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ON A MULTIPLIER OF THE PROGRESSIVE MEANS AND
CONVEX MAPS OF THE UNIT DISC

ZIAD S. ALI

ABSTRACT. In this paper we are concerned with a multiplier @w(n) of the
Progressive means, and convex maps of the unit disc. With this concern we
would have brought up in a rather unified approach the results of G. Pdlya
and I. J. Schoenberg in [7], T. Baggoze, J. L. Frank, and F. R. Keogh
n [3], and Ziad S. Ali in [1]. More theorems on the properties of the multi-
plier @(n) are given, and a key lemma showing combinatorial trigonometric
identities whose offsprings are: Several combinatorial, and combinatorial
trigonometric identities, and a new method for generating the Chebyshev’s
polynomials. Finally we present a different form of @(n) as well as relating
@(n) to the subordination principle.

1. INTRODUCTION

Let Z uy be a given series, and let {5,,}° denote the sequence of its partial
=0
sums. Let {qn}&° be a sequence of real numbers with ¢o > 0, and ¢, > 0 for

all n > 0, and let Q,, = E qr- By G. H. Hardy [6] the sequence-to-sequence
k=0
transformation

1 n
" k=0

is called the Norlund means of {S,}5°, and is denoted by (N, ¢,).
The (N, g,) is regular if and only if ¢, = 0o(@,,) as n — oo; furthermore, the
sequence-to-sequence transformation

_ 1 <&
T, = 0. ZQkSk
" k=0
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is called the progressive means of {S,}°, and is denoted by (N,q,). The
(N, q,) is regular if and only if Q, — oo as n — oco. By Peter L. Duren [4] a
function f analytic in a domain D is said to be simple, schlicht, or univalent
if f is one-to-one mapping of D onto another domain. A domain E of the
complex plane is said to be convex if and only if the line segment joining any
two points of F lies entirely in E. A function f which is analytic, univalent in
the unit disc D = {z : z < 1}, and is normalized by f(0) = f(0) — 1 =0is
said to belong to the class S. Now f € S is said to belong to the class K if
and only if it is a conformal mapping of the unit disc D = {z: z < 1} onto a
convex domain. An analytic function g is said to be subordinate to an analytic
function f (written g < f) if

9(z) = f(w(2)) |z <1
for some analytic function w with |w(2)| < |z|. It is known by the Koebe-One-
Quarter theorem that the range of every function of the class S contains the
disc {w : Jw| < 1}, i.e. 2z < f. The strengthened version of the Koebe-One-
Quarter theorem says that the range of every convex functionf € K contains
the disc |w| < 3, i.e. 1z < f. The Chebychev’s polynomials of the first kind
T, (z), and of the second kind U, (z) are respectively defined by:
sin(n + 1)6

- T = cosf.
sin 6

T, (z) = cosnb, Up(x) =

2. MEANS CONNECTED WITH POWER SERIES

Suppose that f(z) = > a2" is regular for |z| < 1. Let
k=0

e Su(z, f) = aiz* be the sequence of partial sums of f,

k=0
e 0,(z f)= n%rl > Sk(z, f) be the Cesaro means or (C, 1) means of f,
k=0
e T.(z, f) & > @n_rSk(z, f) be the Norlund means of f,
k=0
o T(z,f) = & > qeSk(z, f) be the Progressive means of f,
k=0

o V.(z,f) = (an) > (n%:‘k)akzk be the de la Vallee Poussin means of f.

3. KNOWN RESULTS

In [7] G. Pélya and I. J. Schoenberg proved the following theorem, and
corollary:

Theorem 3.1. For f(z) € K, it is necessary and sufficient that V,,(z, f) € K
form=1,2....

Corollary 3.2. For f(z) € K, Vo (2, f) < f form=1,2,....
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In [3] T. Baggoze, J. L. Frank, and F. R. Keogh proved the following theorem:

Theorem 3.3. (1) Suppose that the values taken by f(z) for z in D lie in
a convex domain D,,. Then the values taken by o, (z, f) also lie in D,
for all n, and all z in D.
(ii) Conversely, suppose that the values taken by o,(z, f) lie in a convex
domain D,,; then the values taken by f(z) lie in D,, for all z in D.

In [1] Ziad S. Ali proved the following theorems:

Theorem 3.4. (i) Let (N, gn,) be a regular Norlund transformation such
that {gn}o is a non-decreasing sequence of positive numbers. Suppose
that the values taken by f(z), for z in D, lie in a conver domain
Dy, ,then the values taken by T,(z, f), also lie in D,, for all n, and
all z in D.

