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SEMILINEAR FRACTIONAL ORDER
INTEGRO-DIFFERENTIAL EQUATIONS
WITH INFINITE DELAY IN BANACH SPACES

KHALIDA AISSANI AND MOUFFAK BENCHOHRA

ABSTRACT. This paper concerns the existence of mild solutions for fractional
order integro-differential equations with infinite delay. Our analysis is based
on the technique of Kuratowski’s measure of noncompactness and Ménch’s
fixed point theorem. An example to illustrate the applications of main results
is given.

1. INTRODUCTION

Fractional calculus is a generalization of the ordinary differentiation and integra-
tion to arbitrary non-integer order. The subject is as old as the differential calculus
since, starting from some speculations of G. W. Leibniz (1697) and L. Euler (1730),
it has been progressing up to nowadays. Fractional differential and integral equa-
tions have recently been applied in various areas of engineering, science, finance,
applied mathematics, bio-engineering, radiative transfer, neutron transport and
the kinetic theory of gases and others [5] [I0, [II]. There has been a significant
development in ordinary and partial fractional differential equations in recent years;
see the monographs of Abbas et al. [I], Baleanu et al. [6], Diethelm [I3], Hilfer
[18], Kilbas et al. [20], Miller and Ross [26], Podlubny [3I], Samko et al. [32], and
Tarasov [33], and the papers [2, [3] [8] 14}, 23] 24, 28| [29] 30].

The theory of functional differential equations has emerged as an important
branch of nonlinear analysis. Differential delay equations, or functional differential
equations, have been used in modeling scientific phenomena for many years. Often,
it has been assumed that the delay is either a fixed constant or is given as an
integral in which case it is called a distributed delay; see for instance the books
by Hale and Verduyn Lunel [I6], Hino et al. [19], Kolmanovskii and Myshkis [21],
Lakshmikantham et al. [22], and Wu [34], and the papers [12] [15].
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In this work we discuss the existence of mild solutions for fractional order
integro-differential equations with infinite delay of the form

0 :Ax(t)+/0 alt, $)f(s, 00, 2(s))ds,  teJ=[0,T],
z(t) = ¢(t), te€ (—00,0],

where D{ is the Caputo fractional derivative of order 0 < ¢ < 1, A is a generator
of an analytic semigroup {S(¢)}+>0 of uniformly bounded linear operators on X,
f:IxBxX — X, a:D—R(D={(s)€[0,T]x[0,T]:t>s}), ¢ € B where
B is called phase space to be defined in Section [2| For any function x defined on
(=00, T] and any t € J, we denote by x; the element of B defined by

ze(0) =x(t+0), 0 € (—o00,0].

Here x; represents the history of the state up to the present time ¢.

In the present paper we deal with an infinite time delay. Note that in this
case, the phase space B plays a crucial role in the study of both qualitative and
quantitative aspects of theory of functional equations (see [15]).

We present an existence result of mild solutions for the problem by means
of the application of Moénch’s fixed point theorem combined with the Kuratowski
measure of noncompactness. An example illustrating the abstract theory will be
presented.

2. PRELIMINARIES

Let (X, -||) be a real Banach space.
C = C(J, X) be the space of all X-valued continuous functions on J.
L(X) be the Banach space of all linear and bounded operators on X.
L'(J,X) the space of X-valued Bochner integrable functions on .J with the norm

T
Iyl = / ly(®)ll d.

L (J,R) is the Banach space of essentially bounded functions, normed by
lyllze = inf{d > 0: |y(t)] < d, ae. t e J}.

Definition 2.1. A function f: J x B x X — X is said to be an Carathéodory
function if it satisfies:

(i) for each t € J the function f(¢,-,-): B x X — X is continuous;

(ii) for each (v,w) € B x X the function f(-,v,w): J — X is measurable.

Next we give the concept of a measure of noncompactuness [7].

