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SINGULAR ¢-LAPLACIAN THIRD-ORDER BVPS
WITH DERIVATIVE DEPENDANCE

SMAIL DJEBALI AND OUIZA SAIFI

ABSTRACT. This work is devoted to the existence of solutions for a class of
singular third-order boundary value problem associated with a ¢-Laplacian
operator and posed on the positive half-line; the nonlinearity also depends
on the first derivative. The upper and lower solution method combined with
the fixed point theory guarantee the existence of positive solutions when the
nonlinearity is monotonic with respect to its arguments and may have a space
singularity; however no Nagumo type condition is assumed. An example of
application illustrates the applicability of the existence result.

1. INTRODUCTION

In this paper, we are concerned with the existence of positive solutions to the
following third-order boundary value problem for a ¢-Laplacian operator:

((=a"))'(8) + f(t.2(t).a' (1) =0, ¢>0,
2(0) = ua'(0), @/ (+0) = a”'(+00) = 0,

where p > 0 is a constant and the function f = f(¢,z,y): RTx (0, +00)xRT — RT
is continuous with possible space singularity at * = 0. Here RT = [0, +00). The
operator of derivation ¢: R — R is a continuous increasing homeomorphism such
that ¢(0) = 0, extending the p-Laplacian ¢, (s) = |s|P~!s, for p > 1.

Many applied problems modeling various phenomena in physics, epidemiology,
combustion theory, mechanics (see, e.g., [2] and the references therein) are governed
by boundary value problems (bvps for short) posed on the half-axis [0, +00); we
quote for instance the propagation of a flame in a long tube. A large amount
of research papers have been devoted to these problems, in particular for the
second-order boundary value problems; we refer the reader to [4], [5], [6], [7], [8], [9],
[12], [15], [16], [17], and the references therein. However problems with higher-order
differential equations on [0, +00) have not been so extensively investigated; we can
only cite [I3], [14], [18], and [19]. When f does not depend on the first derivative,
problem in investigated in [I1].

(1.1)
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These recent papers have motivated the present work.

To study problem 7 we will employ an upper and lower solution technique
adapted to this problem combined with the Schauder fixed point theorem. We only
suppose a monotonic condition on f but no Nagumo-type restriction is assumed.
This paper contains three sections. In Section [2] we present some preliminaries and
basic notions needed in this paper. Problem is rewritten as a nonlinear integral
equation. In Section [3] we prove the main existence result when the nonlinearity f
is monotonic with respect to x and y but may be singular at £ = 0. The case where
f is not singular at = 0 is also considered with less hypotheses. An example
of application is included to illustrate the existence theorem. We say that x is a
solution of problem if it belongs to the space

(1.2) X ={z|z€C?*((0,00),R) and ¢(—2z") € C*((0,00),R)}
and satisfies (1.1). x is called a positive solution if further z(t) > 0, for every
t € (0,400).

2. PRELIMINARIES

The basic space to study problem (1.1)) is
E={ze€C'([0,00),R)| lim =) = lim 2'(t) =0}
’ ’ t—+o0 1 +1 t—+oo )

The motivation of the space E comes from the fact that the positivity of f
and 2" (400) = 0 imply the concavity of z which in turn guarantees that z is
nondecreasing for 2’(+00) = 0. As a consequence, = has a possibly infinite limit

at positive infinity. L’Hopital’s rule then yields lim 2@ — iy '(t) = 0.
t—-+oo 1+t t—-+o0
Notice that (E,| -||) is a Banach space with norm ||z| = max{||z||1, ||x||2}, where

lz|ls = sup ‘31”52‘ and ||z||2 = sup |2/(t)]. However since for physical considerations,
teR+ R+

we are interested in positive solutions, the natural set for solutions is the positive
cone:

(2.1) S={zeE|xz(t) >0, concave on [0, +00), z(0) = puz'(0)} .
This nonempty subset enjoys the following properties:
Lemma 2.1. For every x € S, there exists a positive constant M, > 0 such that
0<a'(t)<M,, Vt>0.
Proof. Since 2’ is nonincreasing, then
0=21'(+o00) <a'(t) <2’ (0)=M,, Vt>0.
|

The proof of the following lemma can be found in [II, Lemma 2.5].

