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ON A TEST FOR CODES

J. FALUCSKAI

ABSTRACT. Sets of codewords can be represented by finite automata (FAs)
and every FA can be represented by connection matrices or regular expressions.
Our goal is to find similar systems like that and to solve one of the systems’s
problems in another system. Having a set of codewords we have to decide
whether there are two or more sequences of codewords which form the same
chain of characters of codewords. We have developed an algorithm that solves
this problem by using finite automata and their deterministic finite automata.

1. DEFINITIONS FOR CODE

Let A be a set, which we call an alphabet. A word w on the alphabet A is a finite
sequence of elements of A

w = (a1,az,...,a,), a; €A

The set of all words on the alphabet A is denoted by A*. A* is equipped with
an associative operation defined by the concatenation of two sequences

(al,ag, c. ,an)(bhbg, ‘e ,bm) = (al,ag, N ,an,bl,bQ, e ,bm).
The associativity allows us to write
w=a1a...0an

instead of w = (a1, as,...,a,), by identifying each element a € A with the sequence
(a). An element a € A is called a letter. The empty sequence is called the empty
word and is denoted by e. It is the neutral element for concatenation. The set of
nonempty words on A is denoted by A¥.

A code C over A is a subset of AT. The words of C' are called code words, the
elements of C* are messages. A code C is said to be uniquely decipherable (UD) if
each message has an unique factorization into codewords, i.e. the equality

L122 -+ Tp = Y1Y2 - Ym,

T1,%25 oy Ty Y1, Y25+ - -, Ym € C, implies n =m and 1 = y1,...,Tp = Yn-

2. AN ALGORITHM FOR UNIQUELY DECIPHERABLE CODES

Our algorithm is based on the automaton theory. This subject was reviewed in
[2], [4], [1], [6], but our approach is different from their aspect. We construct an
automaton for the code over A by union of automata of codewords. If codeword
W = x1%2...%, then automaton A(w) of w is A(w) = (q;, Q¢ Q, A, ) where ¢; is
the initial state of A(w) and Q; is the set of terminal states. @ is the set of states
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and Q: = {¢:}; ¢ € Q. card(Q) = length(w) since the rules of automaton A(w)
are the following;:

6((17;71'1) = qﬂfl

6(‘11171'2) = Qxias
6(Q:c1x2..43:n,zamn—1) = Qrizo..Tp_2Tp_1
6(Qm112...mn,_1;xn) = 4

thus A(w) can recognize w*. Figure 1 shows the automaton of the codeword 0100.
0

m®

FIGURE 1. Automaton .4(0100)

If wy is a prefix part of wy then their automata will have common states, more
exactly Q"* C QW2. This property occurs in figure 2.

FIGURE 2. Automaton .A4(010011)

Furthermore ¢;"* = ¢;"* (so Q}"* = @Q}"*) and A¥* = A"2. Since w; is prefix part
of wsy, we can use notation

W1 = X1X2...Tp; Wy = T1T2 ... TpnTp41---Tm
For rules we get

A(wr) A(ws)
0(qi, 1) = Qu, 6(gi, 1) = qa
5((]11,1'2) = Gz zs 5(Q$1’x2) = Qxizo
6(%61362...967,,,2, Tpo1) = ey Th_2Tn_1 5((]7511'2'--“%72’%"—1) = Gzzs..xp_2wn
5(q1112...mn_1;xn) q; 5(qx1x2---xn—17l’n) Qr12o...Tp_1Tn
5(Qw1w2...xm,27$m—1) = Qrixo..xpm—2Tm_1
5(q;81$2...$m—1 ’ l'm) = {;
Consequently
(0 \ {0(qzr20..2, 1> Tm) = qi}) C 62,
thus
SW1 Wz = Wz {(5((]9;11,2”_11”_17;57”) = Qi}o
Let

A(wi, we) = (¢i, Qe = {q:},Q = Q" UQ™, A, 6 = 6" UG"?).
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Since

6(Qw1x2...wn,17xn) = ¢ € oM

5(Qm1x2...xn,17xn) = Yrizg..xp_1zn € ave,
thus A(wi,wz) is non deterministic because the left sides of the rules are equal.
A(wq, ws) accepts {wy,ws}*. Considering the not uniquely decipherable strings, we
receive that some codewords of different factoring are prefix, namely if uy ... u, =
w1 ... Wy, then for all

i <j w;=w; holds, but u; # w; where 1 < j < min{n, m}.