Definition 2.2. Let B be a bounded subset of a seminormed linear space Y.
Kuratowski’s measure of noncompactness of B is defined as

a(B) = inf{d > 0 : B has a finite cover by sets of diameter < d}.
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We note that this measure of noncompactness satisfies interesting regularity
properties (for more information, we refer to [7]).

Lemma 2.3.
1) If A C B then a(A) < a(B),

) a(A) = a(A), where A denotes the closure of A,

) a(A) =0« A is compact (A is relatively compact),
4) a()\A) A|A, with X € R,

) a(AU B) = max{a(4), a(B)},

) a(A+ B) < a(A) + a(B), where

A+B={z+y:xz€ Ay € B},

(7) a(A+a)=a(A) foranya €Y,

(8) a(convA) = a(A), where convA is the closed convex hull of A.
For H C C(J, X), we define

(2) /H )ds = / (s)ds:uEH} for teJ,
where H(s) = {u(s) € X :u € H}.
Lemma 2.4 ([7])). If H C C(J, X) is a bounded, equicontinuous set, then

(3) a(H) = jlelga(ﬂ(t)%

Q

(67

Lemma 2.5 ([I7]). If {u,}52, C L'(J, X) and there exists m € L'(J,R") such
that |Jun(t)|| < m(t), a.e. t € J, then a({un(t)}22,) is integrable and
t

(4) o { /Otun(s) ash ) <2 [ ol ds.

In this paper, we will employ an axiomatic definition for the phase space B
which is similar to those introduced by Hale and Kato [I5]. Specifically, B will be a
linear space of functions mapping (—oo, 0] into X endowed with a seminorm ||. ||z,
and satisfies the following axioms:

(Al): Ifz: (—00,T ] — X is continuous on J and xo € B, then z; € B
and x; is continuous in ¢t € J and

(5) [z@)]] < Cllalls,
where C' > 0 is a constant.

(A2): There exist a continuous function Cy(t) > 0 and a locally bounded
function Co(t) > 0 in t > 0 such that

(6) [zells < C1(t) sup [lz(s)]| + Ca(t)l|zol|s,

s€0,t]
for ¢t € [0,7] and z as in (A1).
(A3): The space B is complete.
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Remark 2.6. Condition in (A1) is equivalent to [|¢(0)] < C| | s, for all
¢ € B.

For our purpose we will only need the following fixed point theorem.

Theorem 2.7 ([4,127]). Let U be a bounded, closed and convex subset of a Banach
space such that 0 € U, and let N be a continuous mapping of U into itself. If the
implication

V =convN(V) or V=N(V)U{0} = a(V)=0
holds for every subset V' of U, then N has a fized point.
Let © be a set defined by
Q={z:(-00,T] > X suchthat z|_ooo €B, z|;€C(J,X)}.

3. EXISTENCE OF MILD SOLUTIONS
Following [25, [14] we will introduce now the definition of mild solution to ().
Definition 3.1. A function z € Q is said to be a mild solution of if o satisfies
o), te (—o0,0];

(7 z(t) = t s
—Q(t)p(0) + /0 /0 R(t— s)a(s,7)f(r,xr,x(7))drds, te€J,

where
a - | T (0)S(0)do . R(t) =g / " o171, (0)S(t0)do

and £, is a probability density function defined on (0, 00) such that
1
&4(0) = o™ im0 1) 2 0,

where

n!

3=

wo(0) = 23 (1t HOO D) Gy o (0,00).

Remark 3.2. Note that {S(¢)}+>0 is a uniformly bounded semigroup, i.e,
there exists a constant M >0 such that | S(¢)|| <M forall ¢e€]0,7].

Remark 3.3. According to [25], a direct calculation gives that

(8) IR < Conrt®™", >0,

_aM
I'(1+4q)

We make the following assumptions.

where Cy v =
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(H1) f:J x B x X — X satisfies the Carathéodory conditions, and there exist
two positive functions y;(+) € L (J,R*) (i = 1,2) with
q
9 <
(9) 2]l e (gm+) TiaCynr’

such that
(10) 1£(t, v, w)|| < pa(@)|vlls + p@)|w]l, (Ev,w) €T xBxX.

