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A CLASS OF BERWALDIAN FINSLER METRICS

BAHMAN REZAEI AND MEHRAN GABRANI

Abstract. In this paper, we study projectively flat Finsler metrics de-
fined by the Euclidean metric and related 1-forms. For this class of Finsler
metrics, we find the necessary and sufficient condition to be Berwaldian.
Then, we obtain the differential equations that characterize these metrics
with vanishing Douglas curvature.

1. Introduction

The Berwald metrics are very important in Finsler geometry. They were
first investigated by L. Berwald. The geodesics of a Finsler metric F (x, y) on a
smooth manifold M are determined by the systems of second order differential
equations

d2xi

dt2
+ 2Gi

(
x,
dx

dt

)
= 0,(1)

where Gi = Gi(x, y) are scalar functions on TM0 and called by spray coeffi-
cients. They define a global vector field G = yi ∂

∂xi − 2Gi ∂
∂yi

on TM0, which is

called spray. By definition, F is called a Berwald metric if Gi = Gi(x, y) are
quadratic in y ∈ TxM at every point x, i.e.

Gi =
1

2
Γi
kh(x)yhyk.(2)

In [7], Peyghan-Tayebi considered a class of Finsler metrics called generalized
Berwald metrics which contains the class of Berwald metrics as a special case.
They find some interesting curvature properties of generalized Berwald met-
rics. Very recently, Tayebi-Barzegari study generalized Berwald manifold with
(α, β)-metrics and showed that a Finsler manifold with (α, β)-Finsler function
of sign property is a generalized Berwald manifold if and only if there exists a
covariant derivative such that it is compatible with α and β and equivalently
if and only if the dual vector field β] is of constant Riemannian length [9].
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A Finsler metric is said to be locally projectively equivalent to a Riemannian
metric g if at every point x, there is a local coordinate neighborhood in which
the geodesics of F coincide with that of g as point sets. In this case, the spray
coefficients Gi are in the following form

Gi =
1

2
Γi
kh(x)yhyk + P (x, y)yi.(3)

Finsler metrics with this property are called Douglas metrics. Obviously, the
Douglas metrics are more generalized than Berwald metrics.

In [8], Shen constructed a group of projectively flat metrics with K = 0 as
the following

F (x, y) =
{

1+ < a, x > +
(1− |x|2) < a, y >√

|y|2 − (|x|2|y|2− < x, y >2)+ < x, y >

}
×

(
√
|y|2 − (|x|2|y|2− < x, y >2)+ < x, y >)2

(1− |x|2)2(
√
|y|2 − (|x|2|y|2− < x, y >2)

.

Let us put

r = |y|, u = |x|2, s =
< x, y >

|y|
, v =< a, x >, t =

< a, y >

|y|
, |a| < 1.(4)

Then, the above metric can be written as

F = r
{

1 + v +
(1− u)t√

1− u+ s2 + s

} (
√

1− u+ s2 + s)2

(1− u)2
√

1− u+ s2
.

In [11], Tayebi-Shahbazi Nia find found a group of projectively flat Finsler
metrics composed by u, v, s and t with double square roots. Then it is natu-
ral to ask if there exist more projectively flag Finsler metrics defined by the
Euclidean metric |y| and the 1−forms < x, y >,< a, y >?

These motivate us to study the following Finsler metric

F = rφ(u, s, v, t),(5)

where x ∈ Rn, y ∈ TxRn, a = aiy
i is a constant 1−form, <,> is the standard

inner product of Rn and φ is a C∞ function [2, 3]. When a = 0, then the
metric F in (5) becomes a spherically symmetric. When a 6= 0, F in (5) is
neither spherically symmetric nor general-(α, β) metric [4]. In this paper, we
prove the following:

Theorem 1.1. Let F = rφ(u, s, v, t) be a Finsler metric on an open subset
U ⊂ Rn with dimension n ≥ 3 in (5). Then F is a Berwald metric if and only
if the following PDE’s hold

P − sPs − tPt = 0, Pss = Ptt = Pst = 0, Qs − sQss − tQst = 0,

Qt − tQtt − sQst = 0, Qsss = Qsst = Qstt = Qttt = 0, Rs − sRss − tRst = 0,

Rt − tRtt − sRst = 0, Rsss = Rsst = Rstt = Rttt = 0.
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2. Preliminaries

A Finsler metric on a manifold M is a function F : TM → [0,∞) which has
the following properties: (i) F is C∞ on TM0; (ii) F (x, λy) = λF (x, y) λ > 0;
and (iii) For any tangent vector y ∈ TxM , the vertical Hessian of F 2/2 given
by

gij(x, y) =

[
1

2
F 2

]
yiyj

is positive definite.
Every Finsler metric F induces a spray G = yi ∂

∂xi − 2Gi(x, y) ∂
∂yi

is defined

by

Gi(x, y) :=
1

4
gil(x, y)

{
2
∂gjl
∂xk

(x, y)− ∂gjk
∂xl

(x, y)
}
yjyk,

where the matrix (gij) means the inverse of matrix (gij).
From [4], we have the Hessian matrix gij(x, y) := 1

2
[F 2]yiyj of F in (5) as

follows

gij = C0δij + C1aiaj + C2
yi
r

yj
r

+ C3

(
aj
yi
r

+ ai
yj
r

) + C4(xj
yi
r

+ xi
yj
r

)
+C5

(
ajxi + aixj

)
+ C6xixj,

where

C0 = φ2 − sφφs − tφφt,

C1 = φ2
t + φφtt,

C2 = s2(φ2
s + φφss) + t2(φ2

t + φφtt) + 2ts(φsφt + φφst)− sφφs − tφφt,

C3 = φφt − s(φsφt + φφst)− t(φ2
s + φφss),

C4 = φφs − s(φ2
s + φφss)− t(φsφt + φφst),

C5 = φsφt + φφst,

C6 = φ2
s + φφss.

In order to compute the geodesic spray coefficients of F in (5), let us denote

gij = C0

(
Fij + γ

yi
r

yj
r

)
,

where

γ = −C3

C0

, Fij = Eij + θNiNj, θ =
C5

C0

, Ni = ai + xi,

Eij = Dij + ξMiMj, ξ =
C3

C0

, Mi = ai +
yi
r
,

Dij = Bij + εaiaj, ε =
C1 − C3 − C5

C0

,

Bij = Aij + λLiLj, λ =
C2

C0

, Li =
C4

C2

xi +
yi
r
,
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Aij = δij + µxixj, µ =
C2C6 − C2

4 − C2C5

C0C2

.

