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ON RIESZ ALMOST LACUNARY CESÀRO [C, 1, 1, 1]
STATISTICAL CONVERGENCE IN PROBABILISTIC SPACE

OF χ3∆
f

SHYAMAL DEBNATH AND N. SUBRAMANIAN

Abstract. In this paper we study the concept of almost lacunary statis-
tical Cesàro of χ3 over probabilistic space P is defined by Musielak Orlicz
function. Since the study of convergence in Probabilistic space P is fun-
damental to probabilistic functional analysis, we feel that the concept of
almost lacunary statistical Cesàro of χ3 over probabilistic space P is de-
fined by Musielak in a probabilistic space P would provide a more general
framework for the subject.

1. Introduction

A triple sequence (real or complex) can be defined as a function x : N ×
N × N → R (C) , where N,R and C denote the set of natural numbers, real
numbers and complex numbers respectively. The different types of notions
of triple sequence was introduced and investigated at the initial by Sahiner et
al. [10, 11], Esi et al. [1, 2, 3], Datta et al. [4], Subramanian et al. [12], Debnath
et al. [5] and many others.

A triple sequence x = (xmnk) is said to be triple analytic if

sup
m,n,k

|xmnk|
1

m+n+k <∞.

The space of all triple analytic sequences are usually denoted by Λ3. A triple
sequence x = (xmnk) is called triple entire sequence if

|xmnk|
1

m+n+k → 0 as m,n, k →∞.
The space of all triple entire sequences are usually denoted by Γ3. The space
Λ3 and Γ3 is a metric space with the metric

(1.1) d(x, y) = sup
m,n,k

{
|xmnk − ymnk|

1
m+n+k : m,n, k : 1, 2, 3, . . .

}
,
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for all x = {xmnk} and y = {ymnk} inΓ3.
A complex sequence, whose kth term xk is denoted by {xk} or simply x. Let

w be the set of all sequences x = (xk) and φ be the set of all finite sequences.
Let `∞, c, c0 be the sequence spaces of bounded,convergent and null sequences
x = (xk) respectively. In respect of `∞, c, c0 we have ‖x‖ = supk |xk| , where
x = (xk) ∈ c0 ⊂ c ⊂ `∞.

The notion of difference sequence spaces (for single sequences) was intro-
duced by Kizmaz [6] as follows

Z (∆) = {x = (xk) ∈ w : (∆xk) ∈ Z}

for Z = c, c0 and `∞, where ∆xk = xk − xk+1 for all k ∈ N.
The difference triple sequence space was introduced by Debnath et al. (see

[5]) and is defined as
∆xmnk = xmnk − xm,n+1,k − xm,n,k+1 + xm,n+1,k+1 − xm+1,n,k + xm+1,n+1,k +

xm+1,n,k+1 − xm+1,n+1,k+1 and ∆0xmnk = 〈xmnk〉 .

2. Definitions and Preliminaries

Throughout the article w3, χ3 (∆) ,Λ3 (∆) denote the spaces of all, triple
gai difference sequence spaces and triple analytic difference sequence spaces
respectively.

Subramanian et al. (see [12]) introduced by a triple entire sequence spaces,
triple analytic sequences spaces and triple gai sequence spaces. The triple
sequence spaces of χ3 (∆) ,Λ3 (∆) are defined as follows:

χ3 (∆) =
{
x ∈ w3 : ((m+ n+ k)! |∆xmnk|)1/m+n+k → 0 as m,n, k →∞

}
,

Λ3 (∆) =
{
x ∈ w3 : supm,n,k |∆xmnk|

1/m+n+k <∞
}
.

Definition 2.1. An Orlicz function (see [7]) is a function M : [0,∞)→ [0,∞)
which is continuous, non-decreasing and convex with M (0) = 0, M (x) > 0,
for x > 0 and M (x) → ∞ as x → ∞. If convexity of Orlicz function M is
replaced by M (x+ y) ≤M (x) +M (y) , then this function is called modulus
function.

Lindenstrauss and Tzafriri ([8]) used the idea of Orlicz function to construct
Orlicz sequence space.

