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HERZ-TYPE BESOV SPACES ON LOCALLY COMPACT
VILENKIN GROUPS

CANQIN TANG, QINGGUO LI AND BOLIN MA

Abstract. Let G be a locally compact Vilenkin group. In this paper the
characterizations of the Herz-type Besov space on G are obtained. And some
properties of this space are discussed.

1. Introduction

M. Frazier and B. Jawerth give the characterizations of Besov space on Rn in [3].
For additional results, see [4], the atomic decomposition of Besov spaces on locally
compact Vilenkin groups G is obtained by C.W. Onneweer and Su Weiyi. Xu
([7]) introduced the Herz-type Besov spaces on Rn and give an unified approach for
Herz-type Besov spaces and Triebel–Lizorkin spaces. We can also find the associate
results in [5], [2], [6]. These papers were the motivation for the present paper in
which we consider the characterizations of this Herz-type Space on locally compact
Vilenkin groups G.

Throughout this paper, G will denote a bounded locally compact Vilenkin group,
that is, G is a locally compact Abelian group containing a strictly decreasing se-
quence of compact open subgroups {Gn}∞n=−∞ such that (a) ∪∞n=−∞Gn = G and
∩∞n=−∞Gn = 0; (b) sup{ order (Gn/Gn+1) : n ∈ Z} = B < ∞. We choose Haar
measure dx on G so that |G0| = 1, where |A| denotes the measure of a measurable
subset A of G. Let |Gn| = (mn)−1 for each n ∈ Z. Since 2mn ≤ mn+1 ≤ Bmn for
each n ∈ Z, it follows that

∞∑

n=k

(mn)−α ≤ c(mk)−α

and
k∑

n=−∞
(mn)α ≤ c(mk)α

for any α > 0, k ∈ Z, where c is a constant independent of k. For each n ∈ Z
we choose elements zl,n ∈ G(l ∈ Z+) so that the subsets Gl,n := zl,n + Gn of G
satisfy Gk,n ∩Gl,n = ∅ if k 6= l and ∪∞l=0Gl,n = G; moreover, we choose z0,n so that
G0,n = Gn. We now define the function d : G×G→ R by d(x, y) = 0 if x− y = 0
and d(x, y) = (mn)−1 if x − y ∈ Gn\Gn+1, then d defines a metric on G × G and
the topology on G introduced by this metric is the same as the original topology on
G. For x ∈ G, we set |x| = d(x, 0). Then |x| = (mn)−1 if and only if x ∈ Gn\Gn+1.
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We now briefly recall the definitions of the spaces S(G) of test functions and
S′(G) of distributions; for more details, see [6]. A function φ : G → C belongs
to S(G) if there exist integers k, l, depending on φ, so that suppφ ⊂ Gk and φ is
constant on the cosets of the subgroup Gl of G. And the space of all continuous
functionals on S(G) will denoted by S′(G).

In this paper, the authors characterize the Herz-type homogeneous Besov spaces
K̇α,p

q Ḃs
β(G). In fact, when α = 0, q = p, K̇α,p

q Ḃs
β(G) = Ḃs,p

β (G). then it turns to be
the case which was discussed in [4]. According to the definition of locally compact
Vilenkin groups and its topological structure, we can give the atomic decomposition
of this Herz-type space on Rn.

2. Herz-type Homogeneous and Nonhomogeneous Besov Spaces

We first recall the definitions of the homogeneous ( non-homogeneous) Herz
spaces and Besov spaces on G.

Definition 1. Let α ∈ R, 0 < p, q ≤ ∞.
(a) A measurable function f : G→ R belongs to the homogeneous Herz space if

it satisfies

‖f‖K̇α,p
q (G) =

{ ∞∑

l=−∞
m−αp

l ‖fχGl\Gl+1‖p
Lq(G)

}1/p

<∞,

a modification will be done if p = ∞ or q = ∞ ( That is, if p = ∞, ‖f‖K̇α,∞
q (G) =

supl m
−α
l ‖fχGl\Gl+1‖Lq(G)).

