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EXISTENCE AND UNIQUENESS OF SOLUTIONS FOR SOME
DEGENERATE NONLINEAR ELLIPTIC EQUATIONS

ALBO CARLOS CAVALHEIRO

ABSTRACT. In this article we are interested in the existence and uniqueness of
solutions for the Dirichlet problem associated with the degenerate nonlinear
elliptic equations

A(v(z) |AuP~?Au) — Z D; [w(m)Aj (z, u, Vu)]

=1
= fol@) =Y Difs@), in @
=1

in the setting of the weighted Sobolev spaces.

1. INTRODUCTION

In this article we prove the existence and uniqueness of (weak) solutions in the
weighted Sobolev space X = W2P(Q,v) NW,"*(Q,w) (see Definition [2.7) for the
Dirichlet problem

®) {Lu(m)=fo<x>—2?_1Djfj<w>, in 0

u(x) =0, on 0N

where L is the partial differential operator
Lu(z) = A(v(@) |AulP 2 Au) = Y Djw(z)Aj(z, u(z), Vu(z))]
j=1

where D; = 0/0x;, ) is a bounded open set in R™, w and v are two weight functions,
A is the Laplacian operator, 1 < p < oo and the functions A;: QxRxR"—R
(j =1,...,n) satisfies the following conditions:

H1) 2—A,;(z,n,£) is measurable on € for all (n,£) € RxR"”
j
(n,&)—A;(z,n,€) is continuous on RxR™ for almost all z € Q.

2010 Mathematics Subject Classification: primary 35J70; secondary 35J60.

Key words and phrases: degenerate nolinear elliptic equations, weighted Sobolev spaces.
Received November 15, 2013, revised January 2014. Editor V. Miiller.

DOI: 10.5817/AM2014-1-51


http://www.emis.de/journals/AM/
http://dx.doi.org/10.5817/AM2014-1-51

52 A.C. CAVALHEIRO

(H2) there exists a constant 6 > 0 such that
[A(z,1,) = Az, 7,§")] - (§ =€) =016 = €T,
Whenever f’ g/eRn7 57&5/) Where 'A’(a:‘7 "7’ g) = (Al (x7 ,'77 5)7 et 'An (x7 "77 g))

(where a dot denote here the Euclidian scalar product in R™).

(H3) A(x,n,&) &> M\[€]P, where A is a positive constant.

(H4) Az, n,&)| < Ki(z) + ha(z) nP’" + hao(z) |€]P/7, where K, hy and hy are
non-negative functions, with k; and hoeL* (), and K;eL? (Q,w) (with
1/p+1/p" =1).

By a weight, we shall mean a locally integrable function w on R™ such that
w(x) > 0 for a.e. z € R™. Every weight w gives rise to a measure on the measurable

subsets on R™ through integration. This measure will be denoted by p. Thus,
W(E) = [w(z)dz for measurable sets ECR™.
E

In general, the Sobolev spaces WP () without weights occur as spaces of
solutions for elliptic and parabolic partial differential equations. For degenerate
partial differential equations, i.e., equations with various types of singularities in
the coefficients, it is natural to look for solutions in weighted Sobolev spaces (see
[2, 1] and [4]).

A class of weights, which is particularly well understood, is the class of A,-weights
(or Muckenhoupt class) that was introduced by B. Muckenhoupt (see [11]). These
classes have found many useful applications in harmonic analysis (see [13]). Another
reason for studying A,-weights is the fact that powers of the distance to subma-
nifolds of R™ often belong to A, (see [I0]). There are, in fact, many interesting
examples of weights (see [9] for p-admissible weights).

In the non-degenerate case (i.e. with v(x) = 1), for all feLP(Q), the Poisson
equation associated with the Dirichlet problem

—Au=f(z), in Q
u(z) =0, on 0N

is uniquely solvable in W?22(Q) N W, (Q) (see [§]), and the nonlinear Dirichlet
problem

—Apu=f(z), in Q
u(x) =0, on 0N

is uniquely solvable in WP (Q) (see [3]), where Apu = div(|Vul’"*Vu) is the
p-Laplacian operator. In the degenerate case, the weighted p-Biharmonic operator
have been studied by many authors (see [12] and the references therein), and the
degenerated p-Laplacian has been studied in [4].

The following theorem will be proved in Section [3]

Theorem 1.1. Assume (H1)-(H4). If v, weA, (with1 < p < ), f;/w € LY (Q,w)
(j =0,1,...,n) then the problem (P) has a unique solution ueX = W2P(Q,v)
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NWyP(Q,w). Moreover, we have

p'/p
Jull < pm(wamﬂdhpmw-+§:Hﬂﬂ4upmw) ,

j=1

where ¥ = min{\;, 1}.