A sequence g = (gmn) defined by

gmn (v) = sup {|v|u− (fmnk) (u) : u ≥ 0} ,m, n, k = 1, 2, . . .

is called the complementary function of a Musielak-Orlicz function f . For a
given Musielak-Orlicz function f, (see [9]) the Musielak-Orlicz sequence space
tf is defined as follows

tf =
{
x ∈ w3 : If (|xmnk|)1/m+n+k → 0 as m,n, k →∞

}
,
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where If is a convex modular defined by

If (x) =
∞∑
m=1

∞∑
n=1

∞∑
k=1

fmnk (|xmnk|)1/m+n+k , x = (xmnk) ∈ tf .

We consider tf equipped with the Luxemburg metric

d (x, y) =
∞∑
m=1

∞∑
n=1

∞∑
k=1

fmnk

(
|xmnk|1/m+n+k

mnk

)
is an extended real number.

3. Further Definitions and Preliminaries

A triple sequence x = (xmnk) has limit 0 (denoted by P − limx = 0) (i.e)

P − ((m+ n+ k)! |xmnk|)1/m+n+k → 0 as m,n, k → ∞. We shall write more
briefly as P -convergent to 0.

Definition 3.1. A triple sequence spaces of x = (xmnk) of real numbers is
called almost P−convergent to a limit 0 if

P − lim
p,q,u→∞

sup
r,s,t≥0

1

pqu

r+p−1∑
m=r

s+q−1∑
n=s

t+u−1∑
k=t

((m+ n+ k)! |xmnk|)1/m+n+k → 0.

that is, the average value of (xmnk) taken over any rectangle
{(m,n, k) : r ≤ m ≤ r + p− 1, s ≤ n ≤ s+ q − 1, t ≤ k ≤ t+ u− 1} tends to

0 as both p, q and u to ∞, and this P−convergence is uniform in i, ` and j.

Let denote the set of sequences with this property as
[
χ̂3
]
.

Definition 3.2. Let (qm) , (qn) ,
(
qk
)

be sequences of positive numbers and

Qr =



q11 q12 ... q1s 0...
q21 q22 ... q2s 0...
.
.
.
qr1 qr2 ... qrs 0...
0 0 ...0 0 0...
. . .... . ....


= q11 + q12 + . . .+ qrs + · · · 6= 0,

Qs =



q11 q12 ... q1s 0...
q21 q22 ... q2s 0...
.
.
.
qr1 qr2 ... qrs 0...
0 0 ...0 0 0...
. . .... . ....


= q11 + q12 + . . .+ qrs + · · · 6= 0,
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Qt =



q11 q12 ... q1s 0...
q21 q22 ... q2s 0...
.
.
.
qr1 qr2 ... qrs 0...
0 0 ...0 0 0...
. . .... . ....


= q11 + q12 + · · ·+ qrs + · · · 6= 0.

Then the transformation is given by

Trst =
1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk ((m+ n+ k)! |xmnk|)1/m+n+k

is called the Riesz mean of triple sequence spaces of x = (xmnk) . If P −
limrst Trst (x) = 0, 0 ∈ R, then the triple sequence spaces of x = (xmnk) is said
to be Riesz convergent to 0. If the triple sequence spaces of x = (xmnk) is
Riesz convergent to 0, then we write PR − limx = 0.

Definition 3.3. The triple sequence θi,`,j = {(mi, n`, kj)} is called triple lacu-
nary if there exist three increasing sequences of integers such that

m0 = 0, hi = mi −mr−1 →∞ as i→∞,

n0 = 0, h` = n` − n`−1 →∞ as `→∞,
k0 = 0, hj = kj − kj−1 →∞ as j →∞.

Let mi,`,j = min`kj, hi,`,j = hih`hj, and θi,`,j is determined by
Ii,`,j = {(m,n, k) : mi−1 < m < mi and n`−1 < n ≤ n` and kj−1 < k ≤ kj} ,

qk = mk
mk−1

, q` = n`
n`−1

, qj =
kj
kj−1

.

Using the notations of lacunary sequence and Riesz mean for triple sequence
spaces. θi,`,j = {(mi, n`, kj)} be a triple lacunary sequence and qmqnqk be
sequences of positive real numbers such that Qmi =

∑
m∈(0,mi]

pmi , Qn` =∑
n∈(0,n`]

pn` , Qnj =
∑

k∈(0,kj ]
pkj andHi =

∑
m∈(0,mi]

pmi , H =
∑

n∈(0,n`]
pn` , H =∑

k∈(0,kj ]
pkj . Clearly, Hi = Qmi −Qmi−1

, H` = Qn` −Qn`−1
, Hj = Qkj −Qkj−1

.