(b) A measurable function f : G → R belongs to the non-homogeneous Herz
space if it satisfies

‖f‖Kα,p
q (G) =

{
‖fχG0‖p

Lq(G) +
−1∑

l=−∞
m−αp

l ‖fχGl\Gl+1‖p
Lq(G)

}1/p

<∞,

a modification will be done if p = ∞ or q = ∞.

Before giving the definition of the Herz-type Besov spaces on G, we give the
notes of a second space of test functions and distributions( [4]). Let

Z(G) = {ψ ∈ S(G) : ψ̂(0) =
∫

G

ψ(t)dt = 0},

and define convergence in Z(G) like in S(G). Let Z ′(G) be the space of linear func-
tionals on Z(G) with convergence in Z ′(G) defined like in S′(G). If % denotes the
set of constant distributions in S′(G) then Z ′(G) can be identified with S′(G)/% in
the sense that (i) for each f ∈ S′(G) its restriction to Z(G) belongs to Z ′(G); (ii)
if f, g ∈ S′(G) and if g = f + c for some constant c ∈ S′(G) then the restrictions
of f and g to Z(G) determine the same element of Z ′(G); (iii) if f̃ ∈ Z ′(G) then
there exists an f ∈ S′(G) so that its restriction to Z(G) equals f̃ , moreover, mod-
ule constants f is determined uniquely by f̃ . We usually disregard the difference
between f̃ ∈ Z ′(G) and a corresponding f ∈ S′(G).

Set χn(x) = χGn\Gn+1(x), ∆n(x) = mnχn(x), ϕn(x) = ∆n(x)−∆n+1(x), and ∗
denote convolution operator. Now we give the definition of the Herz-type homoge-
neous Besov spaces on G.

Definition 2. Let α ∈ R, 0 < p < ∞, 0 < q ≤ ∞. The Besov space Ḃα,p
q (G) is

defined as

Ḃα,p
q (G) = {f ∈ Z ′(G)|‖f‖Ḃα,p

q (G) :=
( ∞∑

n=−∞
(mn)αq‖f ∗ ϕn‖q

p

)1/q

<∞},
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with the usual modification if q = ∞.

Definition 3. Let α, s ∈ R, 0 < p, q, β ≤ ∞. Then

K̇α,p
q Ḃs

β(G) = {f ∈ Z ′(G)|‖f‖K̇α,p
q Ḃs

β(G) := (
∞∑

n=−∞
((mn)s‖f ∗ϕn‖K̇α,p

q
)β)1/β <∞},

with the usual modification if β = ∞ (That is, if β = ∞, ‖f‖K̇α,p
q Ḃs∞(G) =

supn(mn)s‖f ∗ ϕn‖K̇α,p
q

).

Definition 4. Let α, s ∈ R, 0 < p, q, β ≤ ∞. Then

K̇α,p
q Bs

β(G) = {f ∈ Z ′(G)|‖f‖K̇α,p
q Bs

β(G)

:= ‖f ∗∆0‖K̇α,p
q

+ {
∞∑

n=1

((mn)s‖f ∗ ϕn‖K̇α,p
q

)β}1/β <∞},

with the usual modification if β = ∞.

In this section, we first consider the link between the homogeneous and nonho-
mogeneous space. In [4, Theorem 3] it was shown that for the Besov space on G

we have Bs
p,β = Lp ∩ Ḃs

p,β when s > 0 and 1 ≤ p, β ≤ ∞. For Herz-type spaces, we
have similar results.

Theorem 1. Let s > 0 and 1 ≤ β, p, q <∞, Then

K̇α,p
q Bs

β(G) = K̇α,p
q Ḃs

β(G) ∩ K̇α,p
q (G).

