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MODULE SYMMETRICALLY AMENABLE BANACH
ALGEBRAS

HULYA INCEBOZ, BERNA ARSLAN, AND ABASALT BODAGHI

ABSTRACT. In this article, we develop the concept of symmetric amenabil-
ity for a Banach algebra A to the case that there is an extra 2-module
structure on A. For every inverse semigroup S with the set E of idempo-
tents, we find necessary and sufficient conditions for the I*(S) to be module
symmetrically amenable (as a ['(E)-module). We also present some module
symmetrically amenable semigroup algebras to show that this new notion
of amenability is different from the classical case introduced by Johnson.

1. INTRODUCTION

A Banach algebra A is amenable if every bounded derivation from A into
any dual Banach A-bimodule is inner, equivalently if H'(A, X*) = {0} for
every Banach A-module X, where H'(A, X*) is the first Hochschild cohomol-
ogy group of A with coefficients in X*. This concept was first introduced and
studied by Johnson [9] in 1972. He also gave an alternative formulation of the
notion of amenability in [10], and proved that a Banach algebra A is amenable
if and only if A has a bounded approximate diagonal; i.e. a bounded net {d,}
in the projective tensor product A®A such that

|m(dy)a —al| — 0 and |ja-dy —dy-all — 0

for all a € A, where the operations on A®.A are defined by a- (b®¢) = ab®c,
(b@c)-a=b®caand 7(b® c) = be for all a,b, ¢ € A. The flip map on ARA
is defined by
(a®b)°’=b®a (a,be A,

and an element € of ARA is called symmetric if € = €. A Banach algebra
A is called symmetrically amenable if A has a bounded approximate diago-
nal consisting of symmetric tensors. Symmetrically amenable Banach algebras
were defined by Johnson in [11]. Using this concept, he found some hereditary
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properties and examples which are similar to those in [9] for amenable Ba-
nach algebras. However, unlike amenability, the proofs of that results do not
depend on homological characterizations, because symmetric amenability has
been considered only by the existence of a bounded (symmetric) approximate
diagonal. The most important example in [11] asserts that the group algebra
LY(G) of alocally compact group G is symmetrically amenable if and only if
G is amenable.

In 2004, M. Amini [1] introduced the notion of module amenability for a
class of Banach algebras which could be considered as a generalization of the
Johnson’s amenability [9]. He showed that for an inverse semigroup S with
the set of idempotents F, the semigroup algebra [*(.S) is module amenable, as
a Banach module over [*(F), if and only if S is amenable. Other concepts of
module amenability can be found in [3], [4], [5] and [13].

In this paper, we firstly define the concept of module symmetric amenability
for a Banach algebra A which is a Banach module on another Banach algebra
20 with compatible actions. Among many other things, we show that under
some mild conditions, symmetric amenability of the quotient Banach algebra
A/J implies module symmetric amenability of A, where J is the closed ideal
of A generated by (a-a)b—a(a-b) for all a € A and o € 2. As a consequence
of this result, we prove that for an inverse semigroup S with the set E of
idempotents so that E satisfies the condition Dy, [7] for some k, then '(9) is
module symmetrically amenable (as an ['(E)-module) with trivial left action,
if and only if S is amenable.

2. MODULE SYMMETRIC AMENABILITY FOR BANACH ALGEBRAS

Let A and 2 be Banach algebras such that A is a Banach 2-bimodule with
compatible actions as follows:

a-(ab) = (a-a)b, (ab)-a=a(b-«) (a,be A,a e ).

Furthermore, if - a = a -« for all a € 2 and a € A, then A is called a
commutative A-bimodule.

Let X be a left Banach A-module and a Banach 2-bimodule with the fol-
lowing compatible actions:

a(ax) = (aa)x, a(ax) = (aa)r, a(ra)=(ax)a(lae A, a e xe X).