Therefore, the inverse of the metric tensor is given by

gij = C−10

{
δij − ζxixj − τLiLj − ν(Bij)2aiaj − σM iM j − κN iN j − α(F ij)2yiyj

}
,

where

ζ =
µ

1 + µu
, τ =

λ

1 + λL2
, Li = ωxi +

yi

r
,

ν =
ε

1 + εa2
, Bijaj = b1x

i + b2
yi

r
+ ai,

σ =
ξ

1 + ξM2
, M i = d1x

i + d2
yi

r
+ d3a

i,

κ =
θ

1 + θN2
, N i = e1x

i + e2
yi

r
+ e3a

i,

α =
γ

1 + γy2
, F ijyj = f1x

i + f2
yi

r
+ f3a

i.

Since ω, L2, b1, b2, a
2, d1, d2, d3,M

2, e1, e2, e3, N
2, f1, f2, f3 and y2 are too long,

they are listed in Appendix.
On the other hand, by the definition of the geodesic spray coefficients, we

have

Gi :=
1

4
gil
{(
F 2
)
xkyl

yk −
(
F 2
)
xl

}
=
Fxkyk

2F
yi +

F

2
gil
(
Fxkyly

k − Fxl

)
.

Since Fxk = 2rφuxk + φsyk + rφvak, one can write the first part as

Fxkyk

2F
yi =

r

2φ

(
2sφu + φs + tφv

)
yi.(6)

At the same time, it can be computed that

Fxkyl =
(

2rφuxk + φsyk + rφvak

)
yl

=
2

r

(
φu − sφus − tφut

)
xkyl +

1

r

(
φv − sφvs − tφvt

)
akyl

− 1

r2

(
sφss + tφst

)
ykyl +

1

r

(
φstalyk + φssxlyk

)
+2
(
φusxlxk + φutalxk

)
+ φvtakal + φsδlk + φvsakxl.

Hence

Fxkyly
k − Fxl = r

(
2sφus + φss + tφsv − 2φu

)(
xl − s

yl
r

)
+r
(

2sφut + φst + tφvt − φv

)(
al − t

yl
r

)
.(7)
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Combining (6) and (7), the geodesic spray coefficients become

Gi =
r

2φ

(
2sφu + φs + tφv

)
yi +

r2φ

2
gil

{(
2sφus + φss + tφsv − 2φu

)(
xl − s

yl
r

)
+
(

2sφut + φst + tφvt − φv

)(
al − t

yl
r

)}
.

So we only need to compute

gil
(
xl − s

yl
r

)
= C−10

[
Cxi +D

yi

r
+ Eai

]
,(8)

and

gil
(
al − t

yl
r

)
= C−10

[
Gxi +H

yi

r
+ Iai

]
,(9)

where C,D,E,G,H and I are again too long, they are listed in Appendix. By
putting (8) and (9) into Gi and simplifying the result it, one will finally come
to the formula

Gi = rPyi + r2Qxi + r2Rai,(10)

where P, Q and R being long, they are again listed in Appendix. When a =
0, then the geodesics spray coefficients in (10) become the geodesics spray
coefficients of spherically symmetric Finsler metrics [6].

2.1. Berwald curvature. The Berwald curvature of a Finsler metric is a
tensor defined in local coordinates as follows

B := Bi
jkldx

j ⊗ dxk ⊗ dxl ⊗ ∂

∂xi
,

where

Bi
jkl =

∂3Gi

∂yj∂yk∂yl
.

For a Finsler metric in (5), we already know its geodesic spray coefficients can
be written as Gi = rPyi + r2Qxi + r2Rai.

Proposition 2.1. Let F = rφ(u, s, v, t) be a Finsler metric on an open subset
U ⊂ Rn with dimension n ≥ 3 in (5). Then Berwald curvature of F is given
by

Bi
jkl = +

1

r
{δij
[
Pssx

kxl + Ptta
kal + Pst

(
xkal + xlak

)]
+(P − sPs − tPt)δ

i
jδkl}(j → k → l→ j)

− 1

r2
[(sPss + tPst)δ

i
jx

kyl + (sPss + tPst)δ
i
jy

kxl

+(sPss + tPst)y
iδjkx

l + (tPtt + sPst)δ
i
ja

kyl + (tPtt + sPst)δ
i
jy

kal
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+(tPtt + sPts)y
iδjka

l](j → k → l→ j) +
1

r3
[(s2Pss + t2Ptt + sPs

+tPt + stPst + stPts − P )
(
δijy

kyl + yiδjky
l
)
](j → k → l→ j)

+
1

r5
(3P − s3Psss − t3Pttt − s2tPtss − st2Pstt − s2tPsst − st2Ptts

−s2tPsts − st2Ptst − 6s2Pss − 6t2Ptt − 6stPst − 6stPts − 3sPs

−3tPt)y
iyjykyl +

yi

r2
(
Psssx

jxkxl + Pttta
jakal

)
+

1

r4
[
(
s2Psss + t2Pstt + stPsst + stPsts + 3sPss + 3tPst

)
yiyjykxl

+(s2Psst + t2Pttt + stPstt + stPtst + 3tPtt

+3sPst)y
iyjykal](j → k → l→ j)

− 1

r3
[(Pss + sPsss + tPsst)y

iyjxkxl

+(Pst + sPsst + tPstt)y
iyjakxl + (Pst + sPsts + tPstt)y

iyjxkal

+(Ptt + tPttt + sPstt)y
iyjakal](j → k → l→ j)

+
1

r2
(
Pstty

ixjakal + Pssty
iajxkxl

)
(j → k → l→ j)

+
1

r
[(Qs − sQss − tQst)x

iδjkx
l

+(Qt − tQtt − sQts)x
iδjka

l](j → k → l→ j)

