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ON THE GEOMETRY OF FRAME BUNDLES

KAMIL NIEDZIALOMSKI

ABSTRACT. Let (M, g) be a Riemannian manifold, L(M) its frame bundle.
We construct new examples of Riemannian metrics, which are obtained from
Riemannian metrics on the tangent bundle T'M. We compute the Levi-Civita
connection and curvatures of these metrics.

1. INTRODUCTION

Let (M, g) be a Riemannian manifold, L(M) its frame bundle. The first example
of a Riemannian metric on L(M) was considered by Mok [I2]. This metric, called
the Sasaki-Mok metric or the diagonal lift g? of g, was also investigated in [5]
and [6]. It is very rigid, for example, (L(M), g¢) is never locally symmetric unless
(M, g) is locally Euclidean. Moreover, with respect to the Sasaki-Mok metric
vertical and horizontal distributions are orthogonal. A wider and less rigid class of
metrics g, in which vertical and horizontal distributions are no longer orthogonal,
has been recently considered by Kowalski and Sekizawa in the series of papers
[9, 10, I1I]. These metrics are defined with respect to the decomposition of the
vertical distribution V into n = dim M subdistributions V1,..., V",

In this short paper we introduce a new class of Riemannian metrics on the frame
bundle. We identify distributions V¢ with the vertical distribution in the second
tangent bundle TT M. Namely, each map R;: L(M) — TM, R;(u1,...,u,) = u;
induces a linear isomorphism R;.: H @ V' — TTM, where H is a horizontal
distribution defined by the Levi-Civita connection V on M. By this identification
we pull-back the Riemannian metric from T'M. We pull-back natural metrics, in
the sense of Kowalski and Sekizawa [8], from T'M and study the geometry of such
Riemannian manifolds. We compute the Levi-Civita connection, the curvature
tensor, sectional and scalar curvature.

2. RIEMANNIAN METRICS ON FRAME BUNDLES

Let (M, g) be a Riemannian manifold. Its frame bundle L(M) consists of pairs
(w,u) where x = mp(u) € M and u = (uy,...,uy) is a basis of a tangent space
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T,M. We will write u instead of (z,u). Let (x1,...,2,) be a local coordinate
system on M. Then, for every ¢ = 1,...,n, we have

Zu’ Ox;

for some smooth functions u on L(M). Putting o = ; 0 M), (0, ui) is a local
coordinate system on L(M). Let w be a connection form of L(M) corresponding to
Levi—Civita connection V on M. We have a decomposition of the tangent bundle
TL(M) into the horizontal and vertical distribution:

T, L(M) = HEM) g L)

where HXM) = kerw and VEM) = ker 7y, (pp).. Let X! denotes the horizontal lift
of a vector X € T, M, mppp(u) = 2, to HL(M

Let L,,: GL(n) — L(M), L,(a) = ua, be a left multiplication of a« € GL(n) by a
basis u € L(M). Let Af = L,.(A) be a fundamental vertical vector corresponding
to a matrix A € gl(n).

Denote by V' a linear subspace of VX(M) spanned by fundamental vertical vectors
A*, where the matrix A € gl(n) has only nonzero i-th column.

For an index ¢ = 1,...,n define a map R;: L(M) — TM as follows

Ri(w)=wu;, w=(uy,...,u,) € L(M).

R; is the right multiplication by a i-th vector of a canonical basis in R™.

We will need some basic facts about the second tangent bundle TT'M. There is
a decomposition of 7'M into horizontal and vertical part, T.TM = 'H?M @ Vg M
with respect to the connection map K: TTM — TM and the projection in the
tangent bundle mry: TM — M, see for example [7]. Let X?’TM and XZf’TM
denote the horizontal and vertical lifts to T.TM, ¢ € T, M, of a vector X € T, M,
respectively.

