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ON RIESZ ALMOST LACUNARY CESARO [C,1,1,1]
STATISTICAL CONVERGENCE IN PROBABILISTIC SPACE
OF X?CA

SHYAMAL DEBNATH AND N. SUBRAMANIAN

ABSTRACT. In this paper we study the concept of almost lacunary statis-
tical Cesaro of x® over probabilistic space P is defined by Musielak Orlicz
function. Since the study of convergence in Probabilistic space P is fun-
damental to probabilistic functional analysis, we feel that the concept of
almost lacunary statistical Cesaro of x> over probabilistic space P is de-
fined by Musielak in a probabilistic space P would provide a more general
framework for the subject.

1. INTRODUCTION

A triple sequence (real or complex) can be defined as a function z: N x
N x N — R(C), where N,R and C denote the set of natural numbers, real
numbers and complex numbers respectively. The different types of notions
of triple sequence was introduced and investigated at the initial by Sahiner et
al. [10, 11], Esi et al. [1, 2, 3], Datta et al. [4], Subramanian et al. [12], Debnath
et al. [5] and many others.

A triple sequence = = (Z,x) is said to be triple analytic if

sup |xmnk\m+2+k < 0.

m,n,k
The space of all triple analytic sequences are usually denoted by A3. A triple
sequence T = (Z,nk) is called triple entire sequence if

1
| k| " — 0 as m,n, k — 0.

The space of all triple entire sequences are usually denoted by I'®. The space
A? and I'® is a metric space with the metric

(1.1) d(x,y) = sup {|xmnk — ymnk|m+1"+k :m,n,k:1,2,3,.. } ,

m,n,k
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for all x = {@pmr} and y = {Ypmni } inI3.

A complex sequence, whose k' term x, is denoted by {z;} or simply x. Let
w be the set of all sequences x = (x}) and ¢ be the set of all finite sequences.
Let ., ¢, cg be the sequence spaces of bounded,convergent and null sequences
x = (z1) respectively. In respect of (., ¢, co we have ||z|| = supy, |zx|, where
r=(x) € cg C ¢ Clu.

The notion of difference sequence spaces (for single sequences) was intro-
duced by Kizmaz [6] as follows

Z(A)={x=(xy) €ew: (Axy) € Z}

for Z = ¢, ¢y and (., where Az, = x — x4 for all £ € N.

The difference triple sequence space was introduced by Debnath et al. (see
[5]) and is defined as

AZ'mnlc = Tmnk — Tmn+1,k — Tmnk+1 + Tmn+1,k+1 — Tm+lnk + Tm+1,n+1k +
Tm+1,nk+1 — Tm4+1,n+1,k+1 and onmnk = <xmnk> .

2. DEFINITIONS AND PRELIMINARIES

Throughout the article w?, x® (A), A3 (A) denote the spaces of all, triple
gai difference sequence spaces and triple analytic difference sequence spaces
respectively.

Subramanian et al. (see [12]) introduced by a triple entire sequence spaces,
triple analytic sequences spaces and triple gai sequence spaces. The triple
sequence spaces of x3 (A), A3 (A) are defined as follows:

X (8) = {z € w ((m+n+ B! A4

A3 (A) = {:1: € w? :sup,, . 1 | Az ™ < oo} .

—>Oasm,n,k—>oo},

Definition 2.1. An Orlicz function (see [7]) is a function M: [0, 00) — [0, 00)
which is continuous, non-decreasing and convex with M (0) = 0, M (z) > 0,
for x > 0 and M (z) — oo as ¢ — oo. If convexity of Orlicz function M is
replaced by M (x 4+ y) < M (x) + M (y), then this function is called modulus
function.

Lindenstrauss and Tzafriri ([8]) used the idea of Orlicz function to construct
Orlicz sequence space.
A sequence g = (gpmn) defined by

Gmn (V) = sup{|v|u — (frnk) (u) :u >0}, m,n, k=1,2,...

is called the complementary function of a Musielak-Orlicz function f. For a
given Musielak-Orlicz function f, (see [9]) the Musielak-Orlicz sequence space
ts is defined as follows

) 1/m+4n+k

tf:{waS:]f(]xmnk| —>Oasm,n,k—>oo},
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where [ is a convex modular defined by

oo 0 X

= SOSTST ok (kDY = () € 8.

m=1n=1 k=1

We consider ¢y equipped with the Luxemburg metric

00 00 00 ‘:L‘ k,l/m—i—n—i—k
1) zzzfmnk< 2 )

m=1n=1 k=1

is an extended real number.

