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LEFSCHETZ COINCIDENCE NUMBERS OF SOLVMANIFOLDS
WITH MOSTOW CONDITIONS

HisAasHl KASUYA

ABSTRACT. For any two continuous maps f, g between two solvmanifolds of
the same dimension satisfying the Mostow condition, we give a technique of
computation of the Lefschetz coincidence number of f, g. This result is an
extension of the result of Ha, Lee and Penninckx for completely solvable case.

1. INTRODUCTION

For two compact oriented manifolds M7 and My of the same dimension, for two
continuous maps f,g: My — Ms, as generalizations of the Lefschetz number and
the Nielsen number for topological fixed point theory, the Lefschetz coincidence
number L(f,g) and the Nielsen coincidence number N(f,g) are defined. The
Nielsen coincidence number N(f, g) is a lower bound for the number of connected
components of coincidences of f and g. But computing the Nielsen coincidence
number is very difficult. For some classes of manifolds, we have relationships
between the Lefschetz coincidence number L(f,g) and the Nielsen coincidence
number N(f,g).

Let G be a simply connected solvable Lie group with a lattice (i.e. cocompact
discrete subgroup of G) I'. We call G/T" a solvmanifold. If G is nilpotent, we call
G/T' a nilmanifold.

For two solvmanifolds G /T'; and G5 /Ty with two continuous maps f, g: G1/T;
— G2/T'3, in [18], Wang showed the inequality

IL(f,9)l < N(f.9)

Hence by Lefschetz coincidence number L(f,g) we can estimate the number of
coincidences of f,g. Suppose that G; and G, are completely solvable i.e. for
any element of G the all eigenvalues of the adjoint operator of g are real. Then
the de Rham cohomologies of solvmanifolds G1/T'; and G5/T's are isomorphic
to the cohomologies of the Lie algebras of G; and G5. Moreover for the induced
maps fu, gs : T1(G1/T1) £ T — Ty = m1(G2/T3), we can take homomorphisms
®, U: G; — G2 which are extensions of f,g.. In [4], Ha, Lee and Penninckx
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computed the Lefschetz coincidence number L(f, g) by using “linearizations” ®, ¥
of f and g.

In this paper, for a solvmanifold G/T" we consider the Mostow condition: “Ad(G)
and Ad(T") have the same Zariski-closure in Aut(gc)” where Ad is the adjoint repre-
sentation of a Lie group G. The condition: “G is completely solvable” is a special
case of the Mostow condition (see [I7] and [3]). In [12], Mostow showed that for a
solvmanifold G/T" satisfying the Mostow condition, the de Rham cohomology of
G/T is also isomorphic to the cohomology of the Lie algebra of G. However, for two
solvmanifolds G1/T'; and G5 /T'5 satisfying the Mostow conditions, extendability
of homomorphisms between lattices I'; and T'y is not valid. (For isomorphisms,
“virtually” extendability is known ([I7])). Thus in order to compute the Lefschetz
coincidence number L(f, g) of two continuous maps f, g: G1/T'1 — G2/T'2 bet-
ween solvmanifolds satisfying the Mostow condition, we should give new idea of
“linearizations”.

In this paper, we give a technique of linearizations of all maps between solvma-
nifolds satisfying the Mostow condition and we give a formula for the Lefschetz
coincidence number which is similar to the result by Ha, Lee and Penninckx ([4]).

2. LEFSCHETZ NUMBERS AND SPECTRAL SEQUENCES

Let V* be a finite dimensional graded vector space and f* : V* — V* a graded
linear map. Then we denote

L(f) =Y (-1)'tr .
Lemma 2.1. Let C* be a bounded filtered cochain complex and f*: C* — C* a mor-
phism of filtered cochain complex with the induced map H*(f): H*(C*) — H*(C*).
Consider the spectral sequences EX*(C*) of C* and the map EX*(f) : EX*(C*) —
EX*(C*) induced by f*. Consider the graded linear map Tot* EX*(f): Tot™ EX*(C*)
— Tot* EX*(C*) for the total complex. We suppose that for some integer s, for
r > s, the E.-term E>*(C*) is finite dimensional.
Then for each r > s, we have