If the Riesz transformation of triple sequences is RH-regular, and Hi = Qmi −
Qmi−1

→∞ as i→∞, H =
∑

n∈(0,n`]
pn` →∞ as `→∞, H =

∑
k∈(0,kj ]

pkj →
∞ as j →∞, then θ

′

i,`,j = {(mi, n`, kj)} =
{(
QmiQnjQkk

)}
is a triple lacunary

sequence. If the assumptions Qr → ∞ as r → ∞, Qs → ∞ as s → ∞ and

Qt → ∞ as t → ∞ may be not enough to obtain the conditions Hi → ∞ as

i → ∞, H` → ∞ as ` → ∞ and Hj → ∞ as j → ∞ respectively. For any
lacunary sequences (mi) , (n`) and (kj) are integers.

Throughout the paper, we assume that Qr = q11 + q12 + . . . + qrs + · · · →
∞ (r →∞) , Qs = q11 + q12 + . . . + qrs + · · · → ∞ (s→∞) , Qt = q11 + q12 +
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. . . + qrs + · · · → ∞ (t→∞) , such that Hi = Qmi − Qmi−1
→ ∞ as i →

∞, H` = Qn` −Qn`−1
→∞ as `→∞ and Hj = Qkj −Qkj−1

→∞ as j →∞.
Let Qmi,n`,kj = QmiQn`

Qkj
, Hi`j = HiH`Hj,

I
′

i`j =
{

(m,n, k) : Qmi−1
< m < Qmi , Qn`−1

< n < Qn` and Qkj−1
< k < Qkj

}
,

Vi =
Qmi
Qmi−1

, V ` =
Qn`
Qn`−1

and V j =
Qkj
Qkj−1

, and Vi`j = ViV `V j.

If we take qm = 1, qn = 1 and qk = 1 for all m,n and k then Hi`j, Qi`j, Vi`j
and I

′

i`j reduce to hi`j, qi`j, vi`j and Ii`j.

4. Almost Lacunary Cesàro [C, 1, 1, 1]−statistical convergence
of probabilistic space P with triple sequence spaces of χ3

Let A = [apqrmnk]
∞
m,n,k=0 be a triple infinite matrix of real number for p, q, r =

1, 2, . . . forming the sum

(4.1) µpqr (X) =
∞∑
m=0

∞∑
n=0

∞∑
k=0

apqrmnk

((
(m+ n+ k)!

(
xmnk
ymnk

))1/m+n+k

, 0̄

)
called the A means of the triple sequence X yielded a method of summability.
We say that a sequence X is A summable to the limit 0 of the A mean exist
for all p, q, r = 0, 1, . . . and converges.

lim
uvw→∞

u∑
m

v∑
n

w∑
k

apqrmnk

(
(m+ n+ k)!

(
xmnk
ymnk

))1/m+n+k

= µpqr

and

lim
pqr→∞

µpqr = 0

Define the means

σXpqr =
1

pqr

p∑
m=0

q∑
n=0

r∑
k=0

(
(m+ n+ k)!

(
xmnk
ymnk

))1/m+n+k

and

AσXpqr =
1

pqr

p∑
m=0

q∑
n=0

r∑
k=0

apqrmnk

((
(m+ n+ k)!

(
xmnk
ymnk

))1/m+n+k

, 0̄

)
.

We say that
(
xmnk
ymnk

)
is statistically lacunary equivalent summable [C, 1, 1, 1]

to 0, if the sequence σ = (σxmnk) is statistically convergent to 0̄, that is, st3 −
limpqr σ

x
pqr = 0. It is denoted by [C, 1, 1, 1] (st3) , the set of all triple sequence

which one statistically lacunary equivalent to summable [C, 1, 1, 1] .
Let qm, qn and qk be sequences of positive numbers and Qr = q11 + · · · qrs,

Qs = q11 · · · qrs and Qt = q11 · · · qrs. If we choose qm = 1, qn = 1 and qk = 1
for all m,n and k.
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Definition 4.1. A triple (X,P, ∗) be a probabilistic space. Then a triple
sequence spaces x = (xmnk) is said to statistically convergent to 0̄ with respect
to the probabilistic, P− provided that for every ε > 0 and γ ∈ (0, 1)

δ

({
m,n, k ∈ N : P − lim

r,s,t→∞

1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk
[
f
(
Aσxpqr

)
(ε)
]
≤

≤ 1− γ
})

= 0

or equivalently limk`v
1
k`v
m ≤ k, n ≤ `, k ≤ v :

P − lim
r,s,t→∞

1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk
[
f
(
Aσxpqr

)
(ε)
]
≤ 1− γ = 0

In this case we write StP − limx = 0̄.