3. FURTHER DEFINITIONS AND PRELIMINARIES

A triple sequence = (Zp,k) has limit 0 (denoted by P — limx = 0) (i.e)
P — ((m+n+ k) @)/
briefly as P-convergent to 0.

— 0 as m,n,k — oo. We shall write more

Definition 3.1. A triple sequence spaces of © = (Z,,nx) of real numbers is
called almost P—convergent to a limit 0 if

r+p—1s+q—1t+u—1

P— lim sup — Z Z Z (m 4 n+ k) @)™ = 0.

P,q,u—>00 u
) rst>0pq mer  n—s

that is, the average value of (k) taken over any rectangle

{(m,n, k) :r<m<r+p—1,s<n<s+q—1,t<k<t+u—1}tendsto
0 as both p,q and u to oo, and this P—convergence is uniform in ¢,/ and j.
Let denote the set of sequences with this property as [Xﬂ .

Definition 3.2. Let (¢,), (Gn) , (q:k.) be sequences of positive numbers and

[q11 12 - q15 0..]
g21 22 --- Q25 0...

Q= | =qutq2t...+qs+--F0,

Q=" =Qn +Hqup o F G o £,
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Wt Qe+ A+ G+ #0.

L
I
[

2|

Then the transformation is given by

T =—= ZZquqnqk (m+ 14 k) )
QTQ th 1 n=1 k=1

is called the Riesz mean of triple sequence spaces of * = (zpng). If P —
lim, Tys () = 0,0 € R, then the triple sequence spaces of & = (Z,,,,x) is said
to be Riesz convergent to 0. If the triple sequence spaces of © = (k) is
Riesz convergent to 0, then we write Pr — limx = 0.

Definition 3.3. The triple sequence 0;,; = {(m;, ne, k;)} is called triple lacu-
nary if there exist three increasing sequences of integers such that

mo=0,h; =m; —m,_1 — 00 as 1 — 00,
no=0,h; =mng—ny_, — 00 as { — oo,
]COZOF_IC'—]{Zj_l—)OO&Sj—)OO.

Let m; o ; = mynekj, higj = h; hgh and 0, ; is determined by

Mj:{(mnk:) m11<m<mzandn41<n<ngandk]1<k<k}
_ k;
Qk_mk1 q0= % 1’%_ §

kj—1”

Using the notations of lacunary sequence and Riesz mean for triple sequence
spaces. 0;0; = {(mi,ng,k;)} be a triple lacunary sequence and ¢,g,,q;, be
sequences of positive real numbers such that @Q,,, = ZmG(O,mi} Dy @ny, =
Zne(o,né} Dny, an = Eke(o,kj} Dk; and H; = Zme(o,mi] pmz'vﬁ :_Zne((),ng] pnevﬁ =
Zke(&kﬂ pk’J CleaIIYa HZ - me - Qmifla Hf - an - Qng_p H] = ij - ijfl'
If the Riesz transformation of triple sequences is RH-regular, and H; = Qy,, —
Qm; , > 00ast—o00, H= Zne(om] Pn, — 00 as { — 0o, H = Zke(o,kj]pkj —
00 as j — 0o, then 924] = {(mi, ne, kj)} = {(Qm, @, Qr, ) } is a triple lacunary
sequence. If the assumptions (), — oo as r — o0, Q, — o0 as s — oo and
Q, — 0o as t — 0o may be not enough to obtain the conditions H; — oo as

i — 00, Hy — oo as { — oo and H; — oo as j — oo respectively. For any
lacunary sequences (m;), (n;) and (k;) are integers.
Throughout the paper, we assume that @, = q11 +qi2+ ... + ¢ps + -+ —

(T—>OO)>Q5—Q11+(112+---+qrs+"‘_>OO(5_>OO)7Qt—Q11+E12+
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4G+ — 00(t = o0), such that H; = Qu, — Qum,_, — 00 as i —
00 ﬁezQW—QW 1—>ooas€—>ooandﬁj:Qk].—ij_l—>ooasj—>oo.
Let le,ng, szinQk ) zf] Hiﬁfﬁjy

’

Ly = {(m n, k) : Qmi L <m< sz,@wfl <n <@, and @kj_l <k< @kj},
Vi= g V= g2 and V; = g, and Vig = ViV,
my ne—1

If we take ¢, = 1,q, = 1 and qk, = 1 for all m,n and k then H;;, Qiej, Vies
and I;Zj reduce to higj, qiej, Viej and Iigj.