L(H"(f)) = L(Tot"E"(f)) -
Proof. By the assumption, sufficiently large r, we have
EPT(C) = FPHPT(C)/FPT HPTI(C).
Hence by using the property of trace (see [6, Proposition 2.3.11]) we have
S wBPA(f) = wl*()).
ptg=k
By the Hopf lemma for trace (see [6, Lemma 2.3.23]), we have

D (FLPTa ER(f) = (~1)PH e B2 (f)

p.q p.q
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and inductively for s < r, we have

SO (-1 BP) = SO B

P.q p.q
Hence the lemma follows. O

Let A* be a finite-dimensional graded commutative C-algebra.

Definition 2.2. A* is of degree n Poincaré duality type (n-PD-type) if the following
conditions hold:

o A*<0 =0 and A° = R1 where 1 is the identity element of A*.

e For some positive integer n, A*>™ = 0 and A™ = Ruv for v # 0.

e For any 0 < i < n the bi-linear map A* x A"™* 3 (a,3) — a -3 € A" is
non-degenerate. Hence we have an isomorphism D;: A"~% 2 (A")* where (A%)* is
the dual space of A’

Let A} and A3 be finite-dimensional graded commutative R-algebras of n-PD-type
and f*: A5 — A and ¢g*: A5 — Aj] graded linear maps. By isomorphisms
DAL 2 (AT and - AL =2 (AFTYH*, we have the map Di(g*) : A} — A}
which corresponds to the dual map (A}~%)* — (AF~")* of g"~*. Define the map
0'(f,g9) = D' (g*) o f*. We denote

L(f.9) = L(6°(f,9)) -

For two compact oriented manifolds M; and M of the same dimension, for
two continuous maps f, g: My — Ms, we consider the induced maps H*(f),
H*(g): H*(Ms) — H*(M;). Then the Lefschetz coincidence number L(f,g) is
defined as L(f,g) = LIH*(f), H*(g).

Definition 2.3. A differential graded algebra (DGA) is a graded commutative
R-algebra A* with a differential d of degree +1 so that dod = 0 and d(« - 3) =
da- B+ (—1)Pa-dp for a € AP.

Definition 2.4. A finite-dimensional DGA (A*, d) is of n-PD-type if the following
conditions hold:

e A* is a finite-dimensional graded R-algebra of n-PD-type.

e dA" ! =0 and dA° = 0.

As similar to the Poincaré duality of the cohomology of compact Riemannian
manifold, we can prove the following lemma.

Lemma 2.5 ([7]). Let (A*,d) be a finite dimensional DGA of n-PD-type. Then the
cohomology algebra H*(A) is a finite dimensional graded commutative R-algebra of
n-PD-type.

Then the following lemma follows from Lemma inductively.

Lemma 2.6. Let A* be a bounded filtered differential graded algebra. Suppose that:

— The cohomology H*(A*) is a finite dimensional graded algebra of n-PD-type.

— For some integer s, the total complex (Tot™ E**(A*),ds) of the Es-term of
the spectral sequence is a finite dimensional graded algebra of n-PD-type.
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Then for each v > s, the total complex (Tot™ E¥*(g),d,) of the E.-term of the
spectral sequence is also a graded algebra of n-PD-type.

Proof. Since we have HO(A*) = R, H"(A*) = R, Tot’ E¥*(A*) = R and
Tot™ EX*(A*) 2 R, we have d,(Tot’ EX*(A*)) = 0 and d,(Tot" ' E**(A*)) = 0
Hence the total complex (Tot™ E¥*(A*),d) of the Fs-term is a DGA of n-PD-type
and by Lemma the total complex Tot™ B} (A*) is a graded algebra of
n-PD-type. ([

By Lemma 2.1 we have:

Lemma 2.7. Let A7 and A5 be bounded filtered DGAs and f*, g*: A5 — A}
morphisms of filtered DGA with the induced maps H*(f), H*(g): H*(A) —
H*(A3). Consider the spectral sequences EX*(Ay) and E*(As) of A and A% and
the maps EX*(f), EX*(g): Ef*(Ag) — E»*(Ay) induced by f, g.