(ii) Conversely, suppose that the values taken by T,(z, f) lie in a convex
domain D,,; then the values taken by f(z) lie in D,, for all z in D.

Theorem 3.5. (i) Let (N,qn) be a reqular Progressive transformation
such that {qn}gO is a non-increasing sequence of positive numbers. Sup-
pose that the values taken by f(z), for z in D, lie in a convex domain
D,,,then the values taken by T,(z, f), also lie in D,, for all n, and all
zan D.

(ii) Conversely, suppose that the values taken by T,(z, f) lie in a convex
domain D,,; then the values taken by f(z) lie in D,, for all z in D.

In [2] Ziad S. Ali proved the following theorem:

Theorem 3.6. (i) Let f(2) = . arz®, (1 = 1) be regular in the unit disc
k=1

|z| < 1.
(ii) Let T,, be a transformation of the Norlund type. Let
i " (2n—2r+1) (2n
Q=>4 :Zm(r)%,
r=0 =0
and
—2 ko yn
w(n) = == (1)@,
n k=1
then ﬁTn(z, f) € K if and only if f € K.
4. THE MAIN THEOREMS

In this section we prove the following theorems:
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Theorem 4.1. (i) Let f(2) = > apz*, (ay = 1) be regular in the unit
k=1

disc |z| < 1, and let Ty,(2, f) = Qi > qeSk(z, f) be a transformation of
" k=0
the progressive type.
(ii) Let
n—k n
Quor=Qi = ¢ and Q, =Qn=> g},
r=0 r=0

o= {7((222?111)’ (g ifr=0,1,....(n—k),

qr_, ifr=m—-k)+1L,(n—k)+2,...,n—1,n.
(iii) Let
— —2 - n n
n k=1
then $Tn(z, f) € K if and only if f € K.

Proof. We begin first by noting that:

L e f) = !

. N @Sz, f)
3 (DM@ - ) i

@(n)

33

expanding > ¢ Sk(z, f), we can easily see:

k=1
1 — 1 - n n k
MTn(Za f) = n Z(Qn - Qk—1)ak2’ .
—2 kZl(—l)’“(QZ —Qp_y) k=1
Since
Qn = Qi) T (An—ryt1 T Anrys2) + + @1 + @), and
Qr1 =G T o+ + ¢ T4
Hence
1 —
—Tn<z7 f) =

Equivalently we have:

1
an(z, f)=
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kZ( (G oy TG T @) (G g g ) arzt

=1
—23 (- )(Q(nk (@ oy + @ g = (G g+ )

el

Since ¢ =¢q_, forr=n—(k—1),n—(k—2),...(n—1),n, it follows easily
that:

(Grpty Oy Tt + @) — (G H G+ + ¢ +q7) =0.

Hence

1 — 1
an(Za f)=—= > Qhyarz
-2 (=1)k gy #=1
k=1
Now we can easily show that
n—~k n—k

0 0 (2n—2r+1)/2n\ [ 2n
n—~k ;qr ZO (2TL—T‘+1) r qo = _k qo0

Hence

Finally we can show that for n odd we have:

o é(—l)k(ﬁk) _ i(—l)k(zk”) (3,

and for n even we have:

9 g(_1)’f(n2_nk) = _:2;(_1)’“(25) " (2:) '

Now since:

It follows that

1 1 [ 2n F_ (s
S = 2 (o = et

which are the de la Vallee Poussin means of f, and the theorem follows by
G. Pélya and 1. J. Schoenberg [7]. O

Theorem 4.2. (i) Suppose that f(z) = >_ apz" is regular for |z| < 1, and
k=0
suppose that T, are the Progressive means.
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(i) Let QF =n+1, and let

n

5—3 S (=DRQ - Q) n is odd
" k=1
w(n) =
é—z kil(—l)k(Qﬁ — Q% )+ 1n is even,
then
1 —
—T.(z,f) € K ifand onlyif f € K.
w(n)

Proof. Clearly Q' — QF_, = n — k + 1. Considering two separate cases for n
even, and n odd we can easily see that

=23 (=D*(n—-k+1) n is odd

El
—

n+1=
=23 (=1)*(n—k+1)+1nis even.
k=1

Accordingly for any n we have:

which are the Cesaro means of f, and the result follows by T. Basgoze,
J. L. Frank, and F. R. Keogh [3]. O

Theorem 4.3. (i) Let f(z) = Y. arz® be regular in the unit disc D = {z :

k=0
|z| < 1}.