(H2) For any bounded sets Dy C B, Dy C X, and 0 < s <t < T, there exists
an integrable positive function 7 such that

a(R(t —s)f(r, Dy, Dg)) < m(s,7) (a(Dg) + 7O§1ig<0a(D1(0))) ,

where (s, 7) = n(t, s, 7) and 5up/ / (s, 7)drds = n* < oo.
ted

(H3) Foreacht € J,a(t, s) is measurable on [0, t] and a(t) = esssup{|a(t, s)|,0 <
s <t} is bounded on J. The map ¢t — a; is continuous from J to L*(J,R),
here, a;(s) = a(t, s).

Set a = supa(t).
teJ

Theorem 3.4. Suppose that the assumptions (H1)—(H3) hold with
(11) 16an* < 1,
then the problem has at least one mild solution on (—oo,T].

Proof. We transform the problem into a fixed-point problem. Define a mapping
® from Q into itself by

¢(t), te

—00,0];
O(x)(t) = //Rt_s (5,7)f (y0, (7)) drds, telJ.

Clearly, fixed points of the operator ® are mild solutions of the problem .
For ¢ € B, we will define the function y(-): (—o0,T] — X by

o), if te (—o0,0];
y(t)_{o, i ted.

Then yo = ¢. For each z € C(J, X) with 2(0) = 0, we denote by Z the function
defined by

0, if te (—oo0,0];
z(t), it ted.
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If x(-) verifies (7)), we can decompose it as z(t) = y(t) + Z(t), for ¢ € J, which
implies x; = y; + Z, for every t € J and the function z(t) satisfies

2(t) = —Q(t)¢(0) +/O /OS R(t — s)a(s,T)f(T, Yr + Z,y(7) +E(T)) drds.

ZOZ{ZEQZZOZO}.

For any z € Zj, we have
121l zo = sup [2(0) ]| + [|20ll5 = sup [|z(£)]] -
teJ teJ
Thus (Zo, | - ||z,) is a Banach space. We define the operator d: Zy — Zy by:
t s

B0 = ~Q00) + [ [ Rt~ 9)als. ) (re +20,y(r) + 3(7) dr s

o Jo
Obviously, the operator ® has a fixed point is equivalent to ® has one, so it turns

to prove that ® has a fixed point. Let 7 > 0 and consider the set

B.={z€Zy:|zllz, <7}

We need the following lemma.
Lemma 3.5. Set

(12) Ci=supCi(t); CF =supCs(n).
teJ neJ

Then for any z € B, we have
lye +Zells < G518l + Cir =17,

and
(13) 1ty + Ze,y(8) + 2] < pa ()" + pa(t)r
Proof. Using @, and , we obtain
lye +Zells < llyells + (17l

< C1(t) sup [ly(T)] + Ca(t)llyolls + C1(t) sup [|z(7)[| + C2(t)lz0ll5

0<r<t 0<r<t
< Ca(t)[¢lls + Ci(t) sup [2(7)]|
0<r<t

< C3llolls + Cir=r".

Also, we get

1f @t ye +Ze,y() + 2@ < i (®)|lye + Zells + p2(®)]ly (@) + 2@
< (O + pa(t)r.

The lemma is proved. O
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Now we prove that ® has a fixed point. The proof will be given in three steps.

Step 1: ® is continuous.
Let {z*}ren be a sequence such that z¥ — 2 in B, as k — oo. Then for each t € J,
we have

1B(2)(t) — (=) (1) < / | / IR = $)a(s, ) [F (e + 75 y(r) + ()
— f (T yr + 20 y(7) +2(7)) ]| dr ds

<anM// Y (e + 2 () +2()

— F(ryr +Zr,y(m) + 2(7)) || dr ds.

Since f is of Carathéodory type, we have by the Lebesgue Dominated Convergence
Theorem that

|®(2%)(t) — ®(2)(t)]| — 0 when k& — oo.
Consequently,
Jim 1®(=*) = @(2)]|z, = 0.