Then, we say that X is a left Banach A-2-module. Right Banach A-2-modules
and (two-sided) Banach A-2(-modules are defined similarly. If moreover, a-z =
z-oforall o € Aand x € X, then X is called a commutative left (right or
two-sided) Banach A-2-module. If X is a (commutative) Banach A-2A-module,
then so is X*, where the actions of A and 2 on X* are defined as usual [1].
Note that in general, A is not an A-2-module because A does not satisfy the
compatibility condition a - (a-b) = (a-«a) - b for o € A, a,b € A. But when
A is a commutative -module and acts on itself by multiplication from both
sides, then it is also a Banach A-R(-module.
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Let A and B be Banach 2-bimodules with compatible actions. Then, a
A-module map is a bounded mapping T: A — B with

Taxb)=T(a)xT®), T(o-a)=a-T(a) and T(a-a) =T(a) -«

for all a,b € A and o € 2. Note that h is not necessarily linear, so it is not
necessarily a 2-module homomorphism.

Let A and 2 be as above and X be a Banach A-2-module. A (A-)module
derivation is a bounded 2A-bimodule map D: A — X satisfying

D(ab) = D(a) - b+ a- D(b)

for all a,b € A. One should note that D is not necessarily linear, but its
boundedness (defined as the existence of M > 0 such that ||D(a)|| < M]||al,
for all a € A) still implies its continuity, as it preserves subtraction. When X
is commutative Banach A-2A-module, each x € X defines a module derivation
D.(a) =a-z—x-a(a € A). Module derivations of this kind are called inner.
A derivation D: A — X is said to be approximately inner if there exists a
net (x;) C X such that D(a) = lim;(a - z; — x; - a) for all a € A.

Consider the module projective tensor product ARgA which is isomorphic
to the quotient space (A®.A)/L4, where I4 is the closed linear span of {a -
a®b—a®a-b:ae Aabe A}, Also consider the closed ideal J,4 of
A generated by elements of the form (a - a)b — a(a - b) for a € A, a,b € A.
We shall denote 14 and J4 by I and J, respectively, if there is no risk of
confusion. Then, I and J are A-submodules and 2-submodules of AR.A and
A, respectively, and the quotients A®g.A and A/J are A-modules and 2A-
modules. Also, A/J is a Banach A-2-module when A acts on .A/.J canonically.
Also, let wy: A®A — A be the product map, i.e., wa(a ® b) = ab, and let
G4 ARy A = (ARA)/I — A/J be its induced product map, i.c., Ta(a ®
b+ I) = ab+ J and extended by continuity and linearity.

Recall that a module approzimate diagonal for A is a bounded net {u;} in
ARg.A such that

(2.1) (a+ J)wa(u;) = a+J

and

(2.2) lim||a;-a—a-u;|| =0
J

for each a € A [1]. We define the module flip map on ARy.A by
(a@b+I1)°=bRa+1 (a,b e A).
We say an element v of A®g.A is module symmetric if u° = u.

Definition 2.1. A Banach algebra A is module symmetrically amenable if A
has a module approximate diagonal {u;} such that all the elements of the net
{u;} are module symmetric.
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The opposite algebra A is the Banach space A with product a o b = ba.
Now we rewrite the above definitions for A% in the module version. The
bounded net {u;} in A®qy.A is a module approximate diagonal for A if

(2.3) wy(u)a+J) = a+J

and

(2.4) lim ||u; 0o a —aou,;|| =0
J

for all a € A, where ao (b®c) =b®ac, (b®&c)oa =ba®cand wy(b®@c+1) =
cb+ J.

The following proposition is the module version of [11, Proposition 2.2].

Proposition 2.2. A Banach algebra A is module symmetrically amenable if
and only if there is a bounded net {u;} in ARy A which satisfies (2.1), (2.2),
(2.3) and (2.4).

Proof. Let A be module symmetrically amenable. Then, A has a module
approximate diagonal {u;} which satisfies (2.1) and (2.2). Since u; = uj, we
know that {u;} also satisfies (2.3) and (2.4).

Conversely, if the bounded net {u;} satisfies (2.1), (2.2), (2.3) and (2.4), so

- Lo . : PN :
does {u3}. Hence, {§(u] +15)} is a net of symmetric tensors in A®g.A satisfy-
ing (2.1) and (2.2). This means that A is module symmetrically amenable. [

Corollary 2.3. If A is a commutative module amenable Banach algebra, then
it 1s module symmetrically amenable.