+
1

r3
[(s2Qsss + t2Qstt + stQsst + stQsts + sQss + tQst

−Qs)x
ixjykyl + (t2Qttt + s2Qsst + stQstt + stQtst + tQtt + sQst

−Qt)x
iyjykal](j → k → l→ j) +

1

r2
(s2Qss + t2Qtt

+stQts + stQst − sQs − tQt)x
iyjδkl(j → k → l→ j)

− 1

r2
(tQsst + sQsss)x

ixjxlyk(j → k → l→ j)

+
xi

r

(
Qsssx

jxkxl +Qttta
jakal

)
+

1

r4
(3sQs + 3tQt − 3s2Qss − 3t2Qtt − 3stQts − 3stQst − s3Qsss

−t3Qttt − s2tQsst − st2Qtts − s2tQsts − st2Qtst

−s2tQtss − st2Qstt)x
iyjykyl

+
1

r

(
Qsstx

ixjxkal +Qsttx
ixjakal

)
(j → k → l→ j)

− 1

r2
[(sQsst + tQstt)x

ixjykal + (sQsts + tQstt)x
ixjakyl

+ (sQstt + tQttt)x
iyjakal](j → k → l→ j)
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+
1

r
[(Rt − tRtt − sRts)a

iδjka
l

+(Rs − sRss − tRst)a
iδjkx

l](j → k → l→ j)

+
1

r3
[(t2Rttt + s2Rsst + stRstt + stRtst + tRtt + sRts −Rt)a

iajykyl

+(s2Rsss + t2Rstt + stRsst + stRsts + sRss

+tRst −Rs)a
iyjykxl](j → k → l→ j) +

1

r2
(s2Rss + t2Rtt

+stRst + stRts − sRs − tRt)a
iyjδkl(j → k → l→ j)

− 1

r2
(sRstt + tRttt)a

iajakyl(j → k → l→ j)

+
1

r

(
Rttta

iajakal +Rsssa
ixjxkxl

)
+

1

r4
(3sRs + 3tRt − 3s2Rss − 3t2Rtt − 3stRst − 3stRts − s3Rsss

−t3Rttt − s2tRsst − st2Rstt − s2tRsts − st2Rtst − s2tRtss

−st2Rtts)a
iyjykyl

+
1

r

(
Rstta

iajakxl +Rssta
iajxkxl

)
(j → k → l→ j)

− 1

r2
[(tRstt + sRsts)a

iajykxl + (tRstt + sRsst)a
iajxkyl

+(tRsst + sRsss)a
iyjxkxl](j → k → l→ j).(11)

When a = 0, then the Berwald curvature in (11) becomes the Berwald curvature
of spherically symmetric Finsler metrics [6].

Proof. Let F be a Finsler metric in (5). From (4) and (10), we have

∂Gi

∂yi
= ryjPy

i + r(Pssyj + Pttyj)y
i + rPδij + 2yjQxi

+r2(Qssyj +Qttyj)x
i + 2yjRai + r2(Rssyj +Rttyj)a

i,(12)

where we have used ∂u
∂yi

= 0 and ∂r2

∂yj
= 2yj. By (12), we obtain

∂2Gi

∂yj∂yk
= [(Pssyk + Pttyk)yiryj + Pδikryj + r(Pssyj + Pttyj)δ

i
k

+2(Qssyj +Qttyj)y
kxi + 2(Rssyj +Rttyj)y

kai](j ↔ k)

+r(Psssyk + Psttyk)yisyj + Psry
isyjyk + Pyiryjyk

+r(Ptssyk + Ptttyk)yityj + Ptry
ityjyk + 2Qxiδjk

+r2(Qsssyk +Qsttyk)xisyj + r2Qsx
isyjyk + r2Qtx

ityjyk

+r2(Qtssyk +Qtttyk)xityj + 2Raiδjk + r2Rsa
isyjyk

+r2(Rsssyk +Rsttyk)aisyj + r2(Rtssyk +Rtttyk)aityj
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+r2Rta
ityjyk ,

where j ↔ k denotes symmetrization. By definition, we get

Bi
jkl =

(
Ptty

ityj tykryl + Pty
ityjykryl + Pty

ityjrykyl
)

(j → k → l→ j)

+[Ps

(
syjryk + sykryj

)
δil + Pryjykδ

i
l

+Pssrsyjsykδ
i
l ](j → k → l→ j)

+(Pssy
isyjsykryl + Psy

isyjykryl + Psy
isyjrykyl)(j → k → l→ j)

+
[
Pt

(
tyjryk + tykryj

)
δil + Pttrtyj tykδ

i
l

]
(j → k → l→ j)

+
(
Psrsyjykδ

i
l + Pssry

isyjsykyl
)

(j → k → l→ j)

+
(
Ptrtyjykδ

i
l + Pttry

ityj tykyl
)

(j → k → l→ j)

+[Psstry
isyjsyktyl + Psttry

isyj tyktyl

+Pstry
i
(
syjyktyl + syj tykyl

)
](j → k → l→ j)

+Pst{[yi
(
syj tyk + syktyj

)
ryl

+r
(
syj tyk + syktyj

)
δil ]}(j → k → l→ j)

+2xi
(
Qssyjδkl +Qssy

jsyksyl +Qsy
jsykyl

)
(j → k → l→ j)

+2xi
(
Qttyjδkl +Qtty

jtyktyl +Qty
jtykyl

)
(j → k → l→ j)

+[Qsstr
2xisyjsyktyl +Qsttr

2xisyj tyktyl

+Qstr
2xi
(
syjyktyl + syj tykyl

)
](j → k → l→ j)

+[2Qstx
iyj
(
syktyl + syltyk

)
+r2xi

(
Qsssyjsykyl +Qtttyj tykyl

)
](j → k → l→ j)

+2ai
(
Rssyjδkl +Rssy

jsyksyl +Rsy
jsykyl

)
(j → k → l→ j)

+2ai
(
Rttyjδkl +Rtty

jtyktyl +Rty
jtykyl

)
(j → k → l→ j)

+[Rsstr
2aisyjsyktyl +Rsttr

2aisyj tyktyl

+Rstr
2ai
(
syjyktyl + syj tykyl

)
](j → k → l→ j)

+[2Rsta
iyj
(
syktyl + syltyk

)
+r2ai

(
Rsssyjsykyl +Rtttyj tykyl

)
](j → k → l→ j)