2. DEFINITIONS AND BASIC RESULTS

Let w be a locally integrable nonnegative function in R™ and assume that
0 < w(z) < oo almost everywhere. We say that w belongs to the Muckenhoupt
class Ay, 1 < p < oo, or that w is an A,-weight, if there is a constant C = Cp

such that
/ dx / /(1= p) dm) r <C
IB | IB | -

for all balls B C R™, where | - | denotes the n-dimensional Lebesgue measure in

R™ If 1 < ¢<p, then A, C A, (see [7], [9] or [13] for more information about

Ap-weights). The weight w satisfies the doubling condition if there exists a positive

constant C' such that u(B(x;r)) < C u(B(xz;271)), for every ball B = B(x;r) CR",

where p(B) = [w(z)dz. If w€A,, then p is doubling (see Corollary 15.7 in [9]).
B

As an example of A,-weight, the function w(z) = |z|%, z€R", is in A, if and
only if —n < o < n(p — 1) (see Corollary 4.4, Chapter IX in [13]).
|E| )p 1(E)
If weA,, then < <(C——=
: Bl u(B)
rable subset of B (see 15.5 strong doubling property in [9]). Therefore, if u(E) =0
then |E| = 0.

whenever B is a ball in R™ and F is a measu-

Definition 2.1. Let w be a weight, and let 2 CR"™ be open. For 0 < p < oo we
define LP(Q,w) as the set of measurable functions f on Q such that

/
liria = ([ f@Pute)de) " < oo.

If weA, 1 < p < oo, then since w™/(P=1) is locally integrable, we have
LP(Q,w) C Li (Q) for every open set Q (see Remark 1.2.4 in [I4]). It thus makes
sense to talk about weak derivatives of functions in LP(Q,w).

Definition 2.2. Let Q CR"™ be open, 1 < p < oo and we€ A,. We define the
weighted Sobolev space WXP(Q, w) as the set of functions u € LP(Q, w) with weak
derivatives D%u € LP(Q,w), 1 <|a| <k. The norm of u in W*P(Q, w) is defined by

» N ()P 1/p .
@M|MWM@W—(Auw|<>d+K%Lw/m 2)” i) d)

We also define WP(Q,w) as the closure of C5°(€2) with respect to the norm

|| : ||W7€yp(Q7w)'
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If w € Ap, then WFP(Q,w) is the closure of C*°() with respect to the norm
[2-1) (see Theorem 2.1.4 in [14]). The spaces W*?(Q, w) and Wéc’p(Q, w) are Banach
spaces and the spaces W#2(Q,w) and Wg’Q(Q, w) are Hilbert spaces.

It is evident that the weights w which satisfy 0 < ¢; <w(x) <cg for z € Q (¢g
and ¢ positive constants), give nothing new (the space ng P(Q,w) is then identical
with the classical Sobolev space Wg "(Q)). Consequently, we shall interested above
all in such weight functions w which either vanish somewhere in Q or increase to
infinity (or both).

In this paper we use the following results.

Theorem 2.3. Let we Ay, 1 < p < o0, and let Q be a bounded open set in
R™. If up—u in LP(Q,w) then there exist a subsequence {um,} and a function
& e LP(Q,w) such that

(i) um, () — u(z), my — o0, p - a.e. on §;
(ii) |, (2)| < @(x), 1 - a.e. on §;
(where w(E) = [w(z)dz).
E
Proof. The proof of this theorem follows the lines of Theorem 2.8.1 in [6]. g

Theorem 2.4 (The weighted Sobolev inequality). Let Q2 be an open bounded set
in R™ and weA, (1 <p < oo). There exist constants Cq and § positive such that
for all w € C§°(R2) and all k satisfying 1 <k <n/(n—1)+9,

llull L .0y < CQHV“HLp(Q,w) .
Proof. See Theorem 1.3 in [5]. O

Lemma 2.5. Let 1 < p < 0.