Recall that a (bounded) left approximate identity in a Banach algebra A is
a (bounded) net {e;};c, in A such that lim;e;a = a for all a € A. Similarly,
a (bounded) right approximate identity can be defined in A. A (bounded)
approximate identity in A is both a (bounded) left approximate identity and
a (bounded) right approximate identity.

It is easy to see that K = kerw, is an A-2-submodule of ARqA. In
fact, K is a left ideal in A®g.A%. Aghababa and Bodaghi [15, Theorem 4.4]
have shown that, if A is a commutative Banach 2-bimodule, then A is module
amenable if and only if A has a bounded approximate identity and K = ker w 4
has a bounded right approximate identity, where @4: ARyA®? — A is the
usual multiplication map. Similarly, one can show that if A is a commutative
Banach 2A-bimodule, then A is module symmetrically amenable if and only if
A has a bounded approximate identity and the subalgebra ker w4 N ker w$ of
A®9A% has a bounded two sided approximate identity.

Now, we give some hereditary properties of module symmetrically amenable
for Banach algebras.

Theorem 2.4. Let A be a Banach A-bimodule and I be a closed two sided
ideal and A-submodule of A. If A is module symmetrically amenable and T
has a bounded approximate identity, then Z is module symmetrically amenable.
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Proof. Let {u;} be a module symmetric approximate diagonal for A, where
u; = Y aj, @bl +141s in A®g.A. Assume that {e;} is the bounded approximate

k
identity of Z. For each a,b € A and a € 2, we have

(((a-a)@b—aw(a-b))oee; =ej((a-a)@b)e; —ej(a® (a-b)e;
=ej(a-a)®@be; —eja® (- be;
= (eja) -a®be; —eja® o (be;) € Iz,

where I7 is the corresponding ideal of ZQZ. Put CZ‘]‘ = (u; o ej)ej. Then,
di; = Sejal @ bie; + Ir € T&yT is a bounded symmetric subnet of A®g.A.

k
For x € Z, we get

dij X —XT- di]’ = [(ﬂz X —XT- ﬂz) @) ej]ej + (’lAL/l o ej)(ejx — I’Gj).

Since {u;} is a module symmetric approximate diagonal for A, we have u; -z —
x - u; — 0. On the other hand, {e;} is a bounded approximate identity for Z.

So, e;x — xe; — 0. Hence, lim; ;(d;; - * — x - d;;) = 0. Also,

(x+ J7) - wr(dij) = (wve; — x + J7) - w(u; 0 e;) + (x + Jz) - wz(u; o €;)
— (z + J7) - 0z ().

Thus, lim; lim;(z + Jz) @I(CZJ) = x + Jz. Therefore, {czj} becomes a module
symmetric approximate diagonal for Z. U

Theorem 2.5. Let A and B be Banach algebras and Banach 2A-bimodules. If
A is module symmetrically amenable and ¢: A — B is a continuous module
homomorphism with dense range, then B is module symmetrically amenable.

Proof. Let {u;} be a module symmetric approximate diagonal in A such that
U = Soak @ bi + 14 is in A®gA. Define the map ¢: A/J4 — B/Jg by
k

o(a+ Ja) = ¢(a) + Jg. For each a,b € A and o € A, we obtain

¢((a- )b —ala- b)) = (6(a) - @)d(b) — d(a)(e- H(b)) € Jp.
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So, the map 5 is well-defined. Put v; = Zqﬁ( 1)@ ¢(bL) + Ig. For each a € A,
we have

lim(g(a) + Jp) - ws(0:) = lim(¢(a) + Jp) - (Zaﬁ(ai)cﬁ(b@ + JB>

k

= li%rn (qu(aa};b};) + JB)
= li;(n(g ((a +Ja) - (Zaibz + JA)>

P
= 11?15(@ +Ja) - W) = ¢la + Ja) = ¢la) + Jp.

Also, we get

(0 (o) + o) = lim | 3Z0h)6(al) + J5> (6la) + Jp)

= lim (Zap(bza;a) + JB)

= h{n% ((Zbk;ak + JA) a+ JA)>

= Wmg (@ (@) - (a + Ja) = dla + Ja) = ¢la) + .