+Psssry
isyjsyksyl + Pyiryjykyl + Psry

isyjykyl + Ptttry
ityj tyktyl

+Ptry
ityjykyl +Qsssr

2xisyjsyksyl +Qsr
2xisyjykyl

+Qtttr
2xityj tyktyl +Qtr

2xityjykyl +Rsssr
2aisyjsyksyl

+Rsr
2aisyjykyl +Rtttr

2aityj tyktyl +Rtr
2aityjykyl ,(13)

where j → k → l→ j denotes cyclic permutation.
Observe that

ryj =
yj

r
,(14)
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ryjyk =
r2δjk − yjyk

r3
,(15)

ryjykyl =
3yjykyl − r2δjkyl(j → k → l→ j)

r5
.(16)

where we have used (4). Direct computations yield

syj =
rxj − syj

r2
, syjyk =

3syjyk − rxjyk − rxkyj − sr2δjk
r4

,(17)

syjykyl =
1

r5
(3xjykyl + 3srδjky

l − r2xjδkl)(j → k → l→ j)(18)

−15

r6
syjykyl,

tyj =
raj − tyj

r2
,(19)

tyjyk =
3tyjyk − rajyk − rakyj − tr2δjk

r4
,(20)

tyjykyl =
1

r5
(3ajykyl + 3trδjky

l − r2ajδkl)(j → k → l→ j)(21)

−15

r6
tyjykyl.

From (13)-(21) we conclude the proof. �

Proof of theorem 1.1. As we know, a Finsler metric F is called Berwald metric
if Berwald curvature is zero. From (11) , a Finsler metric F in (5) is a Berwald
metric if and only if P,Q and R in its geodesic spray coefficients must satisfy

P − sPs − tPt = 0,

Pss = Ptt = Pst = 0,

Qs − sQss − tQst = 0,

Qt − tQtt − sQst = 0,

Qsss = Qsst = Qstt = Qttt = 0,

Rs − sRss − tRst = 0,

Rt − tRtt − sRst = 0,

Rsss = Rsst = Rstt = Rttt = 0.

From these equations, one can first solve P,Q and R, then completely deter-
mine the metric function F . �
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2.2. Douglas curvature. In [1], Douglas introduced the local function D i
j kl

as follows

D i
j kl :=

∂3

∂yj∂yk∂yl

(
Gi − 1

n+ 1

∂Gm

∂ym
yi
)
,(22)

These functions are called Douglas curvature and a Finsler metric F is said to
be a Douglas metric if D i

j kl = 0 [10, 12].

Proposition 2.2. Let F = rφ(u, s, v, t) be a Finsler metric on an open subset
U ⊂ Rn with dimension n ≥ 3 in (5). Then F has vanishing Douglas curvature
if and only if the following hold

Qs − sQss − tQst = 0,

Qt − tQtt − sQst = 0,

Qsss = Qsst = Qstt = Qttt = 0,

Rs − sRss − tRst = 0,

Rt − tRtt − sRst = 0,

Rsss = Rsst = Rstt = Rttt = 0.

(23)

Proof. Let F be a Finsler metric in (5). From (4) and (10), we have

∂Gj

∂yj
= ryjPy

j + r(Pssyj + Pttyj)y
j + nrP + 2Q < x, y >

+r2(Qssyj +Qttyj)x
j + 2R < a, y > +r2(Rssyj +Rttyj)a

j

= r
[
(n+ 1)P + 2sQ+ 2tR + (u− s2)Qs + (v − st)Qt + (v − st)Rs

+(a2 − t2)Rt

]
.

It follows that

Gi − 1

n+ 1

∂Gj

∂yj
yi = rZyi + r2Qxi + r2Rai,

where

Z = − 1

n+ 1
[2sQ+ 2tR + (u− s2)Qs + (v − st)Qt + (v − st)Rs

+(a2 − t2)Rt].(24)

Substituting Gi into (22) we get

D i
j kl :=

∂3

∂yj∂yk∂yl
(
rZyi + r2Qxi + r2Rai

)
.
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In this case, to get Douglas curvature, one can replace Z and P in (11).
When a = 0, then the Douglas curvature becomes the Douglas curvature of
spherically symmetric Finsler metrics [5].

Therefore, a Finsler metric F in (5) is a Douglas metric if, and only if,

Z − sZs − tZt = 0,(25)

Zss = Ztt = Zst = 0,(26)

Qs − sQss − tQst = 0,(27)

Qt − tQtt − sQst = 0,(28)

Qsss = Qsst = Qstt = Qttt = 0,(29)

Rs − sRss − tRst = 0,(30)

Rt − tRtt − sRst = 0,(31)

Rsss = Rsst = Rstt = Rttt = 0.(32)

Plugging (24) into (25), we have

−(n+ 1)(Z − sZs − tZt) = (Qs − sQss − tQst)
(
u− s2

)
+ (Qt − tQtt − sQst) (v − st)
+ (Rs − sRss − tRst) (v − st)
+ (Rt − tRtt − sRst)

(
a2 − t2

)
.

Thus (27), (28), (30) and (31) imply (25). Finally, (26) is easy to obtain from
(27)-(32). Then (25)-(32) can be reduced to (23). �

3. Appendix

ω :=
C4

C2

− C4

C2

ζu− ζs,

L2 := sω +
C4

C2

(uω + s) + 1,

b1 := −vτ ω2 − tτ ω − vζ,
b2 := −vτ ω − tτ,

Bijajai := tb2 + vb1 + a2,

d1 := −sν b12 − sτ ω2 − tν b1b2 − vν b12 − vτ ω2 − a2ν b1 − tν b1 − tτ ω
−ν b1b2 − sξ − vξ − τ ω,

d2 := −sν b1b2 − tν b22 − vν b1b2 − a2ν b2 − sτ ω − tν b2 − vτ ω − ν b22 − tτ
−τ + 1,

d3 := −sν b1 − tν b2 − vν b1 − a2ν − tν − ν b2 + 1,

M2 := (s+ v) d1 + (t+ 1) d2 +
(
a2 + t

)
d3,

e1 := −a2σ d1d3 − sν b1b2 − sσ d1d2 − tν b1b2 − tσ d1d2 − uν b12 − uσ d12
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−uτ ω2 − vν b12 − vσ d12 − vσ d1d3 − vτ ω2 − a2ν b1 − sτ ω − tτ ω
−vν b1 − uξ − vξ + 1,

e2 := −a2σ d2d3 − sν b22 − sσ d22 − tν b22 − tσ d22 − uν b1b2 − uσ d1d2
−vν b1b2 − vσ d1d2 − vσ d2d3 − a2ν b2 − uτ ω − vν b2 − vτ ω − sτ − tτ,

e3 := −a2σ d32 − sσ d2d3 − tσ d2d3 − uσ d1d3 − vσ d1d3 − vσ d32 − sν b2
−tν b2 − uν b1 − vν b1 − a2ν − νv + 1,