Thus ® is continuous.

Step 2: ® maps B, into itself. Let

T9%Cq, mr™ || p1 ||L1(J,R+)

M||¢||B + .

1 — T1aCy, M”M2HL1(J“§+)
q

Then for each z € B, and t € J we have
1(2)(1)]| < 1Q()¢(0)]
t s
R(t — V(T yr + 27, y(7) +2(7)) || dr d
[ IR = a5, (o + 20(r) 50 s

< M|d|lg+a C 7M/ /S(t — )1 [y (T)r* + po(7)7] drds

< M|g|ls +a Cyprr™ // F— $)1 Ly (7) dr dis
+aC’qM7‘// (t—s)? (r)drds
T C .
< M|\glls + ——2M [l | 1 o)+l o )

<r

Step 3: 5(BT) is bounded and equicontinuous.
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By Step 2, it is obvious that 5(Br) C B, is bounded. For the equicontinuity of
®(B,). Let 7,72 € J with 71 > 79, and let z € B,.. Then

[@(2)(m1) — @(2)(r2)]| < 1Q(71) — Qm2)[|$(0)]
+n/wi/SR@a—symafw(ny7+znyw>+zv»drds
/ / o — 8)a fryr +Z0,y(1) + E(T)) dr ds]| .

Set
G(y +z,y()+2() = / a(-, ) f (7, yr + Z7,y(1) + 2(7)) d7,

0
then

[(2)(1) — ®(2)(1)|| < 1Q(1) — Q(7)|l[|(0)
+HAﬁMﬁ—®G@%+%w@Hw@D%
[ Rl = G (s (o) + 7(0) ]
< 1Q(m) — Q) 6O)]

I R 960+ 20+ 20) s
+/ R(r1 — 8)G (5, ys + Zs, y(5) +2(5)) ds

AmMmﬁﬂ&%+%w®+4$Nﬂ
< 1Q(m) — Q) 6(0)]

_|_

/0 “IR(r — 5) — R(ra — )G (555 + Za,y(s) + 2(s)) ds

b [ IR = 916 (5.5 + () +265) s

<hLh+I+1Is,

where

= [1Q(m) — Q) [0}

Iy = H/ (11— s) 7'275)]G(s,ys+§s,y(s)+2(s)) dsH

h=/|mm—@wc@%+aw@+a$mw
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I; tends to zero as 72 — 71, since Q(t) is a strongly continuous operator.
For I, using and ([13)), we have

I < H /072 lq /Ooo o(r1 — 8)1716,(0)S((r1 — 5)70) dor
[ o= 901 (7 5)70) dol6 (5. + Favas) +25) s

SquAmﬂKﬁﬁql(wﬁqWQWW«ﬁ$%)
X G(s,ys + Zs, y(s) + Z(s)) || do ds
+q/ / o —8)17 15 (o )HS((ﬁ —s)qa) —S((TQ — s)q0)||

X |G (s, ys +Zs, y(s) +2(s))[| do ds

S Cq,M /072 |(Tl - S)q_l - (T2 - s)q—1| ||G(svys +Esvy(s) +E(S))H ds

+ ‘J/OT2 /OOC o(m2 = 5)17 16 (0) 1S ((11 — 5)%0) = S((72 — 5)0) |

X HG(s,ys +Zs,y(s) + E(s))” do ds

<a[rllpmllorrey + rllpelle gms)

qM/ (1 — s)? (TQ—Sq_1|dS

-w/‘/ o(rs — 5)72¢, ()| S (. — 8)70) — S((72 — 5)%07) | dords]

Clearly, the first term on the right-hand side of the above inequality tends to zero
as 7o — 71. From the continuity of S(¢) in the uniform operator topology for ¢ > 0,
the second term on the right-hand side of the above inequality tends to zero as
79 — 71. In view of , we have

gng/(an*W®%+aw®+ﬂWW5

T1
< a Con [ lmllzrgme) + izl ] / (11— 8)7 tds.