Since the range of ¢ is dense and ¢ is continuous, we get lim(b+ Jg) - wg(v;) =
b+ Jp and wi(v;) - lim(b + Jg) = b+ Jp for all b € B. Now, we consider
the map ¢: ARy A = (ABA)/I4 — BRgB = (B&B)/I3 defined through

dla®b+14) = ¢(a)@e(b) +Ip, (a,b € A). The map ¢ is well-defined because
for each a,b € A and o € 2, we have

(@©@o)((a-a)@b—a®(a-b)=(d(a) @) @) —¢a)(a-d(b)) € Is.

It is easily to chek that ¢ is a module homomorphism. For each a € A, we
find

lim(@; - 6(a) — $(a) - T) = lim (Zw)(a@ ® 6(ba) — olaa) ® 6(b}) + IB>

k

=9 (lign <2:(a§g ® bia — aal, @ b)) + IA>)

k
q_b(hm(uZ —a-u;)) =0,
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On the other hand,

@MEOM@—¢W%ﬁD=hp<§XM%@®¢®@—¢M@®¢@%N+%)

k

=é (hzm (Z(a};a ® bl — aj, @ abl) + IA>)
k
— F(lim(@ oa—ao @) =0,

Hence, for each b € A, we arrive at lim;(v;-b—b-v;) = 0 and lim;(v;0b—bov;) = 0.
So, {v;} is a module symmetric approximate diagonal in . This finishes the
proof. O

Corollary 2.6. Let A be a Banach A-bimodule and T be a closed ideal in A.
If A is module symmetrically amenable, then so is A/T.

Proof. If ¢: A — A/T is the natural 2-module map and {u;} is a module
symmetric approximate diagonal for A, then {(¢®¢)u;} is a module symmetric
approximate diagonal for A/Z. O

Lemma 2.7. Let A be a Banach 2A-bimodule with compatible actions. If A is
module symmetrically amenable and X is a commutative Banach A-2A-module,
then every module derivation from A into X, is approximately inner.

Proof. Let {u;} C A&X\)g{A be a module symmetric approximate diagonal for A
such that w; = Y a], ® b), + I and D: A — X be a module derivation. It is

k
clear that J-X = X -J = {0}. Obviously, X becomes a Banach .4/J-bimodule
with the following module actions

(a+J)-z:=a-x, z-(a+J)=2-a (reX,acA).

Define D: A/J — X by D(a+J) = D(a) for a € A. Hence, D is a module
derivation. Let z; = Y D(aj} + J) - b;. For each ¢ € X*, we have
k

(oo (a+ ) = (o, (Y_Dlaj+J)- b)) - (a+ J)) = (¢, )_Dlaaj + J) - b)

= (¢, Dla+7)- (D _aibl+J) +{p,(a+J)- Y _Dlaj +J) - )

= (¢, D(a+J) - wa(wy)) + (p, (@ + J) - z)).
Then, D(a+J) =lim z; - (a+J) — (a+J) - z; for all a € A. Therefore, D is
J

approximately inner and thus D is an approximately inner module derivation.

U

Theorem 2.8. Let A be a Banach A-bimodule with bounded approzimate iden-
tity and ARgqA be a commutative A-bimodule such that each net of AQy.A is
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bounded. Suppose that I is a closed ideal and A-submodule of A. If T and

A/T are module symmetrically amenable, then so is A.

Proof. Let X be a commutative Banach A-2-module with compatible actions
and D: A — X be a module derivation. Since Z is module symmetri-
cally amenable, the restriction of D to Z, i.e. D|z, is approximately inner
by Lemma 2.7. Thus, the map D=D- D|z vanishes on Z. This map induces
a module derivation from A/Z into X defined via D(a + Z) = D(a). Due to
the module symmetric amenability of A/Z, D is also approximately inner by
Lemma 2.7. It follows from that D is an approximately inner module deriva-
tion. Let {e;} be a bounded approximate identity for A. Then, passing to a
subnet we may assume that e; ® e; + I is w*-convergent to 7" in ARqA. By
the continuity of w4 and w9, we have

wa(Dr(a)) =wa(lima-T —T-a) =limwy(a-T—T -a)
j j

=limwa(ae; ®e; —e; ®eja+ 1)
J

= lim(ae§ — e?a +J)=J,
j

w4y (Dr(a)) = 117;(11?1@ T —T-a)
=limw)(ae; ®e; —e; ®eja+ 1)
j
= lim(e,ae; — ejae; +J) = J
j

for all a € A. So, both w4 and w¢ vanishes on the range of D7, and Dy could
be regarded as a module derivation from A into K = kerw4 N ker w$. Since
A®qA is commutative A-bimodule, there is a (bounded) net {N,} € K such
that