(a) There exists a constant oy, such that
-2 —2 _
[ o[" 2 = [y[" "y | < e |z = yl(l2] + [y =2,
for all x, y € R™;
(b) There exist two positive constants By, yp such that for every z,y € R"
- 2 -2 -2 - 2

By (2] + [P 2o — yl” < (j2" "2 = |y’ "y) - (& — y) < (2 + [y)P |z — yl”
Proof. See [3], Proposition 17.2 and Proposition 17.3. O

Definition 2.6. Let 2 CR™ be a bounded open set and v,we€ Ap, 1 <p < co. We
denote by X = W2P(Q,v) N\ W, (9, w) with the norm

1/p
full = ([ 19uPwae+ [ aupoar)”.
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Definition 2.7. We say that an element u€ X = W2P(Q,v)NWy P (Q,w) is a
(weak) solution of problem ([P) if for all p € X we have

/Q|Au‘P*2 AuAgovdx—l—Z/QwAj(x,u(x),Vu(x))ngpdx
j=1
= /fogodx—l—Z/ijjgodaz.
Q /e

3. PROOF OF THEOREM [L.1]

The basic idea is to reduce the problem to an operator equation Au =T
and apply the theorem below.

Let A: X—X* be an operator on the real Banach space X. A is said to be
hemicontinuous iff the real function ¢+ (A(uy + tuz), uz) is continuous on [0, 1]
for all uy, ugz, uzeX (see Definition 26.1 in [I5]) (where (f, z) denotes the value
of the linear functional f at the point x).

Theorem 3.1. Let A: X—X* be a monotone, coercive and hemicontinuous opera-
tor on the real, separable, reflexive Banach space X. Then the following assertions
hold:

(a) For each T € X* the equation Au =T has a solution u € X;

(b) If the operator A is strictly monotone, then equation Au =T is uniquely
solvable in X.

Proof. See Theorem 26.A in [I5]. O
We define B, By, Bo: X x X —Rand T: X — R by

B(u’ 90) = Bl(uv(p) + BQ(UWO)

Bi(u, ) = Z/Qw.Aj(a:,u,Vu)ngo dx = / wA(z,u, Vu) - Vo dx
j=1

Q

Ba(u, @) = /Q |AuP " AuApvda

1(0)= [ fapdo+ " [ f;Dspds.
Q =e
Then u € X is a (weak) solution to problem if
B(u,¢) = B1(u, ) + Ba(u,p) =T(p), forall peX.
Step 1. For j =1,...,n we define the operator F}: X L (Q,w) by
(Fju)(x) = Aj(2, u(z), Vu(x)) .

We have that the operator Fj is bounded and continuous. In fact:
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(i) Using (H4) we obtain
1Bl 0y = /Q |Fiu(@)|” wds = /Q A; (2,1, V)P w da
< /Q (K1 + ha[ul”’? + ho|Vul”? ) w do
<c, /Q [T+ 18l + 1 |Vl o)

(3.1) :Cp{/QKf’wdx—i—/thl’/\u|pwd:v+/ﬂh§l|Vu|pwdx ,

where the constant C), depends only on p.
We have, by Theorem [2.4]

/ R ulf wdx < ||h1||poo(9)/ lu|? w dx
Q Q
< I /Q VP w de
< O I i Il
and
/ hY | VulPwdz < ||h2||1£oo(9)/ |Vul|P wdx
Q Q
< ||h2||1200(9)||u||1))(-
Therefore, in (3.1)) we obtain
1l 2.0y <Co (I 7 @0y + (OB 1l o 2y + 2 o ) 37
(ii) Let wp, — w in X as m — oo. We need to show that Fju,, — Fju in LY (Q,w).
If wp,— v in X, then u,, — v in LP(Q,w) and |Vu,,| — |Vu| in LP(Q, w). Using

Theorem [2.3] there exist a subsequence {t,, } and functions ®; and ®; in LP(Q,w)
such that

Uy, (2)—u(T), p1 — ae.in
Uy, ()| <Py (), 41— ae. in Q
[V, (2)| = Vu(z)], p — ae in €
|V, (2)|<P2(2), g1 — a.e.in

where p1(E) = f (2) dz. Hence, using (H4), we obtain

1Estmy, = Fyullfr .0 = /Q | Fjttm, () — Fju(z)]” wdz

:/Q|Aj(x7umk,Vumk)—Aj(ac,u7Vu)|p,wdx
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<Gy /Q (|Aj(x,umk,Vumk)|pl + A (z,u, Vu)\p/)w dx

<C, [/Q (K1 + h1|umk|p/p, + h2|Vumk|p/p/)p/wdm
—l—/Q (K1—|—h1\u|p/pl +h2|Vu|p/p,)plwd:1:]

<20, /Q (K1 + @7 4 hy@t/ "V o da

g2cp[/QKf'wdx+th'@fwdz+/§2hg'¢gwdx}

<2, (1K + Il oy [ e

e | W]
<2G, [IK1IL, g0y + 1 o) 1911,
1Bl o @21l |-
By condition (H1), we have
Fjup () = Aj (@, um (), Vum (2)) = A; (2, u(z), Vu(z)) = Fju(z),
as m — +o00. Therefore, by Dominated Convergence Theorem, we obtain
[Fjtim, — Fjull g g0 — 0,

that is, Fjum, —Fju in L’“(Q,w). By Convergence principle in Banach spaces (see
Proposition 10.13 in [16]), we have

(3.2) Fiuy — Fyu in LY (Q,w).
Step 2. We define the operator G: X — L? (Q,v) by (Gu)(z) = |Au(z)|P~* Au(z).

