )= (1 ! -1

U T o TR\ T a0y ) T T :

¢ T(At) ¢ A1 - %) A
Since limy oo (u(t) — u(7(At))) = 0, inequality (24)) implies

(25) Tim ~(At)u? (r(M)) = 0.

Due to u®(t) is negative increasing,
A

ArO)

uB(t)

Now we want to show that

(26) lim sup u? (r(M))

— o <1, A>1.
t—oo UA(t)
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By a contradiction, assume that there exist Ay > 1 and an unbounded sequence
{tr}72, € T such that

(27) i YoTOG)

=1.
te—oo  ud(ty)

Let y be a continuous positive decreasing function of a real variable, such that
y(t) = —u(t) forall te {32,

and
y(t) > —u®(t) forall teT.

Thanks to u(t)/t — 0 as t — oo, we have for large ¢

w(r(Aot)) _ p(r(Aot))
)\oto S T()\()Ot) § A

0—1

and therefore, we get
p(T(Xot)) < Nt — Aot < AFt—7(Not).

From the last inequality we have o(7(\ot)) < A3t for large ¢t and hence

(28) Mot < T(A3t).
From , and thanks to y is decreasing we have
YOut) | yr0B) | w08

y(tx) y(tx) u? (tr)
as t;, — 00. Then (see the proof of [I3] Theorem 1.3]) there exists a continuous
positive decreasing function z of real variable, such that z(¢) = y(t) for every
t € T sufficiently large, and lim,_ . (2(Aoz)/2(x)) = 1. Since z is monotone,
lim, 00 (2(Ax)/2(x)) = 1 holds for every A > 0, see [I, Proposition 1.10.1] and this

implies that z is slowly varying function, see [I, Definition on page 6]. Therefore,
lim, o 2z(x) = 00. The contradiction follows by observing that

2(1(A) = y(r(A)) = —u (T(\)),  t e {tr}i,

1>

and
Jim —7(A)u(r(M) =0, te {t}i,
which holds due to . Hence, holds. Therefore, there exists N > 0 such that
u? (1(At))
29 1— @(7) >N,
29) w3 )=

for every A > 1 and ¢ sufficiently large. By integration of from ¢ to T(At) we
have

T(At) T(At)
B (r() ~ 2 0) = [ s P(ule(e))As < @(ut) [ plo)as.
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This implies

D(u(1(\1))) T
—3(u (1)) (1 - W) < @(u(t))/t p(5) As.

From and by multiplying the previous inequality by t*~!, we have

which (with t — oo) implies (16). O

Remark 3. Note that the previous theorem is new even for the linear case (when
a = 2), where u and v form a fundamental set of solutions of . The sufficiency
part for increasing solutions is new also for the half-linear discrete case. For
more information about this case, see [I7, [16]. For the continuous case, we refer
to Mari¢’s book [I3] or to [14] for the corresponding results in the linear case.
However, according to the best of our knowledge, the corresponding case of rapid
variation for half-linear differential equations has not yet been processed in the
literature. Finally note that the necessity part for increasing solutions has not
been proved (even in linear case) in the differential, resp. difference or dynamic,
equations setting yet.

5. KARAMATA FUNCTIONS AND M-CLASSIFICATION

In this section we provide information about asymptotic behavior of all positive
solutions of and all positive decreasing solutions of as t — oo. First consider
the linear dynamic equation (f]). Note that all nontrivial solutions of are
nonoscillatory (i.e., of one sign for large t) and monotone for large ¢. Because of
linearity, without loss of generality, we may consider just positive solutions of ;
we denote this set as M. Thanks to the monotonicity, the set M can be further
split into the two classes M+ and M~, where

MT = {z € M: 3t, € T such that z(t) > 0,z2(t) > 0 for t > t,},
M~ ={zeM: z(t) > 0,z°() <0}.

These classes are always nonempty. To see it, the reader can follow the continuous
ideas described, e.g., in [6, Chapter 4].