Lemma 2.2. Let x € S\ {0}. Then there exists a positive constant A, such that
(a) forall0 >1, x(t)>2%, Vtel[1/0,0],
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(b) Let
e, teoq]
(22) p@)_{L oy
Then

z(t) = Aap(t), VE=0.
Lemma 2.3. Let z, y € S be such that z'(t) > y'(t), for allt > 0. Then
z(t) > y(t), Vt=>0.

Proof. Since z/(0) —y'(0) > 0, then x(0) — y(0) = u(2’'(0) —¢y'(0)) > 0. Now . —y
is nondecreasing implies that (z —y)(t) > «(0) —y(0) >0, Vt>0 O
Define the functional space
Cy([0,00),R) = {z € C([0,0),R) | 75li+m (t) exists} .

Endowed with the norm ||z||; = sup |z(t)|, this is a Banach space. A mapping
teR+

defined on a Banach space is said to be completely continuous if it is continuous and
maps bounded sets into relatively compact sets. We recall a classical compactness
criterion:

Lemma 2.4 ([3]). Let M C C;(R*,R). Then M is relatively compact in C;(R*,R)
if the following three conditions hold:

(a) M is uniformly bounded in Cy;(RT,R).

(b) The functions belonging to M are almost equicontinuous on RT, i.e. equi-
continuous on every compact interval of RT.

(¢) The functions from M are equiconvergent, that is, given € > 0, there
corresponds T(e) > 0 such that |x(t) — x(4+00)| < & for any t > T(e) and
ze M.

We can then deduce:
Lemma 2.5. Let M C E. Then M is relatively compact in E if the following
conditions hold:
(a) M is bounded in E,

(b) the functions belonging to {u | u(t) = f(—_fz, x € M} and to {z | 2(t) =
2'(t), x € M} are almost equicontinuous on [0, +00),

(c) the functions belonging to {u | u(t) = T(—jz, x € M} and to {z | z(t) =

x'(t), x € M} are equiconvergent at +00.
The Green’s function of the linear problem —z” = 2(0) — pz’(0) = 2/(+00) =0
is
G(t,s) = p+min(s,t), s, t>0.
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We have

Lemma 2.6. Let § € C(RT,R™T) be such that f s)ds < 400 and put
a(t) = [ G(t,5)d(s) ds. Then

Z’(t)+d(t) =0, t>0,

z(0) = p2’(0), lim 2/(t)=0.

t——+oo

(2.3)

Lemma 2.7. Let 6 € C(RT,R™) N LY(r,+o0) for all v > 0 and
+oo

)
/ ( ds<—|—oo
o

If 2(t) = fo G(t,s)p~ (f 7)dr) ds, then v € X and
(2.4) {(¢(—$ 1)) +6(t) =0, t>0,
x(0) = pz'(0), a'(+o00) = 2" (+00) =0.

The proofs of the lemmas are immediate and are omitted.

3. MAIN RESULTS
We start with
Definition 3.1. A function a € X is called lower solution of (1.1)) if
((—a"()) + f(talt),a'(H) = 0, ¢ >0
/ : / : 1
a(0) < pa’(0), tilgloooz (t) <0, tilgloooz (t)>0.

An upper solution of (1.1) is defined when the above inequalities are reversed.
Assume that

(H1) f e CR" x(0,+00) x RT,RT) and f(¢,x,y) is nonincreasing with respect
to the second and third arguments.

(H3) For every A > 0,

+oo
/0 F(r, Ap(7),0)dr < 400

/OJroo ¢1</S+°°f(7',)\p(7),0) d7—> ds < +o0.

(H3) There exists a function a € S\ {0} such that the function b defined by
+oo

b(t) = G(t, S)¢_1(/S+Oo f(T, a(T), aI(T)) d’T) ds

satisfies

b’(t)>/t+°°¢,—1(/s+°°f(7 br),H (7)) dr ) ds > a'(t), V>0,

and
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Define the fixed point operator T' on E by
+o0

Tz(t) = G(t, s)¢—1(/s+oo f(r,z(7),2' (1)) dT) ds.