We also have that the operator G is continuous and bounded. In fact,
(i) We have

||Gu||’£; :/Q||AU|P—2Au’plvdx

"(Q,v)
:/ |Au|(p_2)p/|Au|plvd:1:
Q
= [ 18uPudo < fulf

Hence, [|Gul| 1 ) < ||UHI)7</p .
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(ii) If wy — w in X then Auy— Aw in LP(Q,v). By Theorem there exist a
subsequence {u,, } and a function ®3 € LP(,v) such that

— Au(x), to —a.e.in
< ®3(x), o —a.e.in Q.

where ji3(E) = [, v(z) dz. Hence, using Lemma (a), we obtain, if p # 2

|Gum,, — Gu||ip,(97v) = /Q | Gup,, — Gul? vdx

/ || A, P72 Ay, — | AufP™? Au|p vdz
Q

IN

| T i, = 8 (|t |+ 180) 2] v o
Q

IN

agl / | A, — Aul? (203) P27 ydy
)

IN

’ ’ »'/p
ol 2=2p (/ | Ay, —Au|pvdm)
Q

— (r—p")/
o (/ q)gpfz)pp/(pfp)m) pp/E
Q

IN

/ _ / ! —p’
b 2077 g, — a5 21175 (0,0)0

since (p—2)pp'/(p—p') =pif p#2. If p =2, we have
Gty = Gl oy = [ 18tm, = A e < s, = ulk.
Therefore (for 1 < p < 00), by Dominated Convergence Theorem, we obtain
|Gtim,, — GU”LP'(Q,U) -0,

that is, Gy, — Gu in L”/(Q7 v). By Convergence principle in Banach spaces (see
Proposition 10.13 in [16]), we have

(3.3) Gupy, — Gu  in Lp,(Q7’l)).
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Step 3. We have, by Theorem

Tso)lS/Q\fol\wldx+2/ﬂlfjlll?js0|d$
|f0| wdr +Z/ ‘f] |D]<p|wdx

< ||f0/w||Lp’(Q,w)||</7||Lp(Q7w) + Z ||fj/wHLp’(Qyw)||Dj<p||LP(Q7w)
j=1

< (Calfo/wllr @ + 3 Milwllpor e ) Il x -
j=1

Moreover, using (H4) and the Holder inequality, we also have

|B(u, 9)| < [Bi(u, p)| + [Ba(u, 9]

(3.4 <3 [ valDelwde + [ 80P~ sul Ao ds.
— Ja Q
In (3.4]) we have

/|A(w,u,Vu)||Vg0|wdw§/ (K1—|—h1|u|p/p/+h2|Vu|p/p/)|vSp‘wdx
Q

< Kl (0,0 1Vl 2o gy + 11 oo oy il o V0] £ 0

a2l o gy IVl 190 0
< (1K1l 1o ) + (CHP 1l ey + N2l oo ) 1llBP )Ml
and

/\Au|p_2\Au||Acp|vdx=/|Au|p_1|A<p|vdx
) )

< (/Q|Au|pvdx> Up,(/gAapV’vdx) v

< [l el
Hence, in (3.4]) we obtain, for all u,p e X
|B(u, ¢)|

< (1K1 1o 2.y +CF Nl o g all 3 12 | oo g Nl 1l 3 T e -

Since B(u,-) is linear, for each u € X, there exists a linear and continuous operator
A: X — X* such that (Au,p) = B(u, ), for all u, ¢ € X (where (f, z) denotes
the value of the linear functional f at the point z) and

1Aull, < K1l ) + CB Ihall oo oy [IE A+ 12l oo (g ullZ + [[ullB
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Consequently, problem (]E) is equivalent to the operator equation

Au=T, uelX.