Now we introduce the following concept. A positive function f: T — R is said
to be a Karamata function, if f is slowly or regularly or rapidly varying; we write
f € KFr. In [24] we established necessary and sufficient conditions for all positive
solutions of to be regularly (resp. slowly) varying. Here we want to complete
this discussion for all positive solutions to be Karamata functions. We introduce
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the following notation:

Mg, =M™ NNSVr,
Mgy (%) =M™ NNRVr(%1),91 <0,
My (92) = MY N NRVp(9), 05 =1 — 91 > 1,
Mg py (—00) = M~ N NRPVp(—00),
MfEpy (00) = MY N NRPVp(c0),
Mg ={y e M™ : lim y(t) = 0},
ML = {y e M" :tlirgoy(t)zoo}.

o0

We distinguish three cases for the behavior of the coefficient p from equation :

(30) tlim t/ p(s)As =0,
(31) tlim t/ p(s)As=A>0,
— 00 t
T(At)
(32) tlim t/ p(s)As=o00 forall A >1.

We claim (with the use of the results of this paper and [24]) that:

M~ = Mg, — () = M"=M},(1)=M,
(33) M~ =Mp,(¥1) =M, — (Bl = Mt =M}, (¥) =ML,

M~ =Mgpy(—0) =M, <<= (2) = M =Mfp,(c0) =M.

Now consider the second order half-linear dynamic equations . The space of
all solutions is here more complicated than the space of all solution of equation
. The reason is that we do not have property of linearity in this case. However,
by the similar consideration as in linear case, we get again two classes M™ and
M, which are always nonempty. In [23] we established necessary and sufficient
conditions for all positive decreasing solutions of to be regularly varying. Now
we complete this result in the sense of rapidly varying behavior. We distinguish
three cases for behavior of coefficient p(¢) from equation (4)):

(34) tlim tafl/ p(s)As =0,
— 00 t

(35) tlim to‘fl/ p(s)As=B >0,
— 00 t

t—oo

T(At)
(36) lim to‘_l/ p(s)As=o00 forall A>1.
¢
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With the use of the results of this paper and [23], with the same notation as in the
linear case we can claim:

M~ = Mg, = (39),
M™ = Mgy (1) = My = (33),

(37) M~ =Mpgpy(—00)=M; << @) = M" =M}z, (c0) =ML .

The reader may wonder that integral in condition (resp. (36)) is from ¢ to
7(A(t)), while integral in conditions and (resp. and (35)) is from ¢

to co. In [I7, Example 1], it is shown that there exists function p: T — R (T = N,
thus p is a sequence), which satisfies following condition

S T(At)
(38) lim t/ p(s)As =00, but lim t/ p(s)As # o,
t t

t—o0 t—o0

for some A > 1. For simplicity, introduce the following notation

0o T(At)
P = lim to‘fl/ p(s) As, Py = tlim to‘fl/ p(s)As, A>1.
t —ee t

t—o0

In view of that example, P = oo does not imply Py = oo for all A > 1 (only

the inverse implication holds, because ftT(/\t)p(s)As < [ p(s) As). But if P is
finite (nonnegative) number, then Py is also finite (nonnegative) number for all
A > 1, and if P, is finite (nonnegative) number for all A > 1, then P is also finite
(nonnegative) number. A relation between P and Pj is shown in the following
theorem.

Theorem 2. It holds

ANt —1)
/\0471

Proof. In this proof we will need a special sequence of reals. Take A > 1 andt € T

sufficiently large and define sequence {r,}52, of reals such that A™¢ = 7(A\"t) for

n € NU{0}. Note that r,, = r, (). We show that r,, has the following properties:
(i) rn <7Tpy1 foralln e N,

(i) o=0<r <l<r<2<---<rp1<n—-1<r,<n foralneN,

(iii) T(AMF7nt) < Xmtit for all n € N,

(iv) rp(t) = nast — oo forallneN.

(i) Let n € N. First note that for 7(A™t) right-dense A"t = 7(A\"t) = \"t <
7(A"*1t) = A"»+1t and (i) holds trivially. Now suppose that 7(\"t) is right-scattered.
Thanks to u(t) = o(t), u(t) < (A — 1)t for large ¢t and we can write
a(T(A"1)) < A"+ pu(T(A™)) < A"t 4+ (A — D)7(A™t) < A"t + (A — DA™t = A"t
Therefore, 7(A"t) < o(T(A\"t)) < 7(A"T1t). Hence, A"t < A™+1¢ and (i) holds.

(ii) Note that ro = 0 holds trivially. Let n € N. By using (i) we can write
T(APTH) < AP < 7(A*t) = A"t < A"t Hence, n — 1 < 1, < n.