N2 := (u+ v) e1 + (s+ t) e2 +
(
a2 + v

)
e3,

f1 := −sκ e12 − sν b12 − sσ d12 − sτ ω2 − tκ e1e3 − tσ d1d3 − tν b1 − κ e1e2
−ν b1b2 − σ d1d2 − sξ − τ ω,

f2 := −sκ e1e2 − sν b1b2 − sσ d1d2 − tκ e2e3 − tσ d2d3 − sτ ω − tν b2 − κ e22

−ν b22 − σ d22 − τ + 1,

f3 := −sκ e1e3 − sσ d1d3 − tκ e32 − tσ d32 − sν b1 − κ e2e3 − σ d2d3 − tν
−ν b2,

y2 := sf1 + tf3 + f2,

C := s2α f1
2 + s2κ e1

2 + s2ν b1
2 + s2σ d1

2 + s2τ ω2 + stα f1f3 + stκ e1e3

+stσ d1d3 + stν b1 − uα f12 − uκ e12 − uν b12 − uσ d12 − uτ ω2

−vα f1f3 − vκ e1e3 − vσ d1d3 + s2ξ − vν b1 − uξ + 1,

D := s2κ e1e2 + s2ν b1b2 + s2σ d1d2 + stα f2f3 + stκ e2e3 + stσ d2d3 + s2τ ω

+stν b2 − uα f1f2 − uκ e1e2 − uν b1b2 − uσ d1d2 − vα f2f3 − vκ e2e3
−vσ d2d3 − uτ ω − vν b2 + α f1f2 − s,

E := s2α f1f3 + s2κ e1e3 + s2σ d1d3 + stα f3
2 + stκ e3

2 + stσ d3
2 + s2ν b1

−uα f1f3 − uκ e1e3 − uσ d1d3 − vα f32 − vκ e32 − vσ d32 + stν − uν b1
−vν,

G := stα f1
2 + stκ e1

2 + stν b1
2 + stσ d1

2 + stτ ω2 + t2α f1f3 + t2κ e1e3

+t2σ d1d3 − a2α f1f3 − a2κ e1e3 − a2σ d1d3 + t2ν b1 − vα f12 − vκ e12

−vν b12 − vσ d12 − vτ ω2 − a2ν b1 + stξ − vξ,
H := stα f1f2 + stκ e1e2 + stν b1b2 + stσ d1d2 + t2α f2f3 + t2κ e2e3

+t2σ d2d3 − a2α f2f3 − a2κ e2e3 − a2σ d2d3 + stτ ω + t2ν b2 − vα f1f2
−vκ e1e2 − vν b1b2 − vσ d1d2 − a2ν b2 − vτ ω − t,

I := stα f1f3 + stκ e1e3 + stσ d1d3 + t2α f3
2 + t2κ e3

2 + t2σ d3
2 − a2α f32

−a2κ e32 − a2σ d32 + stν b1 − vα f1f3 − vκ e1e3 − vσ d1d3 + t2ν − vν b1
−a2ν + 1,

P := A+
BD + FH

C0

,
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Q :=
BC + FG

C0

,

R :=
BE + IF

C0

.

By using Maple program, we can reformulate the equations above as the fol-
lowings:

ω = −
(
−s3φ2φssφst − s3φφs

2φst − s3φs
3φt − st2φ2φst

2 − st2φsφt
3 + s2φ2φsφst

+s2φφ2
sφt − t2φ2φtφst − t2φφsφt

2 + sφ3φss + sφ2φs
2 + tφ3φst − 2 s2tφ2φst

2

−2 s2tφs
2φt

2 + 2 tφ2φsφt − φ3φs − 2 stφ2φtφss − 4s2tφ φsφtφst − 2 st2φφsφtφst

+st2φφs
2φtt − st2φφsφtφtt + st2φφt

2φss − st2φφt
2φst + stφ2φsφst + stφ2φtφst

−stφ φs
2φt + stφ φsφt

2 − s3φφsφtφss + st2φ2φssφtt − st2φ2φstφtt

)(
−4 stuφ φsφtφst − s3φ2φsφss − s3φφs

3 − s2uφs
3φt − t3φ2φtφtt − t3φφt

3

−t2uφ2φst
2 − t2uφsφt

3 + s2φ3φss + suφφs
3 + t2φ3φtt − sφ3φs − tφ3φt − uφ2φs

2

+2 stφ3φst + 2 t2φ2φt
2 + 2 s2φ2φs

2 − 2 s2tφ2φsφst − 3 s2tφ φs
2φt − 2 st2φ2φtφst

−3 st2φφsφt
2 − 2 stuφ2φst

2 − 2 stuφs
2φt

2 + 4 stφ2φsφt + 2 tuφ2φsφst + tuφ φs
2φt

+tuφ φsφt
2 − 2 t2uφφsφtφst − s2tφ2φtφss − s2uφ2φssφst − s2uφφs

2φst

−s2uφφsφtφss − st2φ2φsφtt + t2uφ2φssφtt − t2uφ2φstφtt + t2uφφs
2φtt

−t2uφφsφtφtt + t2uφφt
2φss − t2uφφt

2φst + suφ2φsφss + suφ2φsφst + suφφs
2φt

−tuφ2φtφss + tuφ2φtφst

)
,

L2 = −
(
−s2t2uφφs

2φt
2φss + 2 s2t2uφφs

3φtφst + 2 s2t2uφφs
3φtφtt + 14 s2t2uφφs

2φt
2φst

+2 s2t2uφφsφt
3φss − 2 st3uφ3φssφstφtt − 2 st3uφ2φs

2φstφtt + 6 st3uφ2φsφtφst
2

−2 st3uφ2φt
2φssφst − 2 st3uφφs

3φtφtt + 4 st3uφφs
2φt

2φst + 4 st3uφφs
2φt

2φtt

−2 st3uφφsφt
3φss + 8 st3uφφsφt

3φst + 2 t4uφ2φsφtφstφtt − 2 s2tuφ3φsφssφst

−2 s2tuφ3φtφssφst + 2 s2tuφ2φs
2φtφss − 10 s2tuφ2φs

2φtφst − 2 s2tuφ2φsφt
2φss

−2st2uφ3φsφstφtt + 4 st2uφ3φtφssφst − 4 st2uφ2φs
2φtφst − 2 st2uφ2φs

2φtφtt

+4 st2uφ2φsφt
2φss − 10 st2uφ2φsφt

2φst − 4 stuφ3φsφtφss + 2 stuφ3φsφtφst

−8 s5tφ2φsφtφssφst − 2 s4t2φ2φsφtφssφst − 2 s4t2φ2φsφtφssφtt + 2 s3t3φ2φsφtφssφtt