We suppose that:

— The cohomologies H*(AY) and H*(A%) are finite dimensional graded algebra
of n-PD-type.

— For some integer s, the total complezes Tot™ EX*(A1) and Tot™ EX*(As) of
E,.-terms are finite dimensional graded algebras of n-PD-type. Hence inducti-
vely the lemma follows.

Then for each r > s, we have

L(H"(f), H*(g)) = L(Tot™ E;" (f), Tot"E;"(g)) -

3. THE HA-LEE-PENNINCKX FORMULA

Let V be a n-dimensional vector space. Consider the exterior algebra A V. Then
AV is a finite-dimensional graded commutative C-algebras of n-PD-type. In [4],
Ha-Lee-Penninckx showed:

Theorem 3.1 ([]). Let Vi, Va be n-dimensional vector spaces and ®,V : Vo — V;
linear maps. Consider the exterior algebras A\ Vi and \ Vo and the extended map
AO AU: A Vo — AVi. Take representation matrices A, B of ® and ¥ associated
with basis of Vi and V. Then we have

L(AD,AT) = det(A — B).

4. LIE ALGEBRA COHOMOLOGY

Let g be a n-dimensional solvable Lie algebra. We consider the DGA A g* with
the differential d which is the dual to the Lie bracket of g. We suppose that g is
unimodular. Then A g* is a DGA of n-PD-type. Take a basis Xi,..., X, of g and
its dual basis x4, ..., z, of g*.

Let n be a ideal of g. We consider the spectral sequence (E?9(g), d,) given by the
extension 0 — n — g — g/n — 0. This spectral sequence is given by the filtration

p+q pt+q

Fp/\g*:{we /\g*|w(Y1,...,Y;H_1):O for }/1,...,}/1,4_1611}.
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We have
E;*(g) = \g/m)*® A\n*
with the differential dg = 1 ® d/\ s

Ey*(9) = /\(s/m)" @ H*(n)
whose differential d; is the differential on A(g/n)* ® H*(n) twisted by the action
of g/n on H*(n) and
Ey”(g) = H" (g/n, H"(n)) .
Since we suppose that g is unimodular, we have d (/\ni1 g*) =0 and so A g*

is a finite dimensional DGA of n-PD-type. By Lemma the total complex
(Tot* E**(g),d,) of each E,-term of the spectral sequence is also a graded algebra
of n-PD-type.

5. DE RHAM COHOMOLOGY OF SOLVAMANIFOLDS WITH MOSTOW CONDITIONS

Let G be a simply connected solvable Lie group with a lattice I'. We suppose
the Mostow condition: Ad(G) and Ad(T") have the same Zariski-closure in Aut(gc).
Then we have:

Proposition 5.1 ([2]). Discrete subgroups [I',T] and T N [G, G] are lattices in the
Lie group |G, G] and the subgroup T|G, G] is closed in G.

Set [G,G] = N, G/N = A and n the Lie algebra of N and a the Lie algebra of
A. By Proposition we have the fiber bundle structure

N/TAN — G/T — G/TN

of the solvmanifold G/T" with base space torus G/I'N = A/p(I") and fiber nilmani-
fold N/T'N N where p: G — G/N is the quotient map.
We consider the filtration
ptq ptq

FP /\g* ={we /\g*|w(X1,...,Xp+1):0for Xi,..., Xpp1 €n}.

This filtration gives the filtration of the cochain complex A g* and the filtration of
the de Rham complex A*(G/T"). We consider the spectral sequence Ex*(g) of A g*
and the spectral sequence E;*(G/T") of A*(G/T'). Then we have the commutative
diagram

Ey"(9) By (G/T)
H* (a, H*(n)) —— H* (A/p(T"), H*(N/T'N N))

where H*(N/I' N N) is the local system on the cohomology of fiber induced by the
fiber bundle (see [5], [15, Section 7]).

