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LOGARITHMIC SUMMABILITY OF FOURIER SERIES

G. TKEBUCHAVA

ABSTRACT. A set of regular summations logarithmic methods is introduced.
This set includes Riesz and Norlund logarithmic methods as limit cases. The
application to logarithmic summability of Fourier series of continuous and
integrable functions are given. The kernels of these logarithmic methods for
trigonometric system are estimated.

1. INTRODUCTION

In the literature it is known Riesz and Norlund logarithmic summation methods
(see [H, HR, Z]). Applications of these methods to Fourier analysis are investigated
by many authors (see for example [S, Zh, Y, MS, GG, GT]. We construct the set of
logarithmic summation methods which in particular contains both mentioned meth-
ods. We study the application of these methods to Fourier series. The estimates of
kernels and Lebesgue functions in trigonometric case are obtained. Necessary and
sufficient condition which guarantee such logarithmic summability of Fourier series
for continuous and integrable functions in corresponding metric are established.

2. CONSTRUCTION OF LOGARITHMIC SUMMATION METHODS

For any integers m and n such that 0 < m < n we put

1 m—1 Doz n Di(x
(1) Funl@) = s {; o D)+ 2 k:]:n(J)rl}

sin(k + 3)z

2 D =
(2) k() 2 sin %
is Dirichlet kernel and
m—1 1 n 1
= _ 41 _
(3) {m,n) mek+1+ + Z kE—m+1
k=0 k=m+1
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Here and further we assume that if ¢ < p then Zz,:p dr = 0 for any dj. It is clear
that I(m,n) < In(n + 2). We call

tm,nf = Fm,n * f

the logarithmic means of Fourier series of function f € L![—m, 7].

If we replace in (1) the sequence {D, (z)},-, by arbitrary sequence {S,},~ .
then we define such logarithmic means in general case. It is easy to see that for each
fixed sequence of integers {m,} under condition 0 < m,, < n these means t,,, ,
generate a regular logarithmic summation method. The set of all such methods
in particular includes Riesz (for m,, = 0) and Norland (for m,, = n) logarithmic
methods. In the sequel C,C; denote absolute positive constants.

3. LOGARITHMIC MEANS AND THEIR KERNELS

In following proposition we estimate the kernels 3, .

Theorem 1. There exist positive constants C;, i = 1,2, 0 < C1; < Cy such that for
any integers m and n, 0 < m <n holds

In?(m + 2)

In?(m + 2)
In(n + 2) } .

(4) 01{1-1- n(n+2)

} < ”Fm,n”Ll[—‘n',rr} < CZ {1 +

In particular from Theorem 1 we obtain well-known results.
Corollary 1 (see [GT, Y]). For any n > 0 we have

HFWH'”/”LI[*W,TF] = Cln(n + 2)

||F0,n||L1[—7r,7r] = C.

Theorem 2. The following conditions are equivalent
a) mp, =0 (exp\/lnin) as n — oo.
b) ltmnf — f||C[_W7ﬂ] —0asn—o0 Vfel[-mmn,
&) ltmmf = fllipjogm = 0asn—o00 Vfe L [—m, ).

Theorem 2 is corollary of Theorem 1 because the condition a) is equivalent to
the boundedness of Lebesgue constants for method ¢,,, , what is sufficient and
necessary condition for b) and ¢) (see [HR], Ch. 5.)

We can construct a logarithmic summation method with given possible growth
of logarithmic means. In particular we have

Theorem 3. For any 7(n) € [1,Inn] and m, = [exp{y/7(n)Inn}| a logarithmic
means ty,, n 1 such that

||tmn,nf||0[—7r,‘n'] < CT(n)Hf”C[—ﬂ',ﬂ]'

Another corollaries of Theorem 1 for divergence of Fourier series of continuous
function one can obtain by well-known way using the uniform boundedness principle
(see [E], Ch. 10.3.2.)
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4. PROOF OF THEOREM 1

Proof of Theorem 1. Tt is sufficient to prove the inequality (4) for n > 1. First note
that

m+1 n—m-+1

1 Diyi1-() . Djim—1(x)
Tomn) ;73‘ + D)+ Y =

(5) Fm,n(x) =

Jj=2
and

e ™
6)  |Emnll =2 [/ | Finn ()| d —|—/ |an(x)|dx] = 2(4; + As).
0 1

n+2

Since |Dy(z)| < k+ 1 Vk Vo € [—m, @], then (see(1) , (2), (3) , (6))

(7) A = /“2 | Foo ()] d < 1.
0

Further from (5) we get

1 sin(m+l+%)x"§cosjﬂc

l(m,n) 2sin § = J

Fon(z) =

cos(m—l—l-l—%)x"f;lsinjx

2sin 3 j

=2
. i n—m-+1 .
sin(m — 1+ 5)x Z cos jx

2sin
2 j=2 J

+D1n(x) +

m—+1

cos(m—14+ 1z "
poslm =14 5)7 5

vin L
251n2

sin jx

J

Jj=2

We have for A, the following decomposition

Uy 1 v
p— <
Az /# [ Emn (2)ld < l(m,n) /#

sin(m + 1+ 1)z | |2 ]
( 5) Z cosjz .
= 7

s i 2sin 3
. /7r Cos(ﬂ;f 1;r %)x sin.jx da
s sing |4
T : 1 n—m+1 .
© / sin(m — 1+ 5)2|[F§~ - cosia |,
1 2sin 5 ; J
nt2 =2
™ lcos(m — 1+ D | |" I sin g ™
+/ (—IQ) > P da + / | Dy (2)| da
1 2s8in § : j 1
n+2 j=2 n+2
1
=7 {A2,1 + A2,2 + A273 + A274 + A275} .
l(m,n)