0
Remark 3.1. (a) Since

+oo “+oo
@y = [ o[ frar)am)dr) s
t s
the inequalities in (H3) read
(3.1) b'(t) > (Tb)'(t) > d'(t), Vt>0
or equivalently
(Ta)'(t) > (T?%a) (t) > d'(t), Vt>0.
(b) Since a € S then b € S and so Th € S. Using part (a) and Lemma we get
the estimates
(3.2) Ta(t) > T?a(t) > a(t), Yt>0.

Lemma 3.1. Let (H1)—(Hz) hold. Then the operator T maps S\ {0} into X N S.
Moreover

(33) {(¢’<—<Tz>">)’<t> + (8 2(0),2' (1) =0, >0,
(T2)(0) = p(Tw) (0),  (Ta)'(+00) = (Ta)' (+00) = 0.

Proof. (a) For A > 0, let
+oo

—+oo
F\(t) = G(t, s)¢_1(/ f (7, Ap(7),0) dT) ds.
0 s
Then »
lim A1) =
t—+o0 14+t
By the convergence of the second integral in (Hs), we get

lim Fi(t) = lim " ¢—1(/+OO f (7, Ap(7),0) dT) ds=0.

t—-+oo t—-+oo

Then F) is monotone nondecreasing and

- Fy () _ {0, if tl}?oo Fy\(t) < o0,
am g . /i : . _
t—+ + tllgloo F{t)=0, if tllgrnooF,\(t) 00 .

(b) For z € S\ {0}, Lemmas and guarantee the existence of A, > 0 such
that for all positive t, x(t) > A\;p(t) and x'(t) > 0. (H1) and (Hsz) with Part (a)
imply

Tx(t) 0+OO G(t,s)¢_1(fs+oo f(r,x(r), 2 (7))dr) ds

1+¢ 1+¢

§ [ G, )¢ ([ f(7, Aup(T), 0)d7) ds _ B
= 1+t L+t
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o= [ o (
oo

+oo
el
S/t ¢1(/S+Oof(7',)\xp(7)70) dT) ds.
Hence tiim T2(t)

i7c = 0and lim (Tz)(t) = 0. Then Tz € E. In fact, we even have
+o0 t——+o0
that Tx € X NS for Tx(t) > 0, Tx(0) = u(Tz)'(0), and

and

7,%(7),2' (7)) d’T) ds

(Tx)"(t) = —¢1(/t+oo f(r,z(r),2' (1)) dr) <0.

Thus (3.3)) is satisfied. O
We are now in position to prove our main existence result:
Theorem 3.1. Assume that assumptions (H1)—(Hsz) hold. Then the boundary

value problem (L.1)) has at least one positive solution x € X such that x(t) > Aop(t)
and 0 < 2'(t) < M, Vt >0, for some positive constants g, M.

Proof.
Step 1. Upper and lower solution method. Taking into account Remark using
(13-1), (3.2) and the monotonicity of f, we have for all ¢ > 0

(&(=(Tb)") (1) + f/(t, Tb(t), (Tb)'(t))
(3.4) > (p(—(T0)")' (1) + F(£,b(), ¥ (1)) = 0
(T6)(0) = u(T0)'(0), (Th)'(+00) =0, (Tb)"(+00) =0
and
(6(=(Ta))' () + 1 (t. Ta(t), (Ta)' (1)
(3.5) < (¢(=(Ta)")) (t) + f(t,a(t),d () =0,
(Ta)(0) = j(Ta) (0) , (Ta)'(+5) = 0, (Ta)"(+00) = 0.
Therefore the functions a = Th, § = T'a are lower and upper solutions of problem
(L3)), respectively with o < 3 and o/ < J'.
Step 2. Consider the truncated problem:

(3.6) {(95(—93”))'@) + f(tat), 2 (t) =0, t>0,
2(0) = pa'(0), a'(+00) = 2" (+00) =0,

where

ftony), o <at),

(3.7) [t y) = ftzy), o) <z <B(1),

ft,8,y), x>pB(1),
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with
ftz,a), y<d(t),
ft,zy) =1 flta,y), o/(t) <y <B(1),
ftzp), y>p(t).