−8 s3t3φ2φsφtφstφtt − 2 s2t4φ2φsφtφstφtt + 8 s3tuφ φs
3φtφst + 4 s3tuφ φs

2φt
2φss

+2 s2t2uφ3φssφstφtt − 2 s2t2uφ2φs
2φssφtt + 2 s2t2uφ2φs

2φstφtt + 12 s2t2uφ2φsφtφst
2

+2 s2t2uφ2φt
2φssφst − 2 st3φ4φstφtt − 4 st3φ3φt

2φst − 6 st3φ2φsφt
3 + 2 t3uφ2φt

3φss

−2 t3uφ2φt
3φst − 2 t3uφφsφt

4 − 2 s2tφ4φsφst − 2 s2tφ3φs
2φt − 2 s2uφ3φs

2φss

+2 st2φ4φtφst + 3 st2φ3φsφt
2 + 2 suφ4φsφss + 2 tuφ4φsφst + 2 tuφ3φs

2φt

−2 s6φ2φs
2φssφst − 2 s6φφs

3φtφss − 4 s5tφ3φssφst
2 − 4 s5tφ2φs

2φst
2

−4 s3t3φ3φst
2φtt − 4 s3t3φ2φt

2φst
2 + 2 s5φ3φsφssφst + 2 s5φ2φs

2φtφss + 4 s4tφ3φsφst
2

−2 s4tφ3φtφss
2 + 2 s4tφ2φs

3φst + 6 s4tφ φs
3φt

2 + 5 s3t2φ3φsφst
2 + 4 s3t2φ3φtφst

2
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+6 s3t2φφs
2φt

3 + 4 s3tuφs
4φt

2 − 2 s2t3φ2φt
3φss + 2 s2t3φ2φt

3φst + 3 s2t3φφs
2φt

3

+2 s2t3φφsφt
4 + 4 s2t2uφ3φst

3 + 6 s2t2uφs
3φt

3 + 2 st4φ2φt
3φst + 3 st4φφsφt

4

+2 st3uφ3φst
3 + 4 st3uφs

2φt
4 + 2 s3tφ4φssφst + 2 s3tφ2φs

3φt − 2 s3tφ2φs
2φt

2

−2 s3uφ2φs
3φst − 2 s3uφφs

4φt − 2 s2t2φ2φs
2φt

2 − 3 t4φ2φt
4 + 8 s3tuφ2φsφtφssφst

+2 s2t2uφ2φsφtφssφst + 2 s2t2uφ2φsφtφssφtt − 2 st3uφ2φsφtφssφtt

+8 st3uφ2φsφtφstφtt − 8 s5tφ φs
3φtφst − 4 s5tφ φs

2φt
2φss − 2 s4t2φ3φssφstφtt

+2 s4t2φ2φs
2φssφtt − 2 s4t2φ2φs

2φstφtt − 12 s4t2φ2φsφtφst
2 − 2 s4t2φ2φt

2φssφst

−2 s4t2φφs
3φtφst − 2 s4t2φφs

3φtφtt − 14 s4t2φφs
2φt

2φst − 2 s4t2φφsφt
3φss

+2 s3t3φ3φssφstφtt + 2 s3t3φ2φs
2φstφtt − 6 s3t3φ2φsφtφst

2 + 2 s3t3φ2φt
2φssφst

+2 s3t3φφs
3φtφtt − 4 s3t3φφs

2φt
2φst − 4 s3t3φφs

2φt
2φtt + 2 s3t3φφsφt

3φss

−8 s3t3φφsφt
3φst + 2 s2t4φ2φt

2φssφtt − 2 s2t4φ2φt
2φstφtt − 2 s2t4φφsφt

3φst

−2 s2t4φφsφt
3φtt + 2 s4tφ3φsφssφst + 2 s4tφ3φtφssφst + s2uφ2φs

3φt

+t2uφ3φs
2φtt − t2uφ3φt

2φss + t2uφ3φt
2φst − t2uφ2φs

2φt
2 + t2uφ2φsφt

3

−s2t2φ3φt
2φst − s2t2φ2φsφt

3 + s2uφ3φs
2φst − t4uφ3φssφtt

2 + t4uφ3φst
2φtt

+t4uφ3φstφtt
2 − t4uφ2φs

2φtt
2 + t4uφ2φsφtφtt

2 + t4uφ2φt
2φst

2 − t4uφφs
2φt

2φtt

−t4uφφt
4φss + t4uφφt

4φst − s2t2φ3φs
2φtt + s2t2φ3φt

2φss + s2t3φ3φtφst
2

−s2t2uφ3φss
2φtt + s2t2uφ3φssφst

2 + s2t2uφ2φs
2φst

2 − s2t2uφ2φt
2φss

2

−s2t2uφφs
4φtt + st4φ3φsφtt

2 + s2t4φφs
2φt

2φtt + s2t4φφt
4φss − s2t4φφt

4φst

+s4uφ3φss
2φst + s4uφ2φsφtφss

2 + s4uφφs
4φst + s3t2φφs

3φt
2 − s4t2φ2φs

2φst
2

+s4t2φ2φt
2φss

2 + s4t2φφs
4φtt + s4t2φφs

2φt
2φss + s2t4φ3φssφtt

2 − s2t4φ3φst
2φtt

−s2t4φ3φstφtt
2 + s2t4φ2φs

2φtt
2 − s2t4φ2φsφtφtt

2 − s2t4φ2φt
2φst

2 − s6φ2φsφtφss
2

+s4t2φ3φss
2φtt − s4t2φ3φssφst

2 − t4φ4φtt
2 − s2uφ4φss

2 − s2uφ2φs
4 − t2uφ4φst

2

+t5φ3φtφtt
2 + t5φφt

5 + t4uφsφt
5 + s4φ4φss

2 − s4φ3φs
2φst + s4φ2φs

4 − s4φ2φs
3φt

+s4uφs
5φt − s2t4φsφt

5 − s6φ3φss
2φst − s6φφs

4φst − s6φs
5φt − 6 st2uφφs

2φt
3

−2 t3uφ3φsφstφtt + 2 t3uφ3φtφssφtt − 2 t3uφ3φtφstφtt − 2 t3uφ2φsφt
2φst

−2 t3uφ2φsφt
2φtt − 2 stuφ4φssφst − 2 stuφ2φs

3φt + 2 stuφ2φs
2φt

2

−2 t2uφ3φsφtφst − 2 s4tφ2φs
2φtφss + 10 s4tφ2φs

2φtφst + 2 s4tφ2φsφt
2φss

+2 s4uφ2φs
2φssφst + 2 s4uφφs

3φtφss + 2 s3t2φ3φsφstφtt − 4 s3t2φ3φtφssφst

+6 s3t2φ2φs
2φtφst + 2 s3t2φ2φs

2φtφtt − 4 s3t2φ2φsφt
2φss + 10 s3t2φ2φsφt

2φst

+4 s3tuφ3φssφst
2 + 4 s3tuφ2φs

2φst
2 + 4 s2t3φ3φsφstφtt − 2 s2t3φ3φtφssφtt

+2 s2t3φ3φtφstφtt + 2 s2t3φ2φs
2φtφtt + 6 s2t3φ2φsφt

2φst + 2 s2t3φ2φsφt
2φtt

+2 st4φ3φtφstφtt + 4 st4φ2φsφt
2φtt + 4 st3uφ3φst

2φtt + 4 st3uφ2φt
2φst

2

−2 t4uφ2φt
2φssφtt + 2 t4uφ2φt

2φstφtt + 2 t4uφφsφt
3φst + 2 t4uφφsφt

3φtt

+4 s3tφ3φsφtφss − 2 s3tφ3φsφtφst − 2 s3uφ3φsφssφst − 2 s3uφ2φs
2φtφss

−2 s2t2φ3φsφtφst − 4 s2tuφ3φsφst
2 + 2 s2tuφ3φtφss

2 − 2 s2tuφ2φs
3φst
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−6 s2tuφ φs
3φt

2 − 4 st3φ3φsφtφtt − 4 st2uφ3φsφst
2 − 4 st2uφ3φtφst

2 − 4 s5tφs
4φt

2

−4 s4t2φ3φst
3 − 6 s4t2φs

3φt
3 − 2 s3t3φ3φst

3 − 4 s3t3φs
2φt

4 + 2 s5φ2φs
3φst

+2 s5φφs
4φt + 2 t5φ2φt

3φtt + 2 s4φ3φs
2φss − 4 t4φ3φt

2φtt − 2 s3φ4φsφss

+2 t3φ4φtφtt + 2 suφ3φs
3 + s2φ4φs

2 − t2φ4φt
2 − uφ4φs

2 − 2 s3φ3φs
3 + 3 t3φ3φt

3
)