Proposition 2.1. The operator R; has the following properties.
(1) Ri. is a linear isomorphism of H*™M) onto HTM . Moreover,
Rg Xh _ Xh,T]\/I
X = .
(2) Ry. is a linear isomorphism of V' onto VI'M and R;, is identically equal
zero on VI for j # i.
(3) There is a decomposition
VEM) = ylg eV,
Proof. Easy computations left to the reader. O
By Proposition we have natural identifications

HLOM) ™M T

(21) Xh - Xh,TM - X
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and
Vi — yTrM — TM

(22) Xv,i - XU,TM - X

Hence, we have defined the vertical lift X°% € Vi u € L(M), of the vector
X € T, M, wpa(u) = x, satisfying the property
R: Xv,i — X’u,T]\/[ .
Let ¢ = (c1,...,¢,) € R" and C' = (¢;;) be n x n matrix. We assume that the

(n+1) x (n+ 1) matrix
— 1 ¢
o=+ ¢)

is symmetric and positive definite. Let grp; be a Riemannian metric on T'M.
Now, we are able to define a new class of Riemannian metrics § = g5 on L(M).
Let F': L(M) — TM be any smooth function. Put

GXP Yty = gTM(Xh,TM’Yh,TM)F(u) ,
G(Xh Yy, = cigTM(Xh,TM7yv,TM)F(u) 7
GXV Y i), = cing]w(Xv,TIV[7Yv,TM)F(u) .
Fix w € L(M). Let ey,...,e, be a basis in T, M, mpp)(u) = x, such that

h,TM hTM | .
(€1)Fuy +--+»(€1) 5, s an orthonormal basis in My}, Then
h h v, v,1 v,n v,n
(2.3) T L s N & <

is a basis in T,,L(M). Let G be a matrix of the Riemannian metric grps with
respect to the basis e . ehTM (0 TM - ov.TM The fact that g is positive

definite follows from the following lemma.

T g}w>
G=| , .
(g g

be a positive definite symmetric 2n x 2n block matriz. Then the matriz
é B I c® gvh
T\ Cwj

Proof. It suffices to show that each principal minor G, k= 1,...,n +n?, of G
is positive. Obviously det G, = 1 > 0 for k = 1,...,n. Hence we assume k > n.
Then each minor G, is of the same form as the whole matrix G, thus we will make
calculations using matrix G. Computing the determinant of the block matrix we
get

Lemma 2.2. Let

is positive definite.

det G =det (C®§— (¢ ®g"")(c® g"))
=det (C®g§—(c'c)@(9""g"))
= det ((C — cle)@g+(cTe)® (§ - gvhghv)) .
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Since

det(C—c c) =detC >0,

det§ >0,

det (cT ) >0,

det (g g”hgh”) =detG >0,
it follows that matrices (C' —c'¢)® g and (c'¢) ® (§— g ¢g"") are positive definite.
Hence theirs sum is positive definite. ([l

If C = I and g7y is the Sasaki metric, then we get Sasaki-Mok metric.

Assume now C = I and grjs is a natural Riemannian metric on 7'M [8} [T] such
that gra (X", Y") = g(X,Y) and distributions HT*  VTM are orthogonal. Hence,
there are two smooth real functions «, 3 : [0,00) — R such that

gxX" Y =9(X,Y),
gmhwwuo
(2.4) gX"L Y, =0, i,
gXLY" ) = a(|F(u)*)9(X,Y)

+ B(IF(w)?) g (X, F(u))g(Y, F(u)) .

The above Riemannian metric does not “see” the index i of the distribution V°.
Since all distributions HEXM) Y V™ are orthogonal, it follows that we may
put F;(u) = u; in the last condition, that is consider a family of maps Fi,..., F,
rather than one map F'. Then we obtain the positive definite bilinear form, hence
the Riemannian metric, of the form

gX"Y"), = g(X)Y),
G(X" YU, =0,
= gf;((yai =0, i#j,
g(X"Y " = alfui)g(X,Y) + B(lus*)g(X, ui)g (Y, uy)
Now, we define functions a;,af: L(M) — R etc. as follows
ai(u) = aluil?),  af(u) =o' (juil?), ete.

To make the formulas in the next section more concise, we will write o, o etc.
instead of a(|u;|?), o/ (Ju;|?) ete.

3. GEOMETRY OF g

Let (M, g) be a Rlemanman manifold, (L (M), g) its frame bundle equipped with
the metric g of the form . Let V and R denote the Levi-Civita connection
and the curvature tensor of g, respectlvely
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We recall the identities concerning Lie bracket of horizontal and vertical vector
fields [9]

[thyh]u = [X7 Y]Z - Z (R(X7 Y)ui)vﬂ s
7
(3.1) X" YU, = (VxY)o',
(X" Y], =0.