Proof. If f ∈ K̇α,p
q Ḃs

β(G) ∩ K̇α,p
q (G), then

∑∞
l=−∞m−αp

l ‖fχl‖p
q ≤ ∞. Since

‖f ∗∆0‖p

K̇α,p
q

=
∞∑

l=−∞
m−αp

l ‖f ∗∆0χl‖p
q ,

and

‖f ∗∆0χl‖p
q = (

∫

Gl\Gl+1

|f ∗∆0(x)|qdx)
p
q

≤ (
∫

G0

(
∫

Gl\Gl+1

|f(x− t)|qdx) 1
q |∆0(t)|dt)p

≤ ‖fχl‖p
q(

∫

G0

|∆0(t)|dt)p

≤ ‖fχl‖p
q ,

therefore, ‖f ∗∆0‖p

K̇α,p
q

≤ ∑∞
l=−∞m−αp

l ‖fχl‖p
q = ‖f‖p

K̇α,p
q

, moreover,

‖f‖K̇α,p
q Bs

β(G) = ‖f ∗∆0‖K̇α,p
q

+ {
∞∑

n=1

((mn)s‖f ∗ ϕn‖K̇α,p
q

)β)}1/β

≤ ‖f‖K̇α,p
q

+ {
∞∑

n=−∞
((mn)s‖f ∗ ϕn‖K̇α,p

q
)β)}1/β

= ‖f‖K̇α,p
q

+ ‖f‖K̇α,p
q Ḃs

β

<∞.

Conversely, take any f ∈ K̇α,p
q Bs

β , since f ∈ S′(G) we have

f = f ∗∆0 +
∞∑

n=1

f ∗ ϕn
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with convergence in S′(G). If 1 ≤ β <∞, using the inequalities of Minkowski and
Hölder, we have

‖
∞∑

n=1

f ∗ ϕn‖K̇α,p
q

≤
∞∑

n=1

(mn)−s(mn)s‖f ∗ ϕn‖K̇α,p
q

= (
∞∑

n=1

(mn)−sβ′)
1

β′ (
∞∑

n=1

(ms
n‖f ∗ ϕn‖K̇α,p

q
)β)

1
β

≤ c‖f‖K̇α,p
q Bs

β
,

here β′ is the conjugate index of β. Thus, we can conclude that f ∈ K̇α,p
q .

Moreover, as the proof of the first part, through the simple calculation, we have
‖f ∗ ϕnχl‖p

q ≤ c‖fχl‖p
q , consequently,

‖f‖β

K̇α,p
q Ḃs

β

= c(
0∑

n=−∞
msβ

n ‖f‖β

K̇α,p
q

+
∞∑

n=1

msβ
n ‖f ∗ ϕn‖β

K̇α,p
q

)

≤ c‖f‖β

K̇α,p
q Bs

β

<∞
This completes the proof of Theorem 1. ¤

In the following, A1 ⊂ A2 always means that the topological space A1 is contin-
uously embedded in the topological space A2.

Using the proposition 2.2.1 in [8] and the embedding properties of Herz space(see
[1]), Theorem 2 is easy to be proved. Here we omit the proof.

Theorem 2. Let −∞ < s <∞, 0 < p, q <∞ and α > − 1
q .

(i) If 0 < β1 ≤ β2 ≤ ∞, then

Kα,p
q Bs

β1
(G) ⊂ Kα,p

q Bs
β2

(G) and K̇α,p
q Bs

β1
(G) ⊂ K̇α,p

q Bs
β2

(G).

(ii) If 0 < β1, β2 ≤ ∞, ε > 0, then

Kα,p
q Bs+ε

β1
(G) ⊂ Kα,p

q Bs
β2

(G) and K̇α,p
q Bs+ε

β1
(G) ⊂ K̇α,p

q Bs
β2

(G).

(iii) If α1 < α2, then Kα2,p
q Bs

β(G) ⊂ Kα1,p
q Bs

β(G).
(iv) If b ≤ c, then Kα,b

q Bs
β(G) ⊂ Kα,c

q Bs
β(G) and K̇α,b

q Bs
β(G) ⊂ K̇α,c

q Bs
β(G).

