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SOME PROPERTIES OF TANGENT DIRAC STRUCTURES
OF HIGHER ORDER

P. M. KovoTcHOP WAMBA, A. NTYAM, AND J. WOUAFO KAMGA

ABSTRACT. Let M be a smooth manifold. The tangent lift of Dirac structure
on M was originally studied by T. Courant in [3]. The tangent lift of higher
order of Dirac structure L on M has been studied in [I0], where tangent
Dirac structure of higher order are described locally. In this paper we give an
intrinsic construction of tangent Dirac structure of higher order denoted by
L™ and we study some properties of this Dirac structure. In particular, we
study the Lie algebroid and the presymplectic foliation induced by L".

INTRODUCTION

Let M be a differential manifold of dimension m > 0, in this paper, we denote
by (-, )ar: TM xp T*M — R the usual canonical pairing. In [2], is defined the
natural symmetric and skew-symmetric pairings on TM & T* M by:

(X®w,Y @ u), = 3 (V) + (X))

1
(X@w,Y ®p) =5 (@) - p(X)).
An almost-Dirac structure, or a Dirac bundle, on a manifold M is a subbundle L
of vector bundle TM & T* M which is maximally isotropic under the symmetric
pairing (- | -)+. We denote by pas and p}, the natural projection of TM & T*M

onto TM and T*M respectively. Clearly, par(L) is a generalized distribution on

M. We set
paur(L) = | (pam(La))"
zeM

In 2], is defined a 2-form Q,: ppr(L) — par(L)* such that:
QL (pmr (X, w)) (o (Yo p) = (X @ w, Y @ p)- = w(Y),
and the bilinear bracket operation on the sections of (TM & T*M — M) by:
X dwY du=[XY]d (Lxp—Lyw+d(X®wY ®pu)_)).
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If T'(L) is closed under this bracket, the author of [2] has said that the almost-Dirac
structure L is integrable or L is a Dirac structure on M. This condition is equivalent
to Ty, = 0, where Ty, is the restriction on L of 3-tensor T defined on TM @& T*M
by:

T(Sl, S22, 53) = <[Sl7 Sg], S3>+ .
Where 81,890,853 e '(TM & T*M).
Theorem 1. An almost-Dirac structure L is integrable if and only if (L, [, -], pam|L)
is a Lie algebroid.

By this theorem, T. Courant in [2] has shown that, if L is an integrable Dirac
structure, then the generalized distribution pps(L) generates a generalized foliation
on M and by the same way, we have:

Theorem 2. An integrable Dirac structure has a foliation by presymplectic leaves.

For the proof of these theorems, see [2].

In [10], we have defined the tangent lift of higher order L" (r > 1) of an
almost-Dirac structure L on a manifold M, and we have shown that this lifting is
an almost-Dirac structure on a manifold 7" M. We have shown that, L is integrable
if and only if L" is integrable. In this paper we study some properties of L™ namely
the structures of Lie algebroid and generalized foliation induced by L”. The main
results of this paper are Theorems [3] [4] [B] [6] and Proposition [3]

All manifolds and maps are assumed to be infinitely differentiable. r will be a
natural integer (r > 1).

1. TANGENT LIFTS OF HIGHER ORDER OF SOME TENSOR FIELDS REVISITED

1.1. Prolongations of sections of vector bundle. For all a € {0,...,r}, we
denote by x(®): T" — T the natural transformation defined for all vector bundle
(E,M,r) and ¥ € C*(R, E) by:

X5 (G5 0) = G5 (1)
Where t*U is the smooth map defined for all ¢t € R by: (¢*W)(t) = t*U(¢).
Let S: M — FE be a smooth section on E, we define the section g(a) of
(T"E, T"M,T") by:
g(a)zxgg)OTTS’, 0<a<r.
For the sake convenience we define g(a) =0forall @« >rora<0.
Definition 1. This section E(a) of T"E is called a-prolongation of order r of S.