To prove that problem (3.6 has a positive solution, consider the operator A: £ — E
defined by

+oo

Az(t) = G(t, 5)¢! ( /:OO £ (r,2(r), 2/ (7)) dT) ds.

0
Then a fixed point of the operator A is a solution of the boundary value problem
(3-6). Since a € S\ {0}, by Lemmas and there exists a positive constant
Ao such that a(t) > Aup(t), Vt > 0 and o/(¢t) > 0,Vt > 0. Since f(¢t, z,y) is
nonincreasing in « and y, then
(3.8) Frtay) < f(talt), o (1) < £t Aap(?),0),

for all positive t.

(a) A(E) CE. For z € F and t € R, we have
Az(t) O+°O G(t,s)qb_l(f:roo [ (r,z(r), 2/ (7))dr) ds

1+t L+t
_ S TG99 (ST S Aap(r), 0)dn)ds B, (1)
= 1+t 1+t

and

o= [ ([ r Gt ar)as
< /t+°° ¢1(/S+Oof(7,)\ap(7'),0) dT) ds.

=0 and . 1121 (T'z)" = 0 which implies that A(F) C E.

s Ax(t)
Then tl}g_noo Tt

(b) A is continuous.
Let {z,}n>1 C E be a sequence converging to some limit 29 € E. Then

|z — Azl = sup A1)~ ATo()

teRT L+t
m T ([ renesme)

— ¢_1(/S+oo [, 2o(7), 2 (7)) dT) ‘ ds
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< max(1, 1) /0+OO ¢1(/S+OO (@ (1), 2, (7)) dT)
o ([ rotrroato) )

and

Az, — Azl = sup |(Azy)'(t) — (Azo)'(t)|
teR+

< [l ([ r ) a)

Since

’¢1(/S+°° fr (T, :L'n(T),Z‘;l(T))dT) - (bl(/:oo 7 (T, 1’0(7‘))7$6(T) dT)‘

< 2¢1(/0+Oof(7, /\ap(T)),O) dr,

then the continuity of f*, ¢~!, assumption (Hz), and the Lebesgue dominated
convergence theorem guarantee that ||Az, — Azg|| — 0, as n — +o0.

(c) A(E) is relatively compact. We will make use of Lemma [2.5]
(i) A(E) is uniformly bounded. For x € E, we have

|A$(t)‘ /+ G(tv S) -1 /+oo * /
= <
Az || tsel]gi T e S tselﬁg ; 111 ) ( i f (T,x(T),x (T)) dT) ds

< max(1, p) /(:OO ¢1(/s+°° f* (T,x(T),a:’(T))dT) ds

< max(1, ) /0%o ¢1(/S+OO (7, Aap(7),0) dT) ds < +00

and

+o00 +oo
Azl = sup |(Az) () g/o ¢—1(/s f(T,Aap<T),o)dT) ds < +o0.

(i) Almost equicontinuity. For a given T' > 0, x € E, and ¢,t' € [0,T] (t > t'),
we have
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‘Am(t) Ax(t) </+°° G(t,s) G(t',s)

¢—1( / e (. 2(r), 2'(7)) dT) ds

14¢ 14+ 14+¢ 14+
T —+o00
G(t,s) G{t',s)|,_4
< _
<[5 -S52([ rmaanm0)ar) as
t+/l t/+‘U /+OO . /+OO
Tt 1+l 0] (S f(T,)\ap(T),O)dT)dS.
Similarly

o0

(4=)(®) = (=Y ()] = ‘/: ¢1(/S+OO fo(r,z(r),2' (1)) dT) ds
_ /:OO (/)—1(/;00 Fr(ra(r), /(1)) dT) ds‘
< /tt ¢1(/:°° f (7, Xap(7),0) dT) ds.

’

Ax(t)
1+t

Hence by (H,), for any e > 0 and T > 0, there exists § > 0 such that |

Arl)| < e and |(Az)'(t) — (Az)/(¢')] < e for all ¢,1' € [0,T] with [t —¢'| < 6. As a
consequence { %} and {A(F)} are almost equicontiuous.