(v) If q1 ≤ q2, then Kα,p
q2
Bs

β(G) ⊂ Kr,p
q1
Bs

β(G) and K̇α,p
q2
Bs

β(G) ⊂ K̇r,p
q1
Bs

β(G)
where r = α− ( 1

q1
− 1

q2
).

Theorem 3. Let α = 1
p − 1

q , 0 < p ≤ q < ∞, 0 < β ≤ ∞, s ∈ R, then
K̇α,p

q Bs
β(G) ⊂ Bs

p,β(G).

Proof. Let Dj = Gj\Gj+1. Using the Hölder inequality, we have

‖f‖p
Lp(G) =

∞∑

j=−∞

∫

Dj

|f(x)|pdx

≤ C

∞∑

j=−∞
|Dj |1−

p
q

( ∫

Dj

|f(x)|qdx
) p

q

= C

∞∑

j=−∞
m

p
q−1

j

( ∫

Dj

|f(x)|qdx
) p

q

= C

∞∑

j=−∞
m−αp

j

( ∫

Dj

|f(x)|qdx
) p

q

= C‖f‖p

K̇α,p
q (G)

.
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Therefore, K̇α,p
q Bs

β(G) ⊂ Bs
p,β(G). ¤

Theorem 4. Let 0 < p < ∞, 0 < q < ∞, 0 < r ≤ q, 0 < β ≤ ∞, s ∈ R,
and 0 < r < p < ∞, α > 1

r − 1
q , or 0 < p ≤ r < ∞ and α ≥ 1

r − 1
q . Then

Kα,p
q Bs

β(G) ⊂ Bs
r,β(G).

Proof. Suppose D0 = G0, Dj = Gj\Gj+1. By the Hölder inequality, we can obtain

‖f‖r
Lr(G) =

0∑

j=−∞

∫

Dj

|f(x)|pdx

≤ C

0∑

j=−∞
|Dj |1−

r
q

( ∫

Dj

|f(x)|qdx
) r

q

= C

0∑

j=−∞
m

r
q−1

j

( ∫

Dj

|f(x)|qdx
) r

q

If 0 < r < p <∞, α >
1
r
− 1
q
, then

‖f‖r
Lr(G) ≤ C

{
0∑

j=−∞
m−αp

j

( ∫

Dj

|f(x)|qdx
) p

q

}r/p

×
{ 0∑

j=−∞
m

( 1
q− 1

r +α)rp/(p−r)

j

}1−r/p

≤ C

{ 0∑

j=−∞
m−αp

j

( ∫

Dj

|f(x)|qdx
) p

q
}r/p

≤ C‖f‖r
Kα,p

q (G).

We can deduce that mj ≤ m0 = 1 since j ≤ 0, then if 0 < p ≤ r <∞, α ≥ 1
r − 1

q ,
we have

‖f‖r
Lr(G) ≤ C

{
0∑

j=−∞
m

( 1
q− 1

r )p

j

( ∫

Dj

|f(x)|qdx
) p

q

}r/p

≤ C

{
0∑

j=−∞
m−αp

j

( ∫

Dj

|f(x)|qdx
) p

q

}r/p

≤ C‖f‖r
Kα,p

q (G).

Furthermore, Kα,p
q Bs

β(G) ⊂ Bs
r,β(G). ¤

3. Atomic Decomposition of the Herz-type Homogeneous Spaces

The atomic decomposition of the homogeneous Besov space on G were obtained
by Onneweer and Su [4, Theorem 6]. Motivated by their work, we will give the
atomic decomposition of the Herz-type Homogeneous Besov space.

Definition 5. A function a : G→ C is an (s,∞) atom, s ∈ R, if
(i) a is supported on a set z +Gn for some z ∈ G and n ∈ Z,
(ii) |a(x)| ≤ (mn)s,
(iii)

∫
G
a(x)dx = 0.