4. ALMOST LACUNARY CESARO [C, 1,1, 1] —STATISTICAL CONVERGENCE
OF PROBABILISTIC SPACE P WITH TRIPLE SEQUENCE SPACES OF x*

Let A = [al?, 1% . _, be a triple infinite matrix of real number for p,q,r =
1,2, ... forming the sum

1) e (=333 zz:;k((m+n+k>!(x’""’f))1/m+”+k,o)

m=0 n=0 k=0 Ymnk

called the A means of the triple sequence X yielded a method of summability.
We say that a sequence X is A summable to the limit 0 of the A mean exist
for all p,q,7=0,1,... and converges.

1/m4n+k
uvl&)riloozzz fr?;k < m+n+k)' (xmnk)) o = :uqu

Ymnk

and

lim =0
qu—)OO /’qu,r

Define the means
p q r

pquZ%ZZZ ( m+n+ k)l (xmnk)>1/m+n+k

m=0 n—0 k=0 Ymnk

and

p q r T 1/m+4n+k
qu:quZZZaﬁﬂ;k ((m+n+k)!( mnk)) 7()).

=0 n—0 k=0 Ymnk

We say that (2*"”’“) is statistically lacunary equivalent summable [C,1,1,1]

mnk

to 0, if the sequence o = (0%, ) is statistically convergent to 0, that is, st3 —
limyg, 0, = 0. It is denoted by [C,1,1,1] (st3), the set of all triple sequence
which one statistically lacunary equlvalent to summable [C|1,1,1].

Let ¢m,q, and G, be sequences of positive numbers and Q, = q11 + - - * s,

Q, =Gy Qs and Q, = @4y - - - s If we choose ¢, = 1,q, = 1 and g, = 1
for all m,n and k.
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Definition 4.1. A triple (X, P, %) be a probabilistic space. Then a triple
sequence spaces T = (Z,,k) 18 said to statistically convergent to 0 with respect
to the probabilistic, P— provided that for every ¢ > 0 and v € (0, 1)

o ({m,n,k‘ eN:P— lim ;_ Z Zqu@jk [f (Aos,) ()] <

T2, Ho0 Qr@s@t m=1n=1 k=1

<1- })=0

or equivalently limgg, ﬁm <kn</lk<wv:

P lim ——— S5 0,3 [f (A02,) (] <17 =0

7,8,t—00 Qr@th m=1 n=1 k=1

In this case we write Stp — lim, = 0.

Definition 4.2. A triple sequence spaces of (X, P, *) be a probabilistic space
P. The two non-negative triple sequence spaces of * = (Z,nx) and y = (Ymnk)
are said to be almost asymptotically statistical equivalent of multiple 0 in
probabilistic space X if for every e > 0 and v € (0,1).

5({ m,n € N :

P— lim %Zzz%m [/ (Aag,,) (€),0] Sl—v}) =0

TSt QT@s@t m=1n=1 k=1

or equivalently

lim —

ke kf

. 1 g ) )
P- htm rayra) Zzzqfnqﬂ% [f (Aapqr) (6)70} < 1_'}/}‘ =0.
7,8,t—>00 QrQth o oo

. : S(P)
In this case we write x =" y.

{ m<kn</l:

Definition 4.3. A triple sequence spaces of (X, P, x) be a probabilistic space P
and 6 = (m,nsk;) be a triple lacunary sequence spaces are said to be a almost
asymptotically lacunary statistical equivalent of multiple 0 in probabilistic
space X if for every e > 0 and v € (0,1)

(4.2)  dg ({ m,n, k € I :
P tim —— "33 0,5,3, [f (A0%,) (.0] <1 7}) =0

800 QT‘Qth m=1n=1 k=1
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or equivalently
1

lim

rst

{ m,n € L.g:

rst

P — lim ;_ZZquqnﬁk If (Aagqr) (e),0] Sl—y}‘ = 0.

Tt Qr‘@sat m=1 n=1 k=1

@P)

In this case we write x Y.

Lemma 4.4. A triple sequence spaces of (X, P, ) be a probabilistic space P.
Then for every e > 0 and v € (0,1), the following statements are equivalent:

(1) lim

rst

{ m,n, k € L.g :

rst

1 UL B )
P— dim ———3> % > andls [f (A},,) (6).0] <1 —7}‘ — 0,
T QrQsQt m=1 n=1 k=1

(2) g ({ m,n,k € L :

Po ot — Y Y g [F (A0n,) (0.0] < 1 —v}) “o,

Tis,3oo Qr@s@t m=1n=1 k=1

(3) dg ({ m,n,k € Ly :