T+ T+
lim (Az)'(t) =0, then (Hz) yields
t—+o0

(iii) ALE) nd (A(E)) are equiconvergent at +o0o. Since . hIJP Azt) _ () and

lim su —_— — e a—
t—+400 IEE‘ 1+t t—too 14+t

[ Gt s)o ([ f*(r,2(r),2' (7))dr) ds

Az(t) lim Az(t) ‘

= i
t 100 e 1+1¢
o BTG S daptr), 0
t—+o00 1+t
Fy,(t)

lim
t—+oo 1+t
and

lim sup |(Az)'(t) — tl}gloo(Ax)'(tﬂ

t——+o0 z€E

lim sup /:OO ¢—1(/:OO £ (r2(r), ' (7)) dT) ds

t——+o0 z€E
—+oo

< lim ¢_1(/+OO f (7, Aap(7),0) dT) ds=0.

t——+o0 t

By Lemma the range A(FE) is relatively compact so the Schauder fixed point
theorem (see, e.g., [1]), guarantees that the operator A has at least one fixed point
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x € E which in fact lies in X by Lemma [3.1} of course z is solution of problem

(3-6)-

Step 3. Problem (1.1) has at least one positive solution.

We only check that a(t) < z(t) < 8(¢) and o/ (t) < 2/(t) < f'(t), V¢ € RT. Since z
is a solution of (3.6]), we have

(3.9) x(0) = pz’(0), , ligrn 2(t)= lim 2"(t)=0.

t——+o0

The function f(t,z,y) being nonincreasing in = and y, we have

(3.10) f(&,B8@1),8 1) < fA(t,x,2") < f(t,at),d(t), Vt e RT.

Then and yield

(3.11) F(E6(),0 (1) < fH(tz,2') < f(ta(t),d(t), VieRT.

Noting that a,b € S\ {0}, we get by Lemma 3.1
(¢(=8"(®)" = (¢(-Ta)" (1)) = —f(t,alt),d'(1)) , Y € BT,
(d(—a”(1))) = ((=TH)" (1)) = —F(t,b(t),b'(t)), YVt € RT .

Combining this with (3.1)), (3.2)), (3.9)-(3.11)), and Lemma [3.1] we obtain that for

all positive ¢
(B(=B"(1) = (¢(=2"(t)))" = = f(t,a(t),d'(t)) + f*(t,x(t),2'(£)) < 0.

Then the function z defined by z(t) = (¢(—=5"(t))) — (¢(—2"(t))) is nonincreasing in
R*. Moreover z(+00) = 0 implies z(t) > 0, Vt > 0. Hence (8—xz)"(t) <0, Vt € RT
which implies that (8 — z)’ is nonincreasing in R*. In addition (3 — z)'(+00) = 0,
then (8 —)'(t) > 0, Yt € R* and 2/(t) < #'(t), YVt € R*. Finally, Lemma2.3]
implies that x(t) < 3(t), for all t € R*. The estimates z’(t) > o/(t) and z(t) > «a(t),
for all t € RT are proved similarly; we omit the details. Therefore, z is a solution
of (LI). Finally, since o, 8 € S\ {0}, by Lemmas and there exist two
positive constants g = A, and M = My such that z(t) > a(t) > Aop(t) and
0<2'(t) < B (t) <M, Vit € RT, as claimed. O

When f(t,z,y) has no singularity at z = 0, i.e. f: Rt x Rt x Rt — Rt is a
continuous function, then for all z,y > 0, f(¢t,z,y) < f(¢,0,0). We have obtained
the following

Theorem 3.2. Assume that assumption (H1) holds with
(H2)'

+oo +oo +oo
0< / f(1,0,0)dr < +o0 and / ¢*1</ f(r, 0,0)dT) ds < 4o00.
0 0 s

Then problem (1.1) has at least one positive solution x € E and, by Lemma
we even have that x € X. In addition, x(t) > Aop(t) and 0 < z'(¢) < M, for some
M, Ao > 0.
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The proof follows the same line as that of Theorem [3.I] We only have to check
that T'(S) € SN X and if a(t) =0, t > 0, then the condition (H3) holds. Also
the condition (H2)" implies that the functions § = Ta = b and o = T'b belong to