Theorem 5.2. The induced map Ey ™ (g) — E5"(G/T) is an isomorphism.
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Proof. We first show that for each r, the induced map E**(g) — E>*(G/T) is
injective. A simply connected solvable Lie group with a lattice is unimodular (see
[15, Remark 1.9]). Let du be a bi-invariant volume form such that fG/F dp = 1.

For a € AP(G/T), we have a left-invariant form ai,, € A” g* defined by

amv(Xh...,Xp):/ (X1, ..., Xp)du
G/T

for X1,...,X, € g where Xi,... ,Xp are vector fields on G/T" induced by X1,... X,.

We define the map I: A*(M) — A g* by & — ainy. Then this map is a cochain

complex map (see [§]) such that [ oi = id, . The map I is compatible with the
o

filtration as above. Hence I induces a homomorphism E**(G/T") — E**(g). This
implies that the induced map E**(g) — E»*(G/T) is injective.

Consider the A-action on H*(n) which is the extension of the a-action on H*(n)
given by 0 — n — g — a — 0. Since we have H*(n) & H*(N/T' N N). The local
system H*(N/T' N N) is given by the I'-action on H*(n) which is the restriction
of the A-action on H*(n). Since Ad(G) and Ad(T") have the same Zariski-closure
in Aut(gc), the images of actions A — Aut(H*(n)) and p(I") — Aut(H*(n)) have
also the same Zariski-closure in Aut(H*(n)). Then by [I5, Theorem 7.26] we have

H* (o, H*(n)) 2 H* (A/p(T),H"(N/T N N))

Hence the theorem follows. O

6. LINEARIZATIONS OF SOLVAMANIFOLDS WITH MOSTOW CONDITIONS

Consider two simply connected solvable Lie groups G; and G5 with lattices I'y
and ['s. We assume that they satisfy the Mostow condition. Let ¢: I'y — I's be a
homomorphism. Then we have

¢([I'1,T1]) € [Ig, T
Hence ¢ induces the homomorphism ¢: T'; /[Ty, T] — T'y/[T'2, T's]. We show
Lemma 6.1. ¢(I'1 N [G1,G1]) C T2 N [Ga, Ga).
Proof. Consider the surjection
I'v/[I'1,T1] 2 (9 mod [I'1,T4]) — (¢ mod I'; N [G1,G1]) € T/T1N[Gy1,Gq].

By Proposition two nilpotent groups [I'1, 1] and T'; N [G1, G1] have same rank
and hence the kernel of this surjection consists of torsions. This implies that for
g € T'1 N[Gy,G4], the element

¢(g mod [I'1,T1]) = ¢(g) mod [I'y, I's]

is a torsion. Since the group I's/T's N [G2, Gs] is a lattice in G2/[Ga, G2], T'2/T2 N
[G2, G3] is torsion-free. Hence we have

(¢(g) HlOd FQ n [GQ, GQ]) = (0 mod Fg N [Gg, GQ])
for g € T'1 N [G1, G1]. Thus the lemma follows. O
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Set N1 [Gl,Gl] [GQ,GQ] A1 = Gl/Nl and AQ = GQ/NQ. Let ng, ng, a1
and as be the Lie algebras of N1, No, A1 and A, respectively. Consider the quotient
maps p1: G1 — A1 and py : Go — As. By Lemma we have the commutative
diagram

1—=I'1NN Iy p1(I'y) 1
I
1——==T2N N, Iy p2(l'2) 1

Since T'y N Ny, Ty N Na, p1(T'1) and po(Te) are lattices in Ny, Na, Ay and As
respectively, we can take unique Lie group homomorphisms ®;: N; — N and
®y: Ay — As which are extensions of ¢: T1NNy; — I'oNNs and ¢: p1(T1) — p2(Ta).