T2

As 19 — 71, I3 tends to zero.
So ®(B,) is equicontinuous.

Now let V be a subset of B, such that V C conv(®(V) U {0}). Moreover, for
any ¢ > 0 and bounded set D, we can take a sequence {v,}>°,; C D such that
a(D) <2a({v,})+e  ([9, p.125]). Thus, for {v,}2>; C V, and using Lemmas
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and (H2), we get
a(%V) < 201({&)11”}) +e= 22904({‘5%(15)}) +e

= 2supa<{ /OtR(t5)/05(1(577-)]“(7-7347+vm,y(7) + v (7)) des}) +e

teJ

< 4sup /Ota<{R(t —3) /OS a(s,7) f (T, yr + Unr, y(7) + vn (7)) des}) +e

teJ

<ssup [ / T QR 5)a(s,7)F (7, 9s + Vurs y(7) + vn(r)) dr ds}) + ¢

teJ Jo

<8 asup/ /()Sa({R(t — 8)f (T, yr + Vnr, y(7) + va(7)) dr ds}) + &

teJ Jo

<8a 325)/0 / ne(s, 7) [a(vn (1)) + 70212920&(11”(9 + 7)) drds+e

t s
<8a sup/ / ne(s, 7)[e(vn) + sup a(vy(p)] drds+e
teJ Jo Jo o<pu<t

<16 a a(vy,) sup/ / (s, 7)drds +¢
teJ

<l6anaV)+e.
Therefore, in view of Lemma [2.3] we have
a(V) <a(®V) <16 a n* (V) + ¢,
since ¢ is arbitrary we obtain that
a(V) <16 a n*a(V).
This means that
a(V)(1-16 an*) <0.

By (11) it follows that (V) = 0. In view of the Ascoli-Arzela theorem, V is

relatwely compact in B,. Applying now Theorem |2 . we conclude that ® has a
fixed point which is a solution of the problem .

4. AN EXAMPLE

In this section we give an example to illustrate the above results. Consider the
following fractional integrodifferential equations

q t 0
Tovlt.0) = elt.¢) + / (=3 [ n(@)sinlsluls +6.0)) a0 ds
(14) +/0 (t—s)—bln|v |/ cosv(t, () dueds

U(G’C):UO(07C)7 —00<60<0,
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where t, ¢ € [0,1], 71: (—00,0] — R, vg: (—00,0] x [0,1] — R are continuous
0
functions, and / [71(0)] df < .

Set X = L?([0,1],R) and define A by
D(A) = H?((0,1)) N H; ((0,1))

"

Au=u .

Then, A generates a compact, analytic semigroup S(t) of uniformly bounded,
linear operators such that ||S(¢)| < 1.
Let the phase space B = C((—o0, 0], X), the space of bounded uniformly continuous
functions endowed with the following norm:

lells = Sup_ Iso( )|, VeeB,

—oo<

then we can see that Cy(t) = 0 in @
For ¢ € [0,1], ¢ € [0,1] and o € C((—00,0], X), we set
z(t)(¢) = v(t,¢),
P(0)(¢) = vo(0,C), 0 € (—00,0],
a(t,s) =t —s,

0
f(t,w,x(t))(C):/7 71(8) sin (s]¢(8)(€)]) d9—|——sm|x \/ cosz( de.

Thus, problem can be rewritten as the abstract problem .
Moreover, for t € [0, 1], we can see
0

3
1F (o, 2(0)) (O] < tII@IIB/ 71(6)]d6 + %Hfﬂ(t)ll

= ()l + pa(t) Izl
where

0
i@ =t [ p@lds, ()= /2.

Then has a mild solution by Theorem
For example, if we put

0 1
1(0) =e”, q= bR
then )
Com = o7y = L/, 2]l rre) = 1/8.
r(3)
Thus, we see
aTiCq mllp2llpr sy 1

<1.

q N
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