If we join the automata of codewords, then we get the automaton A(ws,...,w,)
of code C = {wy,...,wy}. We can use notation A(C), too. So

AC) = (g:, Qe ={q:},Q=Q" U---UQ", A, 0 =6 U--- U "),
Obviously A(C) accepts C*. An automaton is non deterministic if there is more

then one rule for the same pair of state and symbol.

Theorem 1. If the automaton A(C) is deterministic, then the code is uniquely
decipherable.

Proof. If the automaton of the code is deterministic, then the code is prefix (free).
The prefix codes are uniquely decipherable. O

Remark 1. There are non prefix codes which are uniquely decipherable, for example
C; = {0100,010011}. Hence if the automaton A(C) is non deterministic, then the
code could be uniquely decipherable. We demonstrate the graphical presentation
of A(C}) in Figure 3.

FIGURE 3. Automaton .4(0100,010011)

The automaton is nondeterministic by reason of
6(g010,0) = ¢
4(g010,0) 40100,

but the code is uniquely decipherable. Of course there exist non uniquely decipher-
able codes with non deterministic automaton, too.

We show a stricter condition of non uniquely decipherability than Theorem 1.
The construction is based on the well known relationship between deterministic and
non deterministic automata. For every non deterministic automaton A there exists
an equivalent deterministic automaton Ap.

If a string S is decipherable on code C then A(C') accepts S, namely A(C) reads
it and stays in ¢; state. If S is not uniquely decipherable then we can follow different
paths during reading. We join these different paths by the equivalent deterministic
automaton. Formally

Wiy Wip

r1...2T

wi,

11)7‘,1
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(S(Qi,.f]) = {z

6(Qw1 P xQ) = Gzqizy
5(q‘r1w2...a¢|“,il‘_17m\wi1\) = {QIle...a:‘wilpqi}
5({(1:81;82..43?‘,,1,1,1‘7Qi}7z|’wil‘+1) = {qxlxi’mx\wilHl’qw\wilHl}
5({(]”15’32'“3’\’%1\*1’qx\’wl'l\+1"'$ij1|*1}’x|wh‘) = {q“qx\’whHl'“xlell}
5({Qx|wjn‘+1...x‘s|,laq$|wim‘+1..ix‘s|,1}7x\S|) = {QHqZ} = qZ

Thus two (or more) factorizations of a string will end by using two (or more) rules
with right side g;.

Theorem 2. A code is uniquely decipherable if and only if at the most one state
is equal to q; in right side of any rule of Ap(C) , namely for all

5({q1177q1n}’x) = {QJ1?7Q]m} € AD(C) :E l’k 45 =45, = qi
Proof. The proof is indirect. If there exists
5({‘17117 s 7Qin}7x) = {qu' . "qjm} € AD(C) = lvk ‘45 = 45, = 4

then there is a string with at least two different factorizations which is accepted by
the automaton. Consequently the code is not uniquely decipherable. O

Ezample 1. Let C' = {010, 1101, 10, 11}. Thus we get .A(010, 1101, 10, 11) in
Figure 4. (¢; = S). Let us construct Ap (010, 1101, 10, 11). The result is given in
Figure 5. We can see that

({B,C},0) ={S,5} = {S}

so the code is not uniquely decipherable.

FIGURE 4. Automaton .4(010, 1101, 10, 11)



(1]
(2]
(3]

(4]
(5]

[6]

ON A TEST FOR CODES 125

FIGURE 5. Automaton Ap(010, 1101, 10, 11)
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