Lemma 6.2. We consider the spectral sequences
) =A@ \ni,
)= N\as® A\n;
B (91) /\a1 ® H"(n1),

E7"(g2) = a3 © H* (n2)

and

Then the linear map
A5 ® ADT 1 By (g2) = \as @ Ans — Nai@ A\ni = B (1)
is a cochain complex map and induced map
A3 @ H*(A®}) : B (g2) = [\ a5 @ H*(ng) — N\ af ® H*(m) = E; (1)
is a cochain complexr map.
Proof. Since ®; is a homomorphism of Lie group, the linear map
ADS @ NPT By ( /\a2®/\n2 /\a1®/\n1 “(g1)
is cochain complex map. We consider the induced map
A3 @ H(A®]): By (g2) = \ a5 ® H*(n2) — \ o} @ H* (1) = By (g).

We show that this map is a cochain complex homomophism.

We consider the group cohomologies H*(I'y " N1, R) and H*(T's N N2, R) and the
induced map H*(¢): H*(I's N N2, R) — H*(T1 N N1, R) of ¢ : Ty NNy — T's N Ny
By the commutative diagram

1—I1'NN —T1 ——pi(T) ——1

ool

IHFQQNQHFQHPQ(FQ)Hl,
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for the py(I'1)-action &1 : p1(I'1) — Aut(H*(I'1 N N1, R)) and the p2(I'2)-action
(52 : pg(rg) — Aut(H*(F2 n NQ,R)), we have

H*(¢) 0 02(¢(9)) = 61(g) o H* ().

By the isomorphisms,
H*(Fl n Nl,R) = H*(Nl/I‘l le,R) = H*(nl)

and

H*(FQ n NQ,R) = H*(NQ/FQ n NQ,R) = H*(ng)
we have H*(¢) = H*(®,). Consider the Aj-action Ay: A — Aut(H*(ny)) induced
by the extension 1 — Ny — G; — A; — 1 and As-action Ag : A — Aut(H*(ns))
induced by the extension 1 — Ny — G2 — Az — 1. By H*(¢) = H*(®;) and
H*(¢) 0 02(8(g)) = 61(g) o H*(¢), we have

H*(®1) 0 Ag(By(v)) = Ay (v) 0 H* ()

for all v € p(I'1) C A;. By the Mostow condition, Aj(A;) X Ag(P2(Az)) and
A1(p1(T'1)) x Ag(Pa(p2(T'2))) have the same Zariski-closure in Aut(H*(ny)) x
Aut(H*(ny)). By this we have

H*(®1) 0 Az(P2(v)) = A1(v) o H*(P1)

for all v € A;.
Consider the Lie algebra homomorphism ®s,: a; — a; and the a;-action
A1s:a; — End(H*(ny)) and as-action Ag,: ag, — End(H*(n3)). Then we have

H*((I)l) o AQ*(‘I)Q*(V)) = Al*(V) e} H*(q)l)
for all V' € ay. This implies that the map
A3 @ H*(A®T) : By (g2) = [\ a5 @ H*(n2) — N\ ai @ H*(m1) = By (1)

is a cochain complex homomophism, since the differentials of the cochain complexes

E7"(g1) = Naj ® H*(ny) and E;""(g2) = Aaj ® H*(ny) are twisted by the
aj-action Aq,: ap — End(H*(nl)) and the as-action Ag,: az, — End(H*(ng))
respectively. (I

Let f: G1/T1 — G2/T5 be a continuous map. We consider the induced map
fe:m(G1/T1) 2Ty — Ty &2 Go/Ty. We write ¢ = f,. In this case, the pair @1, Py
constructed as above is called the linearlization of f. Consider the spectral sequences
Er*(G1/T1) and Ef*(G2/T'2) as Section 5| Then for r > 2, EX*(G1/T1) and
Ef*(G2/T'y) are identified with the Leray-Serre spectral sequences. By commutative
diagram

1—I1'NN —T1 ——pi(T) ——1

ool

IHFQQNQHFQHPQ(FQ)Hl,
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Any continous map from G;/T'1 to G3/I's is homotopic to a continous map
f: G1/T'1 — G2/T'2 which is a fiber-preserving map as

1—N/T'N Ny ——G/Ty ——= A1 /p1(T) ——1

o

1 —— Ny /To NNy —— G2 /Ty —— As/p2(I'y) — 1.