Remark 1. Let (E, M, ) be a vector bundle and ¢: 7= *(U) — U x R" a local
trivialization of E over an open U C M. For j =1,...,n, we put:

ej() = ¢ (z,e;) where €U and (e;)j=1,. . Iisthe usual basis of R™.
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(5j) j=1,...,n is a basis of sections of E over U associated to ¢. Using the identification
T7(U x R?) = T"U x R™"+1) | we define a family of sections

(%), 1<j<n, 0<a<r

of T"E over T"U by:

(@) =T '(@,¢f)

where Z € T"U and (ef) the usual basis of T"R" = R(r+1),
We have:

(1) 6;?‘:57(0‘), forall j=1,...,.n and a=0,...,7.

Proposition 1. Let (E, M, 7) be a vector bundle. If U, V' are two tensor fields of
type (0,p) on the vector bundle (T"E,T"M,T"r) such that for all smooth sections
Si,...,Sp on E and o,...,ap € {0,1,...,7} the equality

W(E(al), o 75717(04;:)) _ W’(E(al), o 7871)(0‘;»))
holds, then ¥ = W',
Proof. See [5]. O

For the prolongations of functions, vector fields and differential form of manifold
M to manifold T" M and related properties, see [5] or [II]. From now, we adopt
the notations of [11].

1.2. Prolongations of tensor fields of type (0, p). Let (E, M, ) be a vector
bundle and ¢ a tensor field of type (0,p) on E. We interpret a tensor ¢ on E as a
p-linear mapping p: E X7 -+ X £ — R of the bundle product over M of p-copies
of E. For all a« € {0,1,...,7}, we denote by 7, the linear form on Jj(R,RR) defined
by:

1

Ta(J09) = adTa(g(t))h:o.
We set:
(2) ¢(a) =7a0T"¢;

%@ is a tensor field of type (0,p) on (T"E,T" M, T"r) called a-prolongation of ¢
from E to T"E. When « = r, it is denoted by 3(¢) called complete lift of ¢ from
EtoT"E.

Proposition 2. 3™, 0 < «a < r, is the only tensor field of type (0,p) on T"E
satisfying:

— (a1 ——(ap (a*iai)
(3) OGS = (p(Sh,. L S)) T

for all S1,...,8, €eT(E) and a1, ..., € {0,1,...,7},
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Proof. Let jon € T"M, we have:

—( —(a1) < (ap) .r —(« 1 r .7 p r -7

PGS Y o) = B (S o TTSLGEm)s - X 0 TS, ()
2 (jo(t* Sy om), ..., j5 (" Sp o n))

Ta (jg@(talsl on,..., ta”Sp o 7]))

= 7o (Jot* TP (S, ..., 5p) o)

— (t (S, L 8,)) Y )

(afz a;)
= (¢(S1,---,8p)) = (dom)

The unicity comes from the equation (1) and Proposition O

2. TANGENT DIRAC STRUCTURE OF HIGHER ORDER

2.1. Almost-Dirac structure of higher order. We denote by a": T* o T" —
T"oT* and K": T" o T — T o T" the natural transformations defined in [I] and
[5], such that, for all manifold M, we have:

(g (), 0 ) et = (0 (0 prag s (w,0%) € T'TM & T*T7 M,

where (- | Yprpy = 7 0 T7(- | -)m. Let L be an almost-Dirac structure on

m-dimensional manifold defined locally by the bundle morphisms a: U xR™ — T'M

and b: U x R™ — T*M. (e;) denote the canonical basis of R™. We set:
Si:U—L, z—a(x,e)Pblx,e;),

(Si)1<i<n is a basis of sections of L over U. In [I0], we have showed that: the almost
Dirac structure of order r L is determined by the maps a” and b" such that:

a" =Kol a and b =¢h; 0T"b;
where €}, is the inverse map of af,;. The matrix form of " and b" is given by:
a” = : R and b= : R
(a;)(r) ce ai- bij ce 0
So that,
L"=(ky@ey)T"L)CTT"M®T*T"M .