P=A>0 ifandonlyif P\= forall A>1.
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(iii) Let n € N. It holds
A ) = 7(AN™E) = T(A(T(A™))) < T(AN) = T(A"TH) = At
Hence, (iii) is fulfilled.

(iv) In view of

> TA) A= p(r M) oyt M)
Ant Ant Ang
we get lim; o 7(A"t)/(A"t) = 1. Hence,
oo TAM) AT
1= fim At =t Ant =A ’

which implies 7, (t) — n as t — oo for each n € N.
“If 7. We wish to show that if there is A > 1 such that Py = L, then P =
LX*~1/(A>~1 —1). First suppose that there exist A > 1 and L, > 0 such that

t—oo

T(At)
lim inf ¢*~* / p(s)As > L.
t

Let € > 0 and take ¢t € T sufficiently large. Then by using the properties (i), (ii)
and (iii) we get

AT+ )

ATnt+lt
(Ar)! / p(s)As > (A )* / p(s)As > L. —¢
A

g Arnt
for all n € NU {0}. Hence,

ATt L,—¢
ta_l/ p(s)As > ——=  foralln e NU{0}.
ATt ()\Ot )

Summing this inequality for n from 0 to co we get

[ = 1 (L, — )Xot
a—1 > _ § _
t /t p(s) AS = (L* E) ()\a_l)n )\Ozfl o 1 ’

n=0
which implies
o] L*)\afl
lim inf to‘fl/t p(s) As > o1 1"

t—o0

Now suppose that there exist A > 1 and L* > 0 such that

T(At)
lim sup to‘_l/ p(s) As < L™
t

t—oo

Let € > 0. Take t € T sufficiently large. Then

(A
()\T"t)afl/ p(s)As < L*+¢ forall neNU{0}.
A

Tt
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Hence,

T(AMFTg) L*+¢
ta_l/ p(S)AS < W forall neNU {0} .
Arnt

Summing this inequality for n from 0 to co we get

o T()\1+T"t) 0 1
n=07A"t n=0

In view of property (ii), it is clear that the series on the right-hand side of the
inequality can be majorized by the convergent series

> 1
T;) ()\a—l)n_l

for each sufficiently large ¢. Hence, using the property (iv), resp. 147, (t) — rn1(t)
as t — oo following from (iv), implies

ATn+1¢ o) 1
hmsupta 12/ AS<L*ZW7
A

t—o0 Tnt n—0

i.e.,
e’} L*)\(x—l
limsupto‘_l/ p(s) As < o1 71"
t—o0 t A

Therefore, if L = L, = L* part “If 7 follows.

“Only if ”: Let P = A and let A > 1 be an arbitrary real number. Then

o T(At) 00
tet / p(s) As =1 / p(s) As + 71 / p(s) As
t t

T(At)
L T(At) tafl L 0o
=t s)As + —————(7(\t 0‘7/ s) As.
[ e st o [

Since (7(At))*~1 TOFM) p(s) As — A and t/7(\t) — 1/X as t — oo, we get

1 ) ANt —1)
/\afl 5 1.e., P)\ = T .

]

In view of the previous results, we get the following statement.

Corollary 1. All positive solutions of are Karamata functions if and only if
for every A > 1 there exists the (finite or infinite) limit

T(At)
(40) lim t/ p(s)As.
¢

t—o0
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All positive decreasing solutions of are Karamata functions if and only if for
every A > 1 there exists the (finite or infinite) limit

T(At)
lim ¢*~! / p(s)As.
¢

t—o0o

6. CONCLUDING COMMENTS AND OPEN PROBLEMS

Similarly as in the theory of regular variation on time scales, see [24], in the
theory of rapid variation on T we distinguish three cases:

(i) pu(t) = o(t)
If we want to obtain a reasonable theory, which corresponds from a certain point
of view to the continuous (or discrete) theory, we need this additional requirement
on the graininess of the time scale, which cannot be improved. Indeed, consider
the graininess p(t) = O(t) such that p(t) # o(t) and take, e.g., the function
f@) =(1/2)! on T = ¢"o := {¢¥ : k € No}, ¢ > 1 (u(t) = (¢ — 1)t). We expect that
[ € (N)RPVy(—00). But