We have the following result.
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Theorem 5. Let 0 < p, β ≤ ∞, α > − 1
q , s ∈ R. Then the following two facts are

equivalent.
(a) f ∈ K̇α,p

q Ḃs
β(G),

(b) there exist constants λl,j, l ∈ Z+ and j ∈ Z, and (−(s− α) + 1/q,∞) atoms
ai,j with supp al,j ⊂ zl,j +Gj−1 such that

f =
∞∑

j=−∞

∞∑

l=0

λl,jal,j in S′(G)/%

Moreover,

‖λ‖p,β := (
∞∑

j=−∞
(
∞∑

l=0

|λl,j |p)
β
p )1/β ≤ c‖f‖K̇α,p

q Ḃs
β
.

Proof. (a) ⇒ (b) For each f ∈ S′/% we have

f =
∞∑

n=−∞
f ∗ ϕn(x)

=
∞∑

n=−∞
f ∗ ϕn ∗ ϕn(x)

=
∞∑

n=−∞

∞∑

l=0

(mn)−1f ∗ ϕn(zl,n)ϕn(x− zl,n)

=
∞∑

n=−∞

∞∑

l=0

λl,nal,n

where λl,n = (mn−1)(s−α)−1/qf ∗ ϕn(zl,n) and

al,n = (mn−1)−(s−α)+1/qm−1
n ϕn(x− zl,n).

For each al,n we have
(i) supp al,n ⊂ zl,n +Gn−1;
(ii) |al,n(x)| ≤ (mn−1)−(s−α)+1/q;
(iii)

∫
G
al,n(x)dx = 0.

Thus al,n is an (−(s − α) + 1/q,∞) atom on G with support in zl,n + Gn−1.
Moreover, for the λl,n we have

‖λ‖p,β = (
∞∑

n=−∞
(
∞∑

l=0

|(mn−1)(s−α)−1/qf ∗ ϕn(zl,n)|p) β
p )

1
β

≤ c(
∞∑

n=−∞
msβ

n (
∞∑

k=−∞
m−αp

k ‖f ∗ ϕnχk‖p
q)

β
p )

1
β

= c‖f‖K̇α,p
q Ḃs

β
<∞.

This completes the proof of (a).
(b) ⇒ (a) Let al,j be an (−(s−α)+1/q,∞) atom on G with support in zl,j +Gj .

Similar to the proof in [4], we have al,j ∗ϕn = 0 when j ≥ n for each x ∈ G. So we
only consider the case of j < n.

If k + 1 ≤ j, then ‖(al,j ∗ ϕn)χk‖q = 0 since supp al,j ∗ ϕn ⊂ Gj . If k > j, we

have ‖(al,j ∗ ϕn)χk‖q ≤ cm
−(s−α)+ 1

q

j m
− 1

q

k .
In the following, we estimate ‖f‖K̇α,p

q Ḃs
β
. If f =

∑∞
j=−∞

∑∞
l=0 λl,jal,j and

‖λ‖p,β <∞,
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(i) If 0 < p ≤ 1, then for each n ∈ Z,

‖f ∗ ϕn‖p

K̇α,p
q

≤
n−1∑

j=−∞

∞∑

l=0

|λl,j |p‖al,j ∗ ϕn‖p

K̇α,p
q

Therefore, for each β with 0 < β <∞ we have

‖f‖K̇α,p
q Ḃs

β
= {

∞∑
n=−∞

msβ
n (

n−1∑

j=−∞

∞∑

l=0

|λl,j |p‖al,j ∗ ϕn‖p

K̇α,p
q

)
β
p } 1

β

= {
∞∑

n=−∞
msβ

n (
n−1∑

j=−∞

∞∑

l=0

|λl,j |p
∞∑

k=j

m−αp
k ‖al,j ∗ ϕnχk‖p

q)
β
p } 1

β

≤ c{
∞∑

n=−∞
msβ

n (
n−1∑

j=−∞

∞∑

l=0

|λl,j |pm−sp
j )