Theorem 3. Let X @ w € T'(L), for all a € {0,...,7}, we have X @ w(r=) ¢
(L").

Proof. If (X,w) € T'(L) then, they are the maps ~v1,...,vm € C°°(U) such that:

X@szyiSi.

=1
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In this case,
i
X|U = vlai Ervi
w|U = ’}/ibijd.%'j

X(©) = (410 (g )(B-a=) 2

81’% )
We deduce that:

0

al 0 0 .

Z af 0 -

X(D‘) — ,yz

E o : 0‘ :

(@) (a1 . q] N (e
()t

w(rfa) _ (,.yibij)(”‘*a*ﬁ)dwé = (f)/i)(rfy)(bij)(uiaiﬁ)dx%.

In the same way, we have:

(bl-j)“)l (bij)(“;) o bij
(r—o) (bif) "™ (b)) ’
w - . : : : v
by 0 0

()=
Thus that (X (@), w(=)) e T(L").
Forall X ®w € N(TM & T*M) = X(M) & QY (M), we set:
(X ®w)@ =X g,

Corollary 1. Let L be an almost-Dirac structure on M.

(1) For all X ®w,Y & pu e X(M) QY (M) and a,3=0,...,7, we have:

(X @w)®, (Yo =[XowY opuh.
(2) Forall f € C*(M) and X ®w € X(M) ® Q' (M), we have:

r—o

(f-(X@w))(a) =3 /P (X @w)erd),
5=0

(3) Forall X ®w,Y ®pu,Z v el(L), we have:

Tor (X 80)®, (¥ & )P, (Ze1)0) = (T(X 8w, Y & p,Zev) 7

for all o, 8,7 €{0,1,...,r}.

237

3

Proof. The proof comes of some properties of tangent lift of higher order of

functions, vector fields and differential forms.

O
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For all S € I'(L) and a € {0, 1,...,7}, we have:
(K @ eh)(5) = 5.

Theorem 4. TL(C) is a complete lift of Ty, from L to T"L. We denote by 1}, the
inverse map of k'y,. We have:

3
() T = T2 o (i ® ) -

Proof. Tprof B> (x4, ®ey,)) is a tensor field of type (0,3) on T L. Let Sy, S2, S5 €
I'(L) and oy, a9, a3 € {0,1,...,7}, we have:
3
TLT o @(K’?W 53] 57M) (E(al)ag(a2)7§3(a3)) = ’]TL"‘ (S§a1)a S§a2)a Sigyad))

= (TL(Sla52»53))(7«7&176”7013)

_ TL(C) (?1(&1),572(&2),573(%)) )
We have the result by the Proposition [2] O
Remark 2. The equation (4) shows that L is integrable if and only if L" is inte-
grable. Thus, we have given an intrinsic construction of tangent lift of higher order
of an almost-Dirac structure, and we have shown independent of any local coordi-

nates system that: this lifting is integrable if and only if the initial almost-Dirac
structure is integrable.

Let X @ w, Y & u be sections of an almost-Dirac structure L. Define

Definition 2. L is said invariance under X ® w € I'(L) if and only if X ¢ L C L.
When L is integrable this is equivalent to say dw|par(L) = 0.

Corollary 2. If L is an integrable Dirac structure invariant under X € ppr(I'(L)),
then L is invariant under X(® for all o =0,...,r
Proof. Let X @ w € T'(L), we have X(® @ w("=*) € T(L") by the equality

dw™=) = (dw)"=%)  (see [11]),
we deduce that dw(™=®|p(L") = 0. O
2.2. Admissible functions of L". Let L be an integrable Dirac structure over
M. A function f is an admissible relatively to L, if there is vector field X; such
that (Xf,df) € I'(L). If f and g are two admissible functions, T. Courant defines
in [2] their bracket by:

{f:9) = Xy(9) .