Moreover, in the local coordinates, for X = 3", fi% we have
T

(3.2) X"ul) == "T9,ulg
a,b
(3.3) XUkl = o

where I/, are Christoffel’s symbols [9].

Proposition 3.1. Connection ¥V satisfies the following relations

(V™) = (Tx¥)l = 5 37 (ROEY )
(VanY™), = 5 (R(us, Y)X)) + (VY )}
(Vxos¥™), = 5 (Rus, X)Y ),
(VxeaY"7) =0 i#j,
(Fxe ™), = 2 (g0, )V + (Y, ) K1)
(2o g ung(Y.) 4 g (1)) UL,

where Ul = u".
Proof. Follows from the formula for the Levi—-Civita connection

25(V 4B, C) = Ag(B,C) + Bg(A,C) — Cg(A, B)
+9([4,C], B) + g([B,C], A) + g([A, B], C)

relations (3.1)) and the following equalities

X (g(ui, Y)) = g(X,Y),
X0 (Juil?) = 29(X, uy),
X2 (g(ui,Y)) = g(us, VxY). O

Before we compute the curvature tensor, we will need some formulas concerning
the Levi—Civita connection V of certain vector fields.
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Lemma 3.2. The following equalities hold

(@XhUi)u = 0,

= ; i+ wilPad s wl? (B — alBs) + i3 ;
VyoiU?) = LN v ey X, u)U: .
(Vx )“ o a;(a; + |ui|28;) 9 )

and

(T (R, X)¥)°), = S W) (Reus X)) + 3 (T (R X0¥)°)

u

for any W € TL(M), where Q denotes the horizontal or vertical lift.
Proof. Follows by standard computations in local coordinates. O

Proposition 3.3. The curvature tensor R at u € L(M) satisfies the following
relations

R(X",YM2Z" = (R(X,Y)2)" + %Z ((VZ2R)(X,Y )u;)*"

i

33 s (R, R, Z)u) X~ R, ROX, Z)u)Y

—2R(us, R(X,Y)u)Z)"

RX",YMZv = (R(X,Y)Z)" + % (VxR)(ui, 2)Y — (Vy R)(us;, 2)X)"

_ % (R(X, R(u;, 2)Y )u; — R(Y, R(u;, Z) X )u;)"™
o' ’ 0. B — o )
+ Eig(z’ wi) (R(X,Y us) ™ — mg(R(X,Y)Z,ui)U ;
R(XM yviyzh = %((VXR)(W,Y)Z)” — %(R(Z7X)Y)v’i
a/‘ v, (673 v
59V ui) (R(X, Z)us) ™ = 2 7 (R(X, R(wi, Y) Z)u;) ™

_ Bi—a
2(a; + |ug|Bs)
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R(Xh, Yv,i)Zv,j — —%(R(ui, Y)R(uj, Z)X)h
R(X", yvi)zvi = %( (Z,u) R(u;, Y)X — (Y, u;) R(us, 2)X)"
2 .
_ %(R(ul,Y)R(ui, 7)x)" — %(R(Y, 7)x)"

R(X", V") 72" = oy (R(X,Y)2)"
2
+ %(R(UHX)R(uZ) Y)Z - R(U“Y)R(UZ, X)Z)h

i (9(X,wi) (R(us, Y) Z)" — g(Y,ui) (R(us, X)Z)")

Q0

4
RXULYP)Z0) = Cilg(X,ui)g (Y, 2) = (Y, ui)g(X, Z)U'
+ (Aig(Y,u;)g Zuz)+Blg(YZ))X

— (Aig(X, u)g(Z, u;) + Big(X, Z)) YV

h

<.

R(Xvi,yviyzh = (R(ui, X)R(u;,Y)Z — R(uj,Y)R(u;, X) Z)

RX"L Y ZU% =0 if (i .k} > 1

where
3(e)? = 20iaf | (i3 — 204 i) (cvi + |uil*rf)
A = 2 + 2 2 )
o; o (i + [ui|*5)
i — 2000 — (af)?|u;|?
Bi = ’
a; (o + |ui|26;)
20/
C, = f%
o + w26

n 3avi(af)? + 2(a})?Bilwi|* + o B — i 57 + aa B |ui|?
ai(a; + |uil?B8:)?)