Consider the induced map E**(f): EX*(G1/T1) — E*(G2/T'3). Then
Ey*(f): H* (A/p(T2), H* (N2 /Ty N Np)) — H* (Ay/p(T1), H* (N1 /Ty 0 Ny))

is induced by the fiber map f: N1/T'1 N N3 — N3/T's N Ny and the base space
map f: A;/p(T1) — As/p(T's) (see [9]). Consider the linearlization ®;, ® of f
and induced maps ®1: N1/T1 NNy — Na/To N Ny and $o: A1 /p(I'1) — Az /p(T2).
Then the fiber map f: N1/T'y N Ny — No/T's N Ny and the base space map
f: Ay /p(I'1) — Ay/p(I'y) are homotopic to ®1: N1/T'y N Ny — Na/T'y N Ny and
Dy Ay /p(T'1) — Az/p(T'2) respectively. By Theorem we have

H*(ay, H*(n1)) = H* (A1 /p(T'1), H* (N1 /Ty 0 Ny))

and
H*(Clg, H*(ng)) ~ fg* (Ag/p(rg), H*(NQ/FQ M Ng)) .

By these isomorphisms, E5*(f) is induced by A®F: Anj — An}and A®5: Aab —
A ai. Hence by Lemma we have:

Lemma 6.3. The map
Ey(f): By"(Go/Ta) — By (G1/T1)
is identified with the map
H*(A®3) @ H*(AR]): By (g2) = H™ (a1, H" (n2)) — H" (a1, H"(n1)) = 3 (1)
induced by the cochain complex map
N5 @ H*(A®T): By (g2) = \ a3 ® H'(ng) — /\ o] ® H*(m1) = E7" (31)
as in Lemma 62

7. LEFSCHETZ COINCIDENCE NUMBERS OF MOSTOW SOLVAMANIFOLDS

Theorem 7.1. Let Gy and G2 be simply connected solvable Lie groups of the same
dimension with lattices I'y and T'y. We assume they satisfy the Mostow condition.
Let f, g: G1/T1 — G2/Ty be continuous maps. Take linearizations ®1, ®o of f
and Wy, Uy of g as Section[l. Take representation matrices Ay, As, By and By of
D1y, Pos, Uy, and Vs, associated with basis of Lie algebras. Let A = Ay & Ay and
B = B; @ By. Then we have

L(f,g) = det(A— B).
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Proof. By Lemma we have
L(f,9) = L(Tot" B} ™(f), Tot" B3 (g)) -
By Lemma and the Hopf lemma, we have
L(Tot*E3 " (f), Tot*E3"(g)) = L( A @3 @ AT, AW5 @ APT) .

Take bases {X{,..., X}, {Yi,..., Y.L {XE, ..., X2} and {Y?,...,Y,2} of ny,
a1, no and as which give representation matrices Ay, Az, B; and By of ®q,,
@y, Uy, and Wy, respectively. Consider the dual bases {z1,..., 2L}, {yi, ..., 4L},
{«%,...,22,} and {y},...,y2,} of these bases respectively Then we have

/\a1®/\n1 _/\ ml?"'ax}my%v"wy'}n%
/\a2®/\n2—/\ xl,...,xi,y%...,yf,)

and the maps A®; @ AP and AW¥3 ® AT are represented by AA* and AB*
respectively. Hence we have

L(f,g) = L(AN®; @ ADT, A5 @ ANUT) = L(ANA", AB").
By Theorem we have
L(ANA*,AB*) = det(A* — B*) = det(A — B).

Hence the theorem follows. O
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