(25) DT(a):h;na-Nj—Nj-a:DNj(a)

for all @ € A. Letting u; = T — N; € ARyA, we get
(a+ J)walu;) = (a+ J)(wa(T) — wa(N;))
=(a+J)(eF+J)
=ae;+J —a+J
for all a € A. The relation (2.5) implies that a - u; — @; - @ — 0. Similarly,
we can obtain that w%(u;)(a+ J) = a+ J and aou; —u; o a — 0. Hence,

{u;} is a module symmetric approximate diagonal in \A. This completes the
proof. O

We say the Banach algebra 2 acts trivially on A from left (right) if there is
a continuous linear functional f on 2 such that o -a = f(a)a (a-a = f(a)a)
for all « € A and a € A.

The following result is main key to achieve our purpose of this paper.
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Proposition 2.9. Let A be a Banach A-bimodule with trivial left action and A
has a bounded approximate identity. If A/J is symmetrically amenable, then
A is module symmetrically amenable.

Proof. Suppose that {d;} is a bounded approximate diagonal for .A/J, that is
di =3, (ai+D)@(bi+J) € (A/J)R(A/J). Define the map ¢: (A/J)® (.A/J)
(ARA) /I = ARy A via ¢((a+ J)® (b+ J)) := (a®@b) + I. Assume that {e;}
is a bounded approximate identity for A. For each a,b,c € A and o € 2, we
obtain
[(a-a)b—ala-b)]®@c= (a aA)b@c—ala-b)®c
im|((a - a)b ® ce;) — (alar - b) ® ejc)]

_hm[((a a)@c)(b®e;) — (a®@e;)((a-b) @c)
—hm[(( a)@c)(b@e;) = (a® (a-c))(b®e;)

® (
+(a®(a-0))(b®€j) (a®@ej)((a-b)@c)
Ha®e)b@ (a-c)) = (a@e)(b® (a-c))
=lim[((a-a)®c—a®@(a-c)(b®e))

+a®@(a-c)(b®ej) —(a®e;)((a-b)®@c
—b®(a-c) —(a®e;)(b® (a-c))]
- li]m[((a ) @c—a®(a-c)(b®e;)

+(ab®@ (o c)e;) = (a®@e;)(fla)b @ c
—b® f(a)c) — (ab® ej(ar - c))]
zli]m[((a-a)@c—a@( c))(b®e;)

+Hab@ (a-c)ej) = (a@e)) f()(b®c—-b&c)
—(ab® ej(a-c))]
zli]m[((a-a)®c—a®(a-c))(b®ej)GI.

Similarly, c®[(a-a)b—a(a-b)] € I. Hence, ¢ is well-defined. Also, ¢ is a module

homomorphism. It is easily verified that {¢(d;)} is a bounded symmetric net

in ARgA. Put @; = ¢(d;) = Y ai ® bi, + I. By [11, Proposition 2.2], we have
k

lim(a + J) - wy(u;) = hm (a+J) (Z aibl + J>

= lim(a +.J) - (Z(az + J)(b, + J))
= lign(a +J) - why(di) =a+J
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for each a € A. Also,

lim(%; - a — a - ;) = lim <z:(a}C ® bia — aal, @ b)) + I)

k

:¢(%n(E:Wﬂ+ﬂ@ﬂ%a+Jy—m%+n0®a§+J0>
= ¢(li£n(a d; —d;-a)) = 0.

Thus, {u;} is a module symmetric approximate diagonal for A. This shows
that A is module symmetrically amenable. O

3. APPLICATION TO SEMIGROUP ALGEBRAS

By an inverse semigroup S we shall mean a discrete semigroup such that for
any s € S there is a unique element s* € S with ss*s = s and s*ss* = s*. An
element e € S is called an idempotent if €2 = ¢* = e. Here and subsequently,

S will always denote an inverse semigroup with the set of idempotents Eg (or
E), where the order of E is defined by

e<deed=e (e,del).