By convention if m = 0 then Ay 1 = Az =0 and if m =n then Ay 3 = Ay 4 = 0.
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Since for N > 1 and—7 < z < 7 we have the estimate ([Z], Ch.5.)
Y sin jz
(10) > =Fi<c
=

then (see (9))

™ |cos(m+1+1 sin jx 1
too= | Z ]d<0/ ‘
(11) 1 2sin § — 2sin 5
< Cln(n+2)
and
™ lcos(m — 1+ L)z | [T
Az g = / M Z sin j dx < C/ ‘ —|dz
(12) 1 sin 5 = J 2sin 5
< Clun(n + 2).
Moreover
T |sin(m+1+ 3 cosg:z: sy
A :/ dx < C / D dx
a3 Sl 2sing X; 25 ), Pt

< Cln(m +2)[[Dipyillprj—mm < Can(m +2).

Now we estimate A 3

™ Isin(m — 1+ Da| " cos jz
Ao o = B S Yo d
2,3 /# QSin% Z J *
n+2 j=2
(14) _ /miz sin(m — 1+ 1)z niﬂ Cos jx d

= 2sin ¢ o j

™ Jsin(m — 14 D] |V cos ja
+/ —2‘. T 2 Z dx—A231+A232.

. sin £ = j

Since (see [Z], Ch.5)

N .
1

S cCims Vee(0n]  YN21
x

= J

then

. cosjx
(15) Zj <SCtln(m+2)  wel——,

j=2
and we obtain the estimates

(16) A27371 S (m + 2)/

n+2

<C+lnl)da:§0+ln(m+2)
x
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and
g 1

(17)  Azse < (C+1In(m+ 2))/ i 2 de < C (ln2(m +2) +1In(m +2)).
= 2

Since

(18) A5 = / | Dy (2)] doz < \|Dm||L1[_7T,,r] < Cln(m+2),

then we have from (9), (11), (12), (13), (14), (16), (17), (18)
In?(m + 2)

Finally (see (6), (7), (19)) we obtain the right estimate of (4).
Now we prove the left side of (4) From (8) it is evident that

+C.

cos(m—1+ 1)z i sin jx
l(m,n)Fm,n(x) = Dm(x) + W Z j
j=2
cos(m + 1+ L)z W sinjo  cos(m + Lzsinz T cos ja
- — > ——+ 22 > —
2sin . 7 2sin 5 . 7
(20) = =
cos(m + )z sing " cos jx s cos jx
_ 27 Z : +Dm(a:)cosxz .
2sin 5 — J — J
j=2 j=2
n—m+1 COS 7T
+ D, (x) cosx Z JT Z By,
j=2 J k=1
By virtue of (10) for all x € [0, §] we obtain the following estimate
C
(21) Bl <= k=123
x
By virtue of estimate (15) we get for = € [ﬁ, 7]
(22) |Br| < Cln(m+2) kE=4,5.
Since for s > 2
i cosjr § 2 sin? %z
B — R B ) T
(23) = = JE+1)(G +2) 2sin® %
L1 sin? 221 () 3
—Dg(x) — = —coszx
s(s—1)2sin® L s 4
then for m > 3
m—1 2 Gl 2 mel
1 sin“ 2=z D, sin® =z
Bs = Dy, (x) cosx Z — - - 22 (x) cos - 22
— j(j + D@ +2) sin®2 m(m+1)  2sin® £
(24) J 5
+ D, () co ! Dypyi1(z) 3D (z) cosx — Dy, () cos? ZB
m(2) cost———Dpy i1 () — = x T — x x = ;-
v m+1 141 4 m m v 6,7
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It is clear that for « € [0, 7] by analogical assertions it follows for j =2,...,5
C
(25) |Be.jl < —-

Since for 0 < k < vm -+ 1 and

cJ in +1) >1 ™ 1 < <7r 1
T m=<z:sinlm+ )z >—=-, —— << ——8u=—
2 2 2m+1 2vm+1

follows 0 < kx < 7 and sinkz > %kx, then we obtain

2k+1.7}

1 sin
Bsa 2 Dy(a)cosz ) —
1<k<v/mF1 k(k+1)(k+2) sin® 5

sin(m + 1)
>0 277
- 2sin § Z
1<k<vmFT

We note that if m = n then By = 0 and if m =n — 1 then By < % Vo € [—m, 7).
For m < n — 1 we have (see (23))

—~

(26)

> —1In(m + 2), € Jm.

| =
81Q

n—m—1 2 j+1

sin x
B; = )cosx 2
T 7:21 j—|—1 (j+2) 2sin®Z
Dy (z)cosz  sin® 2=y
+
(27) (n—m+1)(n—m) 2sin® g
+ Dm(i) [¢0)] szm—n-‘rl(z)

3
— iDm(x) cosx — Dy, (z) cos’ z = Z Bz,

and we obtain the same estimates for Br;, i =2,...,5 as for Bg;,1=2,...,5. We
note also that Bz > 0. Thus for z € J,,, and m big enough we have (see (21-22),
(24-27))

Fn()] > BT D O oy )l 5 ollmt2)
, l(m; n) xT €T xl(m, ’I’L)
It imply that for m big enough

In?(m + 2)
_ > Fon >C—=
[—m,7] _/ ‘ ) (13)|d$ C In (n+2)

(28) [[Eom,

Im

and since for all m and n holds
27
(29) ol ] 2 \ | Fona

then from (28) and (29) follows the left side estimate in (4). O

=1
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