(ii) Let T,(z, f) be a reqular Progressive type transformation defined by
a non-increasing sequence {ql'},—1 of positive real numbers such that

Yo @t = > ¢, wherei is a non-negative integer then:
icodd iceven

1
w(n)

T.(z, f) € K if and only if f € K.

Proof. For n odd integer, say n = 2s + 1 we have:

n 2s5+1
—2) (—)H@p - QFy) = -2 (—DHQ3T - Q¥
=1 =1

S n

==2(=) gi)=2> q. i=135. ...

t=0 icodd
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Similarly for n = 2s we have:

i=1
Zq2t+1 QZQZ‘, i=1,3,5....

icodd
Therefore,
n i1 zeodd iceven
Accordingly the result follows by Ziad S. Ali [ . O

5. THEOREMS ON w(n)

In this section we see more of the properties of w(n) through the following
theorems.

Theorem 5.1. Let {¢"}"_, be a sequence of positive real numbers, then
w(n) =1 if and only if Z qr = Z qr.
reodd reeven

Proof. Let @W(n) = 1, then

—QZ QY=Qr 2> a=|Dd g+ > 4

reodd reodd reeven

Now assume Y. ¢'= Y, ¢, then

reodd reeven

n

w(ﬂ)Z& @+ D> q| =1 O

reeven TEOdd

Theorem 5.1 can be used as a tool to generate or prove new Combinatorial
identities as seen by the following theorems:

Theorem 5.2. Let ¢" = ("), then

n

Yogi= > ¢, and —2n112 ( 1())

reodd reeven r=1 7=0

Proof. With ¢ = (Z), we have:

) =~ (iew@z— w) =)z ()=

r
reodd reeven
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Accordingly by theorem 5.1 we have the following combinatorial identity:

n r—1

o oy (2” -y (’;)) .,

r=1 7=0

The above newly generated combinatorial identity is implicitly saying for ex-
ample when n is even: The sum of all combinations of n elements taken r at

a time with r = 1,3,5,... is 2" L. 0
Theorem 5.3. Let q = %(?)qo, and Q) = Zoqf. Then we have:

> =) 0

reodd reeven
Proof. With ¢ = 22”;72717:11 (QT”) Jo, we can show:

—2 [ <& 2 = 2 —2r+1/2n
— _- _ - _1 T n __ n - = - = =
r=1 reodd
2 z”: 2n—2r+1<2n)_1
Qz reeven 27’L -r + 1 r

Now we may apply theorem 5.1. Moreover for n even we have:

n__

n
2

" m—2r+1/2n omn . om 1/2n
S G ()= G -2 67) =3 ()

reeven r=0
iQn—ZrJrl 2n _%Z_l 2n _Z_l 2n\ 1(2n
m—r+1\r/) 2r 41 2r) 2\ n )’
reodd r=0 r=0
For n € odd we have:
n—1 n—3
Z 2n—2r+1/2n _i 2n 2 2n _1 2n
n—r+1\r) 2r 2r+1) 2\ n
reeven r=0 r=0
n—1 n—1
ZQn—Qr—l—l(Qn)_i( on )_ 2 (271)_1(271)
oo 2—r+1 T — 2r +1 — 2r 2\ n
This completes the proof of theorem 5.3. OJ

We note from theorem 5.3. above that for n even

I3

n n
2

SE)-EC) () B

r=0 r=0
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For n odd we can show

n

i (ZZ) — -2

r=0
Accordingly for any n we have:

(3]

Z 277, :22n—2+1+<_1) 277,—1 ’ nle
2r 2 n

r=0

which is identity 1.92 of Henry W. Gould [5]. Similarly for n even we have

from theorem 5.3:
n_q
2

Z 2n _ 922
2r +1 )

r=0
Now for n odd we have:

n—1 n—1

2 omn < [/2n om —1 om — 1
— :22n72 )
S (o) =2 ) () = ()

Accordingly for any n we have:

(%3]

22: M\ _yms, 1= (21" (=1
2r 4+ 1 2 n ’

r=0
which is identity 1.98 of Henry W. Gould [5].