Proof. Follows from the characterization of the Levi-Civita connection V and
Lemma [3.2] O

Remark 3.4. Notice that
Aja; — BBy = Ci(i + |uilB;)
which is equivalent to the condition
GIR(X U, YUy Zv oty = g(R(Zv,i7 Wv,i)Xv,i7yv,i) .

Corollary 3.5. Let X, Y be two orthonormal vectors in the tangent space T M.
Then the scalar curvature K of (L(M),g) at w € L(M), mrp(u) =z, and K of
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(M, g) at x € M are related as follows

_ 3
h v h ) 12
KXY )7K(X,Y)71 g ;| R(X, Y )u;|*,

a?

7% h CRAN 1 . 2
K5y = 4(%'+ﬂi9(Yaw)2)‘R(uuy)X| ’
Ai(9(X,ui)? + g(Y,u;)?) + B
i + Bi(g(X,ui)? 4+ g(Y,u)?)

KXV Yy =0 i#j.

]_((Xv,i7 Yv,i) _

Corollary 3.6. If (M, g) is of constant sectional curvature k, then
K(X"y"h) = 77522% (X, w)? +g(Y,u)?),

HZO‘zzg(Xa ui)Z
4o + Big(Y,ui)) —

If, in addition, Y, a(t;)t; < o= for all t; > 0, then K(X",Y")> 0.

K(XMy»i) =

Proof of Corollary and The formula for K follows by Proposition
Assume now (M, g) is of constant sectional curvature x and ) ; a(t;)t; < 5, for all
t; > 0. Since g(X,u;)? + g(Y,u;)? < |u;|?, then

K(X"vh)y >k - 2Zaz|uz|2 >0. 0

Corollary 3.7. The scalar curvature s of (L(M),g) at u € L(M) is of the form

1 2|uk|2Ck + nBy
= 5= 3 2 anlR(en egunl? + (0 — 1) 0 THEETIZE

«
irjsk k k

VA

where s is the scalar curvature of (M, g) atx € M and ey, ..., e, is an orthonormal
basis in T, M, Tpar)(u) = .

Proof. Fixu € L(M)andletey,...,e, be an orthonormal basis in T, M, 71, (ap) (1) =
x. Consider a basis of T,,L(M) of the form (2.3). Put

9k = gle)™ ey = awdij + Brgles, ur)g(ej, uk) -

The inverse matrix (g,ij ) to (gfj) is the following

gl] _ i(s _ ﬂk
P a4 ug? By

)g(ez‘, ug)g(ej, ur) -
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Hence

v,k ,k
Z 17] ]’z +229 17] )67 76?)

7,0k

]
—ip— ]l 5 vk v,k v,k vk
Z 9 G g\l e, €5 )e € 1€ )

1,5,k,L,p

The formula for 5 follows now by Proposition [3.3] Remark [3.4] and the equality

Z\R (e, ej)u|® = Z|R (ur, ej)e)|* . O

In the end, we show that, in the case of a Cheeger—Gromoll type metric over
the manifold of constant sectional curvature, the sectional curvature of L(M) is
nonnegative.

Corollary 3.8. Assume
alt) =p0(t) = — t>0.
Then
—uil*(9(X, wi)® + g(Y,ui)?) + Jus|* + 3Juil* + 3
(L4 Jui?)2(1 + g(X, ui)? + g(Y, ui)?)

In particular, if (M,g) is of constant sectional curvature 0 < Kk < 3n, then the
sectional curvature K is nonnegative.

Proof. We have

K(XU,’L" Y?J,’i) —

t; 4
Za(tz)tzzzl—i—tl <% for all t; >0

if and only if 0 < k < 5-. Hence, by Corollary K(XhYh) >0for X, Y € T,M
unit and orthogonal. Moreover, g(X, u;)? + (Y, u;)? < |u;|>. Thus
—lual* + Jual* + 3Jui* +3 3

w21+ |ual?)? Jua (1 + |ual?)
Acknowledgement. The author would like to thank Professor Oldfich Kowalski
for valuable suggestions.

K(X" YY" > > 0. O
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