S\ {0}.
Example 3.1. Consider the singular bvp

(o(=a" (@) + f (t. (1), 2/ (1) = 0,
z(0) = pa’(0), tligrnoo Z'(t) = lim 2"(t)=0,

t——+o0

(3.12)

where 0 < i < &, ¢(x) = z%, f(t,2,) = e~'m(D)g(2)$ (),

&, t>1,

1

o .’1,'6(071],
g(z) =

1, =z>1,

w(y):{éﬂﬁm y €[0,1],

1 y>1.

)

Next, we verify the assumptions in Theorem [3.1]

(H1) f € C@RY x(0,400) x RT,RT) and f(¢, x,y) is nonincreasing with respect
to x and y, for every positive ¢.

(Hz) For all A > 0,

+oo )
| #erem.0r =3
O A
and

/OJFOO ¢ (/;OO f(r, )\P(T),O)dT> ds < +00.

(H3) We set ag(t) =t + 1 and a = Tay, i.e.
+oo

a(t) = G(t, s)¢_1(A+m e_Tm(T)dT) ds.

0

Then for all positive ¢

alt) < /0 o G(t,s)qu( / o effdr)

+oo
< / (s+8/3)¢ " (e™*)ds < 1 < ap(t)
0
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and
a'(t) = t+°° ¢_1(/S+OO e "m(r) dT)
< /t+°° d)l(/;roo ede'r>
< t+<><> o e %) ds <1 =ap(t).
Hence
b(t) = 0+°O G(t,5)p (/:Oo e~ Tm(r)g(a(r))v(a' (7)) dr) ds
> " G(t,s)¢ (/:_OO e_Tm(T)g(ao(T))dJ( ( )) dT) ds = a(t)
and b’ '(t). As a consequence

/ / V(7)) dr) ds

/t ¢>71< /:00 e Tm(r)g(b(1))y (V' (1)) dT) ds
/t+°° ¢1</S+°° e~ "m(1)g(a(r))¥(d' (1)) dT) ds=V(t).

Then the first inequality of (H3) holds. Finally, since g > 1 and ¢ > 1, we
get

IA

400

¢—1(/S+Oo f(m,b(7), V(7)) dT) ds

> /t+oo ¢‘1(/:oo e "m(r) dT) ds = d'(t),

then the second inequality of (H3) holds too.

t

By Theorem problem (3.12)) has at least one positive solution z lying between
T?a and Ta.

4. CONCLUDING REMARKS

(a) Owing to Lemma[2.3] S is partially ordered by the relation 2/ < y'. Then
the monotonic assumption on the nonlinearity f, namely Assumption (H;),
implies that the fixed point integral operator T" is monotonic nonincreasing.

From (3.2) in Remark it is easily seen that
a<T?a<T*a<---<T@()<...<T®" V() <...<T3%a < Ta.

Hence the subsequences 7™ (a) and T(*™+1)(a) are monotonic nonde-
creasing and nonincreasing sequences respectively; since they are further
uniformly bounded in the interval [a, T'a], then they are convergent to some
limits y and z, respectively, with a < y < z < Ta. In fact, we even have
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that, for all integer m, y > T (a) and z < T+ (qa). Therefore, we
deduce that the solution set for problem lies in the smaller interval
[y, 2].

(b) Problem is considered in [II] when f does not depend on the first
derivative. When f depends as well on the first derivative, it has also been
studied in [I0] via a topological method; the hypotheses on the nonlinearity
rather involve the growth of the function f(¢, (1+¢)z,y). In [T4], the authors
investigated problem with a nonlinearity satisfying some local growth
conditions.

(¢) In this work, problem was treated with the method of upper and lower
solutions but with no Nagumo-type growth condition on the nonlinearity
f, as generally assumed. We point out that the first derivative =’ is not at
all involved in (Hsz) which is rather related to the half-line problem setting.
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