β
p } 1

β

since α+ 1/q > 0.
If 0 < β ≤ p, so that 0 < β/p ≤ 1, then

‖f‖K̇α,p
q Ḃs

β
≤ c{

∞∑
n=−∞

msβ
n

n−1∑

j=−∞
m−sβ

j (
∞∑

l=0

|λl,j |p)
β
p } 1

β

≤ c‖λ‖p,β <∞
here s < 0.

If p < β <∞, let r = β
p . Using the Hölder inequality, we can obtain

‖f‖K̇α,p
q Ḃs

β
≤ c{

∞∑
n=−∞

msβ
n (

n−1∑

j=−∞

∞∑

l=0

|λl,j |pm−sp
j )

β
p } 1

β

≤ c{
∞∑

n=−∞
msβ

n (
n−1∑

j=−∞
m−sp

j )
r
r′

n−1∑

j=−∞
m−sp

j (
∞∑

l=0

|λl,j |p)
β
p } 1

β

≤ c{
∞∑

n=−∞
msp

n−1

n−1∑

j=−∞
m−sp

j (
∞∑

l=0

|λl,j |p)
β
p } 1

β

≤ c‖λ‖p,β <∞.

Here r′ is the conjugate index of r.
If β = ∞, since s < 0 and

‖f‖K̇α,p
q Ḃs

β
= sup

n
ms

n‖f ∗ ϕn‖K̇α,p
q

≤ sup
n
ms

n(
n−1∑

j=−∞

∞∑

l=0

|λl,j |pm−sp
j )

1
p

moreover,
n−1∑

j=−∞
m−sp

j

∞∑

l=0

|λl,j |p ≤ sup
j

(
∞∑

l=0

|λl,j |p)
n−1∑

j=−∞
m−sp

j

≤ cm−sp
n sup

j
(
∞∑

l=0

|λl,j |p).

Hence,

‖f‖K̇α,p
q Ḃs

β
≤ c sup

n
ms

nm
−s
n sup

j
(
∞∑

l=0

|λl,j |p)1/p = c‖λ‖p,β <∞.
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(ii) If 1 < p <∞, similar to the proof of Theorem 6 in [4], for each n ∈ Z, x ∈ G
and τ with 0 < τ < 1, we have

‖f ∗ ϕn‖K̇α,p
q

≤ c‖
n−1∑

j=−∞
(
∞∑

l=0

(|λl,j ||al,j ∗ ϕn(x)|τ )p)1/pm
[−(s−α)+ 1

q ](1−τ)

j ‖K̇α,p
q

≤ c

n−1∑

j=−∞
m

[−(s−α)+ 1
q ](1−τ)

j ‖(
∞∑

l=0

(|λl,j ||al,j ∗ ϕn(x)|τ )p)1/p‖K̇α,p
q

≤ c

n−1∑

j=−∞
m

[−(s−α)+ 1
q ](1−τ)

j (
∞∑

k=j

m−αp
k m

[−(s−α)+ 1
q ]τp

j m
− p

q

k )
1
p (

∞∑

l=0

|λl,j |p)
1
p

≤ c

n−1∑

j=−∞
m−s

j (
∞∑

l=0

|λl,j |p)
1
p .

Consequently,

‖f‖K̇α,p
q Ḃs

β
≤ c(

∞∑
n=−∞

msβ
n

n−1∑

j=−∞
m−sβ

j (
∞∑

l=0

|λl,j |p)
β
p )

1
β

≤ c(
∞∑

j=−∞
m−sβ

j (
∞∑

l=0

|λl,j |p)
β
p )

∞∑

n=j+1

msβ
n )

1
β

≤ c‖λ‖p,β .

(iii) If p = ∞, the proof is simpler. Here we omit it. ¤
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