Definition 4.2. A triple sequence spaces of (X,P, ∗) be a probabilistic space
P . The two non-negative triple sequence spaces of x = (xmnk) and y = (ymnk)
are said to be almost asymptotically statistical equivalent of multiple 0̄ in
probabilistic space X if for every ε > 0 and γ ∈ (0, 1) .

δ

({
m,n ∈ N :

P − lim
r,s,t→∞

1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk
[
f
(
Aσxpqr

)
(ε) , 0̄

]
≤ 1− γ

})
= 0

or equivalently

lim
k`

1

k`

∣∣∣∣{ m ≤ k, n ≤ ` :

P − lim
r,s,t→∞

1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk
[
f
(
Aσxpqr

)
(ε) , 0̄

]
≤ 1− γ

}∣∣∣∣∣ = 0.

In this case we write x
Ŝ(P )
≡ y.

Definition 4.3. A triple sequence spaces of (X,P, ∗) be a probabilistic space P
and θ = (mrnskt) be a triple lacunary sequence spaces are said to be a almost
asymptotically lacunary statistical equivalent of multiple 0̄ in probabilistic
space X if for every ε > 0 and γ ∈ (0, 1)

δθ

({
m,n, k ∈ Irst :(4.2)

P − lim
r,s,t→∞

1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk
[
f
(
Aσxpqr

)
(ε) , 0̄

]
≤ 1− γ

})
= 0
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or equivalently

lim
rst

1

hrst

∣∣∣∣{ m,n ∈ Irst :

P − lim
r,s,t→∞

1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk
[
f
(
Aσxpqr

)
(ε) , 0̄

]
≤ 1− γ

}∣∣∣∣∣ = 0.

In this case we write x
Ŝθ(P )
≡ y.

Lemma 4.4. A triple sequence spaces of (X,P, ∗) be a probabilistic space P .
Then for every ε > 0 and γ ∈ (0, 1) , the following statements are equivalent:

(1) lim
rst

1

hrst

∣∣∣∣{ m,n, k ∈ Irst :

P − lim
r,s,t→∞

1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk
[
f
(
Aσxpqr

)
(ε) , 0̄

]
≤ 1− γ

}∣∣∣∣∣ = 0,

(2) δθ

({
m,n, k ∈ Irst :

P − lim
r,s,t→∞

1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk
[
f
(
Aσxpqr

)
(ε) , 0̄

]
≤ 1− γ

})
= 0,

(3) δθ

({
m,n, k ∈ Irst :

P − lim
r,s,t→∞

1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk
[
f
(
Aσxpqr

)
(ε) , 0̄

]
≤ 1− γ

})
= 1,

(4) lim
rst

1

hrst

∣∣∣∣{ m,n, k ∈ Irst :

P − lim
r,s,t→∞

1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk
[
f
(
Aσxpqr

)
(ε) , 0̄

]
≤ 1− γ

}∣∣∣∣∣ = 1.

5. Main Results

Theorem 5.1. A triple sequence spaces of (X,P, ∗) be a probabilistic space P .
If two non-negative triple sequence spaces of x = (xmnk) and y = (ymnk) are
almost asympototically lacunary statistical equivalent of multiple 0̄ with respect
to the probabilistic P, then 0̄ is unique sequence.
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Proof. Assume that x
Ŝ0̄
θ (P )
≡ y. For a given λ > 0 choose γ ∈ (0, 1) such that

(1− γ) > 1− λ. Then, for any ε > 0, define the following set:

K =

{
m,n ∈ Ir,s :

P − lim
r,s,t→∞

1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk
[
f
(
Aσxpqr

)
(ε) , 0̄

]
≤ 1− γ

}
Then, clearly

lim
rst

K
⋂

0̄

hrst
= 1,

so K is non-empty set, since x
Ŝ0̄
θ (P )
≡ y, δθ (K) = 0 for all ε > 0, which implies

δθ (N−K) = 1. If m,n, k ∈ N−K, then we have

P0̄ (ε) = P − lim
r,s,t→∞

1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk
[
f
(
Aσxpqr

)
(ε) , 0̄

]
> (1− γ) ≥ 1− λ

since λ is arbitrary, we get P0̄ (ε) = 1.
This completes the proof. �

Theorem 5.2. A triple sequence spaces of (X,P, ∗) be a probabilistic space.