\
((
s2φs

2 + s2φφss + t2φt
2 + t2φφtt + 2 tsφsφt + 2 tsφ φst − sφ φs − tφ φt

)(
−4 stuφ φsφtφst − s3φ2φsφss − s3φφs

3 − s2uφs
3φt − t3φ2φtφtt − t3φφt

3

−t2uφ2φst
2 − t2uφsφt

3 + s2φ3φss + suφφs
3 + t2φ3φtt − sφ3φs − tφ3φt − uφ2φs

2

+2 stφ3φst + 2 t2φ2φt
2 + 2 s2φ2φs

2 − 2 s2tφ2φsφst − 3 s2tφ φs
2φt − 2 st2φ2φtφst

−3 st2φφsφt
2 − 2 stuφ2φst

2 − 2 stuφs
2φt

2 + 4 stφ2φsφt + 2 tuφ2φsφst + tuφ φs
2φt

+tuφ φsφt
2 − 2 t2uφφsφtφst − s2tφ2φtφss − s2uφ2φssφst − s2uφφs

2φst

−s2uφφsφtφss − st2φ2φsφtt + t2uφ2φssφtt − t2uφ2φstφtt + t2uφφs
2φtt

−t2uφφsφtφtt + t2uφφt
2φss − t2uφφt

2φst + suφ2φsφss + suφ2φsφst + suφφs
2φt

−tuφ2φtφss + tuφ2φtφst

))
,

b1 =
(
4 stvφ φsφtφst + s2tφ2φsφst + s2tφ φs

2φt + st2φ2φtφst + st2φφsφt
2 − s3tφ2φssφst

−s3tφ φs
2φst − s3tφ φsφtφss − 2 st2φ2φtφss + 2 stvφ2φst

2 + 2 stvφs
2φt

2 − 2 svφ2φsφst

−2 svφ φs
2φt − 2 tvφ2φsφst + 2 tvφ2φtφss − 2 tvφ2φtφst − 2 tvφ φsφt

2 − 2 s2t2φ2φst
2

−2 s2t2φs
2φt

2 + 2 t2φ2φsφt − st3φsφt
3 + s2vφs

3φt − t3φ2φtφst − t3φφsφt
2 + t2vφ2φst

2

+t2vφsφt
3 + stφ3φss + stφ2φs

2 + t2φ3φst − tφ3φs − vφ3φss + vφ3φst + vφ2φsφt

−s3tφs
3φt − st3φ2φst

2 − 4 s2t2φφsφtφst − 2 st3φφsφtφst + 2 t2vφ φsφtφst − t2vφ φt
2φss

+t2vφ φt
2φst + st3φ2φssφtt − st3φ2φstφtt + st3φφs

2φtt − st3φφsφtφtt + st3φφt
2φss

−st3φφt
2φst + s2vφ2φssφst + s2vφ φs

2φst + s2vφ φsφtφss + st2φ2φsφst − st2φφs
2φt

−t2vφ2φssφtt + t2vφ2φstφtt − t2vφ φs
2φtt + t2vφ φsφtφtt

)
\ (−4 stuφ φsφtφst

−s2uφs
3φt − t3φ2φtφtt − t3φφt

3 − t2uφ2φst
2 − t2uφsφt

3 − s2φ3φss + t2φ3φtt − sφ3φs

−3 tφ3φt + 3 t2φ2φt
2 − 2 s2tφ2φsφst − st2φφsφt

2 − 2 stuφ2φst
2 − 2 stuφs

2φt
2

+2 stφ2φsφt + 2 tuφ2φsφst + 2 tuφ φsφt
2 − 2 t2uφφsφtφst + 2 s2tφ2φtφss − s2uφ2φssφst

−s2uφφs
2φst − s2uφφsφtφss − st2φ2φsφtt + t2uφ2φssφtt − t2uφ2φstφtt + t2uφφs

2φtt

−t2uφφsφtφtt + t2uφφt
2φss − t2uφφt

2φst + 2 suφ2φsφst + 2 suφφs
2φt − 2 tuφ2φtφss

+2 tuφ2φtφst + φ4 + s2t2φsφt
3 − s3φ2φsφst − s3φφs

2φt + uφ3φss − uφ3φst − uφ2φsφt

+s2t2φ2φst
2 + 2 s3tφ2φst

2 + 2 s3tφs
2φt

2 + s4φ2φssφst + s4φφs
2φst + s4φs

3φt

+2 s2t2φφsφtφst + 4 s3tφ φsφtφst + s4φφsφtφss − s2t2φ2φssφtt + s2t2φ2φstφtt

−s2t2φφs
2φtt + s2t2φφsφtφtt − s2t2φφt

2φss + s2t2φφt
2φst − s2tφ2φtφst − s2tφ φsφt

2
)
,

b2 = −
(
−2 s2t2φ2φsφst − 3 s2t2φφs

2φt + 2 s2tvφ2φst
2 + 2 s2tvφs

2φt
2 − 2 st3φ2φtφst
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−3 st3φφsφt
2 − 2 st2uφ2φst

2 − 2 st2uφs
2φt

2 + 4 st2φ2φsφt + 2 t2uφ2φsφst

−2 tvφ2φsφt + 2 s2tφ2φs
2 + 2 st2φ3φst − stφ3φs − svφ3φss − svφ2φs

2 − t2φ3φt

−tuφ2φs
2 − tvφ3φst + vφ3φs − t4φ2φtφtt − t4φφt

3 − t3uφ2φst
2 − t3uφsφt

3

+s2tφ3φss + t3φ3φtt − s3tφ φs
3 + s3vφs

3φt − s2tuφ φsφtφss + st2vφ φsφtφtt

+4 s2tvφ φsφtφst − 4 st2uφφsφtφst + 2 st2vφ φsφtφst + 2 t3φ2φt
2 − 2 t3uφφsφtφst

+2 stvφ2φtφss + stuφ2φsφss + stuφ2φsφst + stuφ φs
3 + stuφ φs

2φt − stvφ2φsφst

−stvφ2φtφst + stvφ φs
2φt − stvφ φsφt

2 − t2uφ2φtφss + t2uφ2φtφst + t2uφφs
2φt

+t2uφφsφt
2 + t2vφ2φtφst + t2vφ φsφt

2 − s2t2φ2φtφss − s2tuφ2φssφst

−s2tuφ φs
2φst − s2tuφs

3φt − st3φ2φsφtt − st2vφ2φssφtt + st2vφ2φst
2

+st2vφ2φstφtt − st2vφ φs
2φtt − st2vφ φt

2φss + st2vφ φt
2φst + st2vφsφt

3

+t3uφ2φssφtt − t3uφ2φstφtt + t3uφφs
2φtt − t3uφφsφtφtt + t3uφφt

2φss

−t3uφφt
2φst − s2vφ2φsφst − s2vφ φs

2φt − s3tφ2φsφss + s3vφ2φssφst

+s3vφ φs
2φst + s3vφ φsφtφss

)
\
(
−4 stuφ φsφtφst − s2uφs

3φt − t3φ2φtφtt − t3φφt
3

−t2uφ2φst
2 − t2uφsφt

3 − s2φ3φss + t2φ3φtt − sφ3φs − 3 tφ3φt + 3 t2φ2φt
2

−2 s2tφ2φsφst − st2φφsφt
2 − 2 stuφ2φst

2 − 2 stuφs
2φt

2 + 2 stφ2φsφt

+2 tuφ2φsφst + 2 tuφ φsφt
2 − 2 t2uφφsφtφst + 2 s2tφ2φtφss − s2uφ2φssφst

−s2uφφs
2φst − s2uφφsφtφss − st2φ2φsφtt + t2uφ2φssφtt − t2uφ2φstφtt + t2uφφs

2φtt

−t2uφφsφtφtt + t2uφφt
2φss − t2uφφt

2φst + 2 suφ2φsφst + 2 suφφs
2φt − 2 tuφ2φtφss

+2 tuφ2φtφst + φ4 + s2t2φsφt
3 − s3φ2φsφst − s3φφs

2φt + uφ3φss − uφ3φst

−uφ2φsφt + s2t2φ2φst
2 + 2 s3tφ2φst

2 + 2 s3tφs
2φt

2 + s4φ2φssφst + s4φφs
2φst

+s4φs
3φt + 2 s2t2φφsφtφst + 4 s3tφ φsφtφst + s4φφsφtφss − s2t2φ2φssφtt

+s2t2φ2φstφtt − s2t2φφs
2φtt + s2t2φφsφtφtt − s2t2φφt

2φss + s2t2φφt
2φst

−s2tφ2φtφst − s2tφ φsφt
2
)
.
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