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ON THE GENERALIZED CESARO SUMMABILITY FACTORS

H. S. OZARSLAN

ABSTRACT. In this paper a general theorem concerning the ¥ — | C, ;9 |,
summability factors of infinite series has been proved.

1. Introduction. A sequence (w,) of positive numbers is said to be §-quasi
monotone, if w,, — 0, w, > 0 ultimately and Aw,, > —§,, where (J,) is a sequence
of positive numbers (see[1]). Let > a, be a given infinite series with partial sums
(sn). We define A% by identity

(1) d A% =(1—z)h
n=0

The sequence-to-sequence transformations given by

1

n

(2) Uy = o Z An” sy
n =0
1 n
(3) o = o > AN va,
n =1

define the (C, a) means of the sequences (s,) and (na, ), respectively.

The series ) a,, is said to be summable | C,« |, K > 1 and o > —1,
if (see [3])
(4) anfl | u® —u®_; [F< oo,

n=1

If we take o = 1, then | C, o |, summability is the same as | C, 1 |, summability.
Let (1,,) be a sequence of positive real numbers. We say that the series Y a, is
said to be summable ¥— | C,a;6 |, k> 1, > —1 and § > 0, if

o0
(5) DpPHET iy —up g [F< o0,
n=1
But since t& = n(ud — u®_4) (see [4]) condition (5) can also be written as
[ee]
(©) Sk g [h< oo
n=1
If we take § = 0 and v, = n (resp. 6 =0, @ =1 and ¢,, = n), then ¥— | C, ;0 |,
summability is the same as | C, o |, (vesp. | C,1 |,) summability.
Remark. Since (¢,) is a sequence of positive real numbers the summability
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method ¥— | C, ;6 |, is a new method and general than the | C, a; ¢ |, summabil-
ity method. On the other hand | C, a; 6 |, and ¢— | C, ;¢ |, summability methods
are different from each other. That is they have got different summability fields.
Therefore, we take the sequence (¢,) instead of n.

2. The following theorem is known.

Theorem A([2]). Let t& be the n-th Cesaro mean of order o, with o > 1,
of the sequence (na,) such that a, > 0 for all n > 1 whenever o > 1 and let
A — 0 as m — oo. Suppose that there exists a sequence of numbers (B,,) such
that it is d-quasi monotone with Y n®J, logn < oo, > B, logn is convergent and
| AN, |<| B, | for all n.

(7) > 1AM || Bty | logn = O(1),
n=1

(8) il | t2 |*= O(logm) as m — oo
n=1 n ! 7

then the series ) a, A, is summable | C,a |, k > 1.
3. The aim of this paper is to generalize Theorem A in the following form.
Theorem. Let £ > 1 and § > 0. Let t& be the n-th Cesaro mean of order «, with
a > 1, of the sequence (na,) such that a,, > 0 for all n > 1 whenever o« > 1 and
let A, — 0 as n — oco. Suppose that there exists a sequence of numbers (B,,)
such that it is J-quasi monotone with > n*d, logn < oo, > By, logn is convergent,
| AN, |<| By, | for all n and that condition (7) of Theorem A is satisfied. If there
exists an e > 0 such that the sequence (n~*3*+#=1) is non-increasing and

m
(9) Z YETE=1n =k | 12 k= O(logm) as m — oo,

n=1
then the series ) a, A, is summable ¥— | C, ;6 |,.
If we take § = 0, e = 1 and 1, = n in this theorem, then we get Theorem A.
4. We need the following lemmas for the proof of our theorem.
Lemma 1 ([5]). If o > ¢ > 0, then

m A5—1 m (n _ U)é—l
(10) Z Z;U = Z T O(w°~7) as m — oo.
n=v+1 n n=v+1

Lemma 2 ([2]). Let A\, = 0 as n — oco. Suppose that there exists a sequence
of numbers (B,,) which is J-quasi monotone with > B, logn is convergent and
| AN, |<| B, | for all n, then

(11) | An | logn = O(1) as n — oo.

Lemma 3 ([2]). Let a > 1. If (B,,) is d-quasi monotone with > n®J, logn < oo
and Y B, logn is convergent, then

(12) m® By, logm = O(1) as m — oo,
(13) Zna | AB, | logn < oc.
n=1

Lemma 4 ([2]). Let t& be the n-th Cesaro mean of order a, with o > 1, of the
sequence (nay) such that a, > 0 for all n > 1 whenever a > 1. If n > v, then

(14) | D AR pay [< ARTLAT [ 8] ]
p=1
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5. Proof of the Theorem. Let (T%) be the n-th (C,«), with @ > 1, means of
the sequence (na,A,). Then, by (3), we have

(15) —_— Z An” UCLU v-

Using Abel’s transformation, we get

e = AQZA)\ ZAn pay + AQZA

n op=1 noy=1
= AQZA)\ Z Zl,pap—i—)\ntg
n op=1

= Tﬁl +Tn72, say .
Since
| Ty + T |F< 2k Ty 5+ Ty 1),

to complete the proof of the theorem, it is sufficient to show that
(16) Zwk*’“ TR T2, |F< oo for r = 1,2, by (6).

Firstly, when k > 1, using Lemma 4 and after applying Holder’s inequality with
indices k and k', where % + % =1, we get that

m—+1 m—+1

Sk+k—1, —k k__ Ok+k—1 7k 1 k
2 v T = it \AaZMZ “ppy |
n=2 n oy=1

m—+1 n—1

< ORI AN) TR | B | Ap AT |ty Y
n=2 v=1

m+1 n—1
=0(1) Y e TR AR THY o | By | ATy |ty Y
n=2 v=1
m—+1 n—1
= 0(1) Y Tk ag Yot | By DAL |0 |
n=2 v=1
n—1 ,a-1
Anfv c—
X {Z Ao }k !
v=1 n
m - . m+1 wék-&-k—lAa:l
= O Y (0 | B )M | By ) g B YD e
v=1 n=v n

m+1 w&k-&-k—lne—k(n _ v)a—l

m
D3t Bl 3

n=v

m+1 oz 1

Zva|Bvl|ta ‘kw6k+k 16— kz ”;af;

D30 B |6 g,
v=1

by Lemma 1. Thus

metl m—1 v
E :wzk-l—k—ln—k | Tr?,l |k: O(].) E A(’UQ | BU D E wzk-ﬁ-k—lp—k | tg ‘lc
oyt v=1 p=1
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+OMm® | By | Y ot o g |
v=1

m—1
=0(1) Z A(® | By |)logv + O(1)m® | By, | logm
v=1

m—1 m—1
=0(1) Z v¥ | AB, | logv 4+ O(1) Z | A(w®) || Byy1 | logw
v=1

v=1

+O0(1)m® | By, |logm = O(1) as m — oo,

by virtue of the hypotheses of the Theorem and Lemma 3.
Again, since | A, |= O(1), we have that

m m
Z ik+k71n7k ‘ Tr(iQ ‘k: Zd)gk+k71n7k | /\ntz |k
n=1 n=1

U T P L e [

I
NE

1

n
m

O(L) Yt | A | e |*

n=1

m—1 n
=O0() Y A | Y gt e |
n=1 p=1

+O) [ A | D In=F o |F
n=1

m—1

=0(1) > | A\, [logn + O(1) | A | logm

3 3
[l
-

=0(1) | By, |logn+ O(1) | Ay, | logm
1
=0(1) as m — oo,

3
Il

by virtue of the hypotheses of the Theorem and Lemma 2.
Therefore, we get (16). This completes the proof of the Theorem.
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