For any lacunary sequence θ = (mrnskt) , Ŝθ (P ) ⊂ Ŝ (P ) if lim suprst qrst <∞.

Proof. If lim sup
rst

qrst <∞. then there exists a B > 0 such that qrst < B for all

r, s, t ≥ 1. Let x
Ŝθ(P )
≡ y and ε > 0. Now we have to prove Ŝ (P ) . Set

Krst =

∣∣∣∣{ m,n, k ∈ Irst :

P − lim
r,s,t→∞

1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk
[
f
(
Aσxpqr

)
(ε) , 0̄

]
1− γ

}∣∣∣∣∣ .
Then by definition, for given ε > 0, there exists r0s0t0 ∈ N such that

Krst

hrst
<

ε

2B
for all r > r0, s > s0 and t > t0.

Let

M = max {Krs : 1 ≤ r ≤ r0, 1 ≤ s ≤ s0, 1 ≤ t ≤ t0}
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and let uvw be any positive integer with mr−1 < u ≤ mr, ns−1 < v ≤ ns and
kt−1 < w ≤ kt. Then

1

uvw

∣∣∣∣{ m ≤ u, n ≤ v, k ≤ w :

P − lim
r,s,t→∞

1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk
[
f
(
Aσxpqr

)
(ε) , 0̄

]
> 1− γ

}∣∣∣∣∣
≤ 1

mr−1ns−1kt−1

∣∣∣∣{ m ≤ mr, n ≤ ns, k ≤ kt :

P − lim
r,s,t→∞

1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk
[
f
(
Aσxpqr

)
(ε) , 0̄

]
> 1− γ

}∣∣∣∣∣
=

1

mr−1ns−1kt−1

{K111 + . . .+Krst}

≤ M

mr−1ns−1kt−1

r0s0t0 +
ε

2B
qrst ≤

M

mr−1ns−1kt−1

r0s0t0 +
ε

2
.

This completes the proof. �

Theorem 5.3. A triple sequence spaces of (X,P, ∗) be a probabilistic space P .

For any lacunary sequence θ = (mrnskt) , Ŝ (P ) ⊂ Ŝθ (P ) if lim infrst qrst > 1.

Proof. If lim infrst qrst > 1, then there exists a β > 0 such that qrst > 1 + β for
sufficiently large rst, which implies

hrst
Krst

≥ β

1 + β
.

Let x
Ŝ0̄(p)
≡ y, then for every ε > 0 and for sufficiently large r, s, t we have

1

mrnskt

∣∣∣∣{ m ≤ mr, n ≤ ns, k ≤ kt :

P − lim
r,s,t→∞

1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk
[
f
(
Aσxpqr

)
(ε) , 0̄

]
> 1− γ

}∣∣∣∣∣
≥ 1

mrnskt

∣∣∣∣{ m,n, k ∈ Irst :

P − lim
r,s,t→∞

1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk
[
f
(
Aσxpqr

)
(ε) , 0̄

]
> 1− γ

}∣∣∣∣∣
≥ β

1 + β

1

hrst

∣∣∣∣{ m,n, k ∈ Irst :

P − lim
r,s,t→∞

1

QrQsQt

r∑
m=1

s∑
n=1

t∑
k=1

qmqnqk
[
f
(
Aσxpqr

)
(ε) , 0̄

]
> 1− γ

}∣∣∣∣∣ .
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Therefore x
Ŝ0̄θ (p)
≡ y. This completes the proof. �

Corollary 5.4. A triple sequence spaces of (X,P, ∗) be a probabilistic space
P . For any lacunary sequence θ = (mrnskt) , with 1 < lim infrst qrst ≤
lim suprst qrst <∞, then Ŝ (P ) = Ŝθ (P ) .

Proof. The result clearly follows from Theorem 4.2 and Theorem 4.3. �
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