Theorem 5.4. Forn > 1 we have:

(5 ()£

r=1

Proof. Follows by theorem 5.1 and noting that for n > 1 we have:

n n
2n 2n
E r? ( = g r? . ]
n—r n-—r
reodd reeven
r>1 r>2

6. A KEY LEMMA
In this section we have the following lemma:

Lemma 6.1. For 1 <r <mn, and 0 real we have:

(i) i( 2n ) (cosrf + (—1)""") = 2" (1 + cos )",

n—r

(i) zn:(—w <n2_”r) cos Tl + % (27:‘) — 2" 1(1 — cos )"



98 ZIAD S. ALI

Proof. (i) Using induction on n, and by repeated application of the recurrence

formula
n—+1 _(n n n
r+1) \r r+1)’

the above lemma follows.Note now that the proof of the lemma also follows by
noting that:

0 1 /2n 1 < /2n
2n _
cos™ o = oy ( i ) + Jon 1 ;0 ( . ) cos(n — 1)@,

S () =500,

r=1

and where

Furthermore note that the above lemma also follows from the following:

2n
_ _ 2n 0
] inf 1 —i0)2n ) — e 22n 2n 7
Re (e (1+e) = ;:0 . cos(n — r)f = 27" cos 5

We can also see that

n 2n
2n 1 2n 1/2n
; (T)cos(n—'r’)ﬁ— 5;(T)COS<H_T>9+§<71)'
Now with k& = n — r it follows that

- 2n 1/2n 0
- — 221171 2n 7 )
E (n—k:)COSk9+2(n) coS 5

k=1

Accordingly

—1 n—r

and the lemma follows again.
(ii) Follows since

(efme(l _ 6i«9)2n) — 22n Sin2n

This completes the proof of lemma 6.1. U
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Remark 1. From above we have for m = 2n
i 0
Z " COS(T —7r)f =2"cos™ ~ - 1.
r 2 2
r=0
Accordingly we have:
7;0 (T) cosrl = 2™ cos %9 cos™ g
7;) (T) sinrf = 2™ sin %9 cos™ g )

For any m the above two combinatorial identities which are 1.26, and 1.27
in the list of identities of Henry W. Gould [5] follow by considering (1 + ¢%)™.

Remark 2. Similarly for m = 2n we have:

then we have:

& mo
—1y = (—1)%2™sin™ - cos 2
2 (—1) (T) cosrf) = (—1) sin™ o cos
Z(—l)r (m) sinrf = (—1)% 2™ sin™ 4 sin mf :
— r 2 2

For any m the above two combinatorial identities which are 1.28, and 1.29 of
the identities of Henry W. Gould [5] follow by considering (1 — ¢)™. Now for
6 =0 in lemma 6.1(i) we can show the following:

EZ: (2:) _ gt (an— 1)
> () = ()
B0

which are 1.85, 1.86, and 1.83 of Henry W. Gould [5].
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Corollary 6.2. For 0 € real, and r < n we have the following combinatorial
trigonometric identities:

- 2n 0 0 1/2n
— 22n72 2n 7 i2n 70—
g <n B 7’) cosrfd (cos 5 + sin ) 5\ 0

reeven

“ 2 0 0
Z " cosrf = 22772 [ cog?” — —sin?" = | .
n—r 2 2

reodd

Proof. Follows from lemma 6.1. U

Corollary 6.3. For r < n we have:

n n—1
2 —1

g < n)r-sinr0:n2”_1sin0- E (n )COSTH , n>1
n—r r

reodd reeven
r>1 r>0

n n—1
2 -1

E < " )T-sinr0:n2"_15in0- E (n )COSTH , n>1.
n—r r

reeven TEOdd
r>1 r>1
Proof. Follows from lemma 6.1. O
Corollary 6.4. Forn > 2 we have:
u 2
Z < " )T2-005r9
n—r
rEOdd
r>1
2 -2 2 /p—2
= ‘2n—1( — in2 . B . r o r+1 )
n (1 nsm@) Z( . )COSQ+Z<T )COS 0
”Egﬁld rerezvoen

u 2
Z ( " )r2-005r9
n—r

reeven
r>2

n—2 n—2
:n'2n71<(1_”5in2‘9)' >, <n;2>-cos’“9—|— > <n;2>cos’“+19).

reeven reodd
r20 r>1

Proof. Follows from lemma 6.1. U
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Corollary 6.5. For 0 < r <n we have:

/2

E 7’( n) =n .22t
r

r=0

zn:'r’Q (2”) . 02n2 4 20201 0 <2” - 1) .
r n

r=0
Proof. Since from lemma 6.1 we have:
- 2
27’2( n):n-22”2.
— n—r

Furthermore since we can also show that

zn:’r’ 2n _n 2n
— \n+r - 2\n /)’

the corollary follows. O

7. GENERATING THE CHEBYSHEV’S POLYNOMIALS

Using lemma 6.1(i), then by the definition of the Chebyshev’s polynomials
of the first kind T, (x), we see that T, (z) satisfies the following formula:

n—r

zn: ( " ) (Tr(x) + (_1)r+1) =2""Hx+1)", z=cosd.

r=1

Now by letting r = 1,7 = 2,r = 3,... etc. we can respectively obtain
Ti(z) =z, Ty(x) = 22° — 1, Ty(z) = 42° — 3, . ..

hence generating the Chebyshev’s polynomials of the first kind of degrees
1,2,3,... etc. We can similarly see that U, (z), the Chebyshev’s polynomials
of the second kind satisfy:

"/ 2
Z( n ) v Up_1(z) :n-2"’1(:c+1)"71, r = cosd.
~\n—r

Again now for r = 1,7 =2,r = 3,... etc. we can respectively obtain
U(x) =1, U(z) =2z, Uy(x)=42*—-1,...,

and hence generating the Chebyshev’s polynomials of the second kind of de-
grees 0,1,2,... etc.
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8. AN APPLICATION ON PROBABILITIES

Using lemma 6.1(i), we can show that the probability of n successes in 2n
trials of a symmetric binomial distribution is given by:

) )y (et L

r=0

ey 250

n _ 2n
(3) oo —%/0 cos™" tdt
n G) _1-3-5---(2n-1)
22n 2-4-6---2n

9. A DIFFERENT FORM OF W(n)

A different form of w(n) is presented in this section, and this is seen by the
following;:

Theorem 9.1. (i) Let f(z) = > ex 2% (e1 = 1) be regular in the unit disc
k=1
|z| < 1.
(i) Let

n—=k n
Qnr=Qny=> ¢ and Qn=0Qp=> qi,
r=0 r=0

(2n—2r+1) (2n o
(2n—r+1) (r)qor_o’l""7(n_k)7
4 =
qr_, r=m—-k)+1,(n—k)+2,...,n—1,n.
(iii) Let T,, be the Progressive means. With z = pe® let

n

Wn(n,0) = 52min Re. Y. (QF—Qr_,) - 2", then

n [z|<1 r=1

L )Tn(z, f) € K if and only if f € K.

wWm (n,0
Proof. u(p,0) = > (nsz) p* cos k6 is harmonic in
k=1

Pu 1 0%u  10u
D=A{z:]z| <1 u=—=+=—+-—=0.
{z:lzl <1} as Vu R YT
Furthermore u is continuous on D : {2 : |2| < 1}. Accordingly by the minimum
principle for harmonic functions v attains its minimum on the boundary of D.
Now the proof of theorem 9.1 follows from lemma 6.1(i), and theorem 4.1.
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Note that from lemma 6.1(i), or — ) (nQ_"k)ksin k6 guarantees a minimum at
k=1
0 =mel0,2n]. O

10. THE SUBORDINATION PRINCIPLE AND W,,(n, )

In this section we relate w(n) to the subordination principle by the following
theorem.

Theorem 10.1. (i) Let K denote the class of “Schlicht” power series
which map |z| < 1 onto some convex domain, and let f € K.
(ii) Let

n—k n
Quor=Qi = ¢ and Q, =Qn=> g,
r=0 r=0

((2227_2::11)) (2:) @or=0,1,..., (n — k),

4, =
qr_. r=mn-k+1Ln—-Fk+2,...,n—1,n.

(iii) Let T, be a transformation of the Progressive type. With z = pe', let

n

Wn(n,0) = 52min Re. Y. (Q" —Qr_,) - 2", then

n |zl<1 =1

wm(ln,g)Tn@'v f) <[

Proof. Follows from the proof of 9.1, and corollary 3.2 of G. Pdélya and
I. J. Schoenberg [7]. Note that

1

— 1
mT1<va):§Z<fa

which is the strengthened version of the Koebe-One-Quarter theorem, and

1 —_— 2 as o

mTQ(z’f):§Z+EZ =Va(z, f) < f. O
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