Since FE is a (commutative) subsemigroup of S (see [8, Theorem V.1.2]) and a
semilattice, the algebra {'(E) could be regarded as a commutative subalgebra
of I*(S). Hence, [*(S) is a Banach algebra and a Banach ['(E)-module with
compatible actions [1]. We impose the following actions of I*(E) on [*(S):

S 05 =0y, 050 =0, =0,%6, (e€E,s€S).

With these actions, we consider ['(S) as a Banach ['(E)-module. In this case,
the ideal J (see section 2) is the closed linear span of {0,.;—0s | € € E,s,t € S}.
We consider an equivalence relation on S as follows:

st 0,—06€J (s,t €9).

In this case the quotient S/~ is a discrete group (see [2] and [13]). In fact,
S/~ is homomorphic to the maximal group homomorphic image Gg [12] of S
[14]. In particular, S is amenable if and only if S/~ = Gg is amenable [7, 12].
As in [16, Theorem 3.3], we may observe that ['(S)/J = I'(Gs). With the
notations of the previous section, {'(S)/J is a commutative ['(E)-bimodule
with the following actions

O * 5[31 = (5[3}, (5[3} c0e = 5[361 (S € S,e € E),

where [s] denotes the equivalence class of s in Gg.
Suppose that k£ € N. If there exist e € F and 7,7 € N such that

1<i<j<k+1, fie=fi, fie=Ffi (fi.fos .., frs1 € E),
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then we say that E satisfies condition Dy [7]. In [7, Theorem 16], the authors
proved that for any inverse semigroup S, [*(S) has a bounded approximate
identity if and only if E satisfies condition D), for some k.

Theorem 3.1. Let S be an inverse semigroup with the set of idempotents E
and 1*(S) be a Banach I*(E)-module with trivial left action. If E satisfies
condition Dy, for some k, then [*(S) is module symmetrically amenable if and
only if S is amenable.

Proof. Firstly, we assume that /1(.9) is module symmetrically amenable. Then,
it is module amenable. Now, Theorem 3.1 from [1] necessities that S is
amenable.

Conversely, suppose that S is amenable. Then, the (discrete) group Gg is
amenable by [7, Theorem 1], and so ['(Gg) is symmetrically amenable by [11,
Theorem 4.1]. The result follows from Proposition 2.9 with A = [!(S) and
A =[Y(F). O

In the following we bring two examples to show that there are some mod-
ule symmetrically amenable semigroup algebras which are not symmetrically
amenable.

Example 3.2. Let G be a group with identity e, and let J be a non-empty set.
Then, the Brandt inverse semigroup corresponding to G' and J, denoted by
S = M(G,T), is the collection of all J x J matrices (g);; with ¢ € G in the
(i, 7)™ place and 0 (zero) elsewhere and the J x J zero matrix 0. Multiplication
in S is given by the formula

()i (M) = {(90h>zz Ej P Z (g.h € G, i k1€,
and (g)5; = (97");i and 0* = 0. The set of all idempotents is Es = {(e);; : i €
J}J{0}. Tt is shown in [13, Example 3.2] that Gg is the trivial group, and so
[1(S) is module symmetrically amenable by Theorem 3.1. Note that if G is
not amenable or J is not finite, then [*(.S) is not amenable by Theorems 7 and
12 from [7] and hence it is not symmetrically amenable.

Example 3.3. Let C be the bicyclic inverse semigroup generated by p and gq,
that is

C={p"¢":a,b>0}, (") =p"q".
The multiplication operation is defined by
(r"¢")(p°¢") = p q
The set of idempotents of C is Ec = {p*¢®: a = 0,1,...} which is also totally
ordered with the following order

a—b+max{b,c} d—c+maz{b,c}

p'q" <p'¢’ = a<b.
Therefore, E satisfies condition D;. It is shown in [2] that G is isomorphic
to the group of integers Z, hence ['(C) is module symmetrically amenable by
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Theorem 3.1. On the other hand, I*(C) is not symmetrically amenable since it
is not amenable [7].
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