Step 4. Using condition (H2) and Lemma [2.5] (b), we have

<AU1 — A’U,Q,’U,l — U2> = B(ul,ul 7’LL2) — B(’LLQ,’LLl 7’&2)

= /QWA(x,ul,Vu1)~V(u17u2)das+/Q|Au1|p_2Au1A(u1fug)vdx
—/QwA(:c,uQ,VuQ)-V(ul—uQ)da:—/Q|Au2|p72AuQA(u1—uQ)vdac
= /Qw (A(:c,ul,Vul) — A(x,uz,VuQ)) -V(ug —ug) dx
+/Q(\Am|”*2 Auy — | Aug|P? Aug) A(uy — ug) vda
> el/gw\wul—uz)v’dﬁﬁp/ﬂ(muﬂ+\Au2|)P-2|Au1 — AupPvdx
> 91/QW\V(U1 —Uz)\pdx—kﬁp/gﬂﬁul — Auo|)P72 |Auy — Aus|* v da

= 91/ w |V (uy —ug)\pdﬂc—i-ﬁp/ |Auy — Aug|P v da
Q Q

> 0 |luy — ua|%

where § = min {61, 5, }.
Therefore, the operator A is strictly monotone. Moreover, using (H3), we obtain

(Au,u) = B(u,u) = By(u,u) + Ba(u,u)

:/w.A(x,mVusudx—l—/ | AulP ™% AuAu v da
Q Q

> / )q\Vu|pwdx+/ | Aul’ vdz > ||lull
Q Q

where v = min {\1, 1}. Hence, since p > 1, we have

(Au,u)

[ullx

*)+OO7 as ||UHX4)+OO7

that is, A is coercive.

Step 5. We need to show that the operator A is continuous.
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Let u,— w in X as m — oo. We have,

| Bi(um, ) = Bi(u, ¢)| < Z/Q [Aj (@, s V) — A (2,0, V) || Dje|w da
j=1

= Z/Q |Fjtm, — Fjul|Djo|wdx
j=1

< Z [ Fjum — Fj“HLp’(Q,w)||Dj30||Lp(Q,w)
j=1

<3 Ejum — Fyul g el
j=1

and
| Ba (tm, p) — Ba(u, )| = ‘/ |Aum\p_2Aum Apvdz —/ \Au|p_2AuAg0vdx
Q Q
< / ‘ | Aty |72 Aty — |Au|p_2Au’ | Ap|vdz
Q

= / |Gy, — Gu| |Ap|vdx
Q

IN

1Gum = Gull L (0.0) 12l x

for all p € X. Hence,
IB(unu ¢) — B(u,p)| < |Bl(um7 ¢) — Bi(u, 90)| + IBQ(uma @) — Ba(u, 90)|

< [ Y2 IEstm = Fyull o g,y + 1Gum = Gl | Il x -
j=1
Then we obtain
| Aty — AUH* < Z ”Fjum - Fju”m’(g),w) + |G, — GUHLP/(Q,’U) .

j=1

Therefore, using (3.2)) and (3.3) we have ||Au,, — Aul||,— 0 as m — 400, that is,
A is continuous (and this implies that A is hemicontinuous, see Proposition 27.12
in [15]).

Therefore, by Theorem the operator equation Au = T has a unique solution
u€ X and it is the unique solution for problem (P)).

Step 6. In particular, by setting ¢ = u in Definition we have

(3.5) B(u,u) = By(u,u) + Ba(u,u) = T'(u).
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Hence, using (H3) and v = min {A1, 1}, we obtain

By (u,u) + Ba(u,u) = /

wA(z,u, Vu).Vudr + / | AulP™? Au Au v da
Q Q

2/)\1 |wp+/ | Au? vda > ylul%
(9] Q

and
T(u):/foudz+2/ijjudz
Q parglie)

< ”fO/wHLP'(Q,w)HUHLP(QM) + Z ||fj/W|Lp’(Q)HDju”Lp(Q,w)

j=1
< (Callfo/ll @ + I il oy ) lulx -
j=1

Therefore, in (3.5]), we obtain
Yl < (Collfo/wll o @y + 3165/l o) il
j=1
and we obtain

1 n p'/p
Iullx < =75 (Callfo/ollr @y + 3 15/lany)
j=1

Example. Let Q = {(z,y) € R? : 22 + y* < 1}, and consider the weights functions
w(x,y) = (2% + y2)_1/2 and v(z,y) = (22 + yz)_2/3 (w,v € Az, p = 3), and the
function

A: QxR x R? - R?

A((w,y),n,€) = ha(z,y) [€]€,
where h(z,y) = 2@ +¥%) Let us consider the partial differential operator
Lu(z,y) = A((2® + y*) 23| Aul Au) — div (2% + y*) "2 A((2,y), u, Vu))) .
Therefore, by Theorem the problem

cos(zy) 0 ¢ sin(zy) 0 ¢ sin(xy) )
o 1w wlwe ) alees) O

u(z) =0, on 0N

has a unique solution u € X = W23(Q, v) N Wy (Q,w).
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