Proposition 3. (1) If f is an admissible function relatively to L, then fl@)
1s an admissible function relatively to L" and we have:

(5) X = (Xp)r=).
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(2) For all f,g two admissible functions, o, 3 =0,...,r, we have:
(© (7,99} = {£, g}
Proof. (1) If f is an admissible function, then (X, df) € I'(L). For all «,
(Xp)T=,(df) ) e (L),
Since (df)(®) = df(@), it follows that (X)), df(®) € T(L"). Thus, £
is an admissible function relatively to L™ and X ;@) = (Xp)r=a,
(2) For a,3=0,...,r, we have:
{f(a),g(ﬁ)} — Xfm)(g(ﬁ))
= (X)) (g )
= {f.gy0*")

O

2.3. The Lie algebroid (L", [, ], prra|rr). For all a« € {0,1,...,r}, consider
the map

Xg?l\)/IEBT*M: "TrMeT"M) —T"(TM & T"M),

we have:
(@) _ () ® (@)
XtymerM — XTM Y XT*)01 -
In this case, X(La) = X(Ta]\)4 53] X(Toi)M|T'rL~

Proposition 4. Let (E,[-,-],p) be a Lie algebroid. There is one and only one Lie
algebroid structure on T"E such that: For all S1,Se € T(E) and o, 8 € {0,1,...,7}

(@) — — (a+8
5, %7 =15, 8.

The anchor map p'™) is given by:

P = kb 0T p.
This Lie algebroid structure is called tangent lift of order r of Lie algebroid
(B[] p)
Proof. See [J]. O
Theorem 5. Let L be an integrable Dirac structure on M. The tangent Lie

algebroid of order v T" L, is isomorphic to the Lie algebroid (L",[], pr-a|rr) over
T™M induced by the integrable Dirac structure L.

Proof. Let (S;) be a basis of sections of L over U.
Si(x) = alx,e;) ®b(x,e;), Yi=1,...,m
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we have K, @EM(g( )= S(O‘
The tangent Lie algebroid of order r T"L is given by:

—(a) = (a+pB)
5,57 =15,5]]
( ) r r 7(6) [0 e
[he ® ehs (S0 V), why @ €3,(S; )] = [S1, S§7] =[5, ;) +)
. B8
= iy @ (15551
It follows that,
Ky @eylrrn: T"L — L
is a Lie algebroids isomorphism. O

2.4. Symplectic foliation induced by L”". For the tangent lift of higher order
of singular foliation of manifold M to T"M we can see [9]. However, let E be a
smooth generalized distribution on M, we denote by X the set of all local vector
fields such that: for all z € M, X(z) € E,. Let us notice that for a completely
integrable distribution F, the family X is a Lie subalgebra of the Lie algebra of
vector fields on M.

Proposition 5. Let E be a completely integrable generalized distribution on M.

Then the distribution E" generated by the family {X(®), X € X, 0 < a <7} of

vector fields on T" M is completely integrable.

Proof. See [9]. O
Let F be a generalized foliation defined by E, the tangent lift of order r of F

denoted by T"F is defined by E".

Proposition 6. If a submanifold FF C M 1is a leaf of generalized foliation F, then
T"F is a leaf of generalized foliation T"F.

Proof. See [J]. O
By the Propositions [f] and [6] we deduce this result.

Theorem 6. Let L be an integrable Dirac structure, F the generalized foliation
induced by L and F a leaf of F.

(1) The generalized foliation induced by L" is the tangent lift of order r of
generalized foliation F.

(2) If QF is a presymplectic form on F then Q;f) is a presymplectic form on
the leaf T"F'. Where Q;f) is a complete lift of differential form Qp.
Proof. Let X,Y € pp(I'(L)) tangent to F, we have:
Qrrp(X(@ Y B)) = ,r=) (v ()
(r—a—p)
= (w(V))
— (Qr(X, V)"
_ Q;f) (X(Ot)7 Y(B))
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Thus QT""F = Qg’) [l

These results generalize the properties of tangent lifting of higher order of

Poisson manifold.

8
[9
[10
[11
12
13

(14
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