T30 Qr@s@t m=1n=1 k=1

Pt SN g [ (Art) (9.0] <1 —7}) 1

(4)  lim

rst

{ m,n, k € L. :

rst

. A ) )
P- htm rayra) Z qumq"qk [f (Aapqr) (6)70} < 11— ’Y}‘ = 1.
7,8,t—00 QrQth =

5. MAIN RESULTS

Theorem 5.1. A triple sequence spaces of (X, P, *) be a probabilistic space P.
If two non-negative triple sequence spaces of t = (Tynk) and Yy = (Ymnk) are
almost asympototically lacunary statistical equivalent of multiple 0 with respect
to the probabilistic P, then 0 is unique sequence.
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S9(P)
Proof. Assume that © = y. For a given A > 0 choose v € (0,1) such that
(1 —5)>1—A. Then, for any € > 0, define the following set:

K—{ m,n € I, :

1

Po i — S Y Y gt [F (Aot) (0.0 sm}

8200 0.0, Q; w1 b
Then, clearly

KNO
li =1
igl hrst 7
. s o
so K is non-empty set, since x = y,dy (K) = 0 for all € > 0, which implies

do(N—K)=1.If m,n,k € N— K, then we have

1 r S t _ ~
P(e)=P— lim ———= Im @Gk |f (Aoy,,) (€),0
’ reio% 0,0.Q, mz Z ,; < (495 (90

>(1—vy)>1-2A

since A is arbitrary, we get Py (¢) = 1.
This completes the proof. 0]

Theorem 5.2. A triple sequence spaces of (X, P,*) be a probabilistic space.
For any lacunary sequence 8 = (m,nskt), Sp (P) C S (P) iflimsup, st < 00.

Proof. 1f lim sup ¢, < 0o. then there exists a B > 0 such that ¢, < B for all

rst

Se(P ~
r,s,t > 1. Let x g y and € > 0. Now we have to prove S (P). Set

Ko = ‘{ m>n7k€]7"st:

P tim —— "N 4. [ (A05,) (6),0]1—7}

TSt QT@th m=1n=1 k=1

Then by definition, for given € > 0, there exists rosoty € N such that

K?"S
hrstt < % for all r > rg, s > sg and t > t.

Let
M =max{K,s: 1<r<ry, 1<s<sy, 1<t<t}
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and let uvw be any positive integer with m,_; < u < m,,ns_; < v < n, and
kt—l <w S kt. Then

1
— { m<u,n<uvk<w:
wVw
1 r S t B B
Pt Y S g [ (407,) (9.0 > 1 7}‘
e QrQth m=1 n=1 k=1
< 1

_— { m<mgn<ngk<k:
My—1Ms—1ki—1

. 1 T s t o i -
retTreo QrQth m=1n=1 k=1

1
= —{Klll +~-+Krst}

Myp—1Ms—1ki—1
< to + ——grat < to +
————ToS ~——Qrst > ——————T¢S —.
T my_ng_1ki osofo T op Myp_1Ms—1ki—1 00T
This completes the proof. 0]

Theorem 5.3. A triple sequence spaces of (X, P,*) be a probabilistic space P.

~

For any lacunary sequence 0 = (m,ngk;) ,S (P) C Sp (P) if liminf,g gqs > 1.

Proof. 1f liminf, ¢, > 1, then there exists a # > 0 such that ¢, > 14 3 for
sufficiently large rst, which implies

hrst > ﬂ )
Krst - 1+ ﬁ
50
Let x E(p) y, then for every ¢ > 0 and for sufficiently large r, s,t we have
1
mgmr7n§n57k§kt:
mynsks
. 1 T s t o N B
P — rslgiloo = Z Z Zquan [f (Aapqr) (€) >0} >1- 7}‘
w QrQsQy m=1n=1 k=1
1
> { m,n,k € l.g:
myngks
. 1 T s t o N B
P S S g [F (Ae) (0.0 > 1 7}‘
w QrQsQy m=1n=1 k=1
g1 {
> — m,n,k € L.g :
1 + ﬁ hrst !

8,00 QrQth m=1n=1 k=1

P — lim ;Zzz%ﬂnﬁk Lf (Aa;fq,,) (¢),0] > 1—7}‘.
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506
Therefore x E(p) y. This completes the proof. ([l
Corollary 5.4. A triple sequence spaces of (X, P,*) be a probabilistic space
P . For any lacunary sequence 0 = (m,ngk;), with 1 < liminf,g g <

lim sup,.; grst < 00, then §(P) = Sy (P).
Proof. The result clearly follows from Theorem 4.2 and Theorem 4.3. O
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