T il O
tmoo f(t)  1-gq

(ii) p(t) = (¢ — 1)t, with ¢ > 1
In [21], we established the theory of ¢-rapid variation, which means that the
considered functions are defined as in the g-calculus, i.e., on T = ¢No, with ¢ > 1
(u(t) = (g — 1)t). A function f : ¢ — (0, 00) is said to be g-rapidly varying of
indexr oo, resp. of index —oo if
i tD, f(t) 1

. tDgf () _ \ _ _
Jim O 00 1= [00]4, resp. Jim 0 1=¢7 [—00]gs
where D, f(t) = [f(qt) — f(t)]/[(¢ — 1)t] is the g-derivative of a function f. The
totality of g-rapidly varying functions of index oo is denoted by RPV,(£o0).
It is easy to see that the function f(t) = a' with a > 1, resp. a € (0,1) is a
typical representative of the class RPV,(00), resp. RPV,(—0). Note that the
theory of g-rapid variation similarly as a theory of g-regular variation, see [22], was

established by using suitable modifications of the “classical” theories.

(iii) Other cases

If the graininess is eventually “very big” (or a combination of “very big” and “small”),
then the theory gives no proper results. Indeed, for instance, let T = 2r'0 = {2pk :
k € No} with p > 1. Take the function f(t) =tV with 9 > 1. The function f(t) is a
typical representative of class (N)RVy (), see (6). But on this time scale we can
observe that if we use Deﬁnition then tf2(t)/ f(t) = t((tP)? —t7) /(7 (tP — 1)) =
(=1 —1)/(#P~1 — 1) — oo as t — oo, hence f € (N)RPV (o). Again, let
T = 2¢"° with p > 1. Take f(t) = at, a # 1. We expect that f € KRPVr(co) for
a>1and f € CRPVp(—0) for a < 1. But for A > 1 we get f(7(A\t))/f(t) — 1
as t — oo (really, on this time scale for each A > 1 there exists ¢y € T such that
T(At) =t for t > ty) and therefore f ¢ KRPVp(Loo).

# —00
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From the above observations, we conclude that it is advisable to consider only
the cases (i) and (ii) in the theory of rapid variation on time scales.

At the end of this section we give few remarks about open problems and
perspectives related to the topic of this paper.

Remark 4. In view of Proposition[2} part (II), cases (iii) and (iv), we can naturally
ask, whether the following condition

lim f(r(A)) =00 (resp. 0) A>1 < lim f(r(\))

Jim = R TON =0 (resp. o0) A€ (0,1)

holds as in the cases T = R and T = Z. We conjecture that if f is positive and
monotone, then this equivalence holds.

Remark 5. Looking at relation (resp. ), which can be rewritten as
M~ =Mpgpy(—o0) =My and MT = M} py(00) = ML < (resp. (36)),
it is not known (even in continuous and discrete case) whether

(41) Mt =Mjpy(00) =ML = (resp.(36)) -

If the implication is true, then the theory of asymptotic behavior of all solutions
of equation is complete and we can claim (compare with Corollary [1)) :

“There exists a positive solution y of such that y € KFr (resp. y & KFr) if and
only if every positive solution y of satisfies y € KFr (resp. y & KFr) if and
only if the limit exists (resp. does not exist). Specially, there exists a positive
decreasing solution u of such that u € RPVr(—o00) if and only if there exists
a positive increasing solution v of such that v € RPVr(00) if and only if the
limit is equal 00.”
On the other hand, thanks to the existence of a function p satisfying condition
we know that a positive decreasing “No-Karamata” solution u ¢ KFt of
really exists. Indeed, it can be obtained as a decreasing solution of with the
mentioned coefficient p. However, the existence of an increasing solution v of
such that v &€ KFr has not been shown yet. From the above observations, there
are three possibilities for a fundamental set of rapidly varying solutions of :

(i) u € RPVr(—0), v € RPVp(c0).

(ii) w & KFp such that u is a positive decreasing, v € RPVr(00).

(iii) w ¢ KFr such that u is a positive decreasing, v ¢ KFp such that v is a
positive increasing.

Finally note that further possible research related to equation could be
the following one - to establish necessary and sufficient condition for all positive
increasing solutions of to be regularly varying.
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