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A CLASS OF BERWALDIAN FINSLER METRICS
BAHMAN REZAEI AND MEHRAN GABRANI

ABSTRACT. In this paper, we study projectively flat Finsler metrics de-
fined by the Euclidean metric and related 1-forms. For this class of Finsler
metrics, we find the necessary and sufficient condition to be Berwaldian.
Then, we obtain the differential equations that characterize these metrics
with vanishing Douglas curvature.

1. INTRODUCTION

The Berwald metrics are very important in Finsler geometry. They were
first investigated by L. Berwald. The geodesics of a Finsler metric F'(x,y) on a
smooth manifold M are determined by the systems of second order differential
equations

R

; dz

where G' = G'(z,y) are scalar functions on T'M, and called by spray coeffi-

cients. They define a global vector field G' = 3 azi —2G" a(zi on T'My, which is

called spray. By definition, F' is called a Berwald metric if G* = G'(x,y) are
quadratic in y € T, M at every point z, i.e.

@) G = STiala)s

In [7], Peyghan-Tayebi considered a class of Finsler metrics called generalized
Berwald metrics which contains the class of Berwald metrics as a special case.
They find some interesting curvature properties of generalized Berwald met-
rics. Very recently, Tayebi-Barzegari study generalized Berwald manifold with
(o, B)-metrics and showed that a Finsler manifold with («, §)-Finsler function
of sign property is a generalized Berwald manifold if and only if there exists a
covariant derivative such that it is compatible with o and 3 and equivalently
if and only if the dual vector field 5% is of constant Riemannian length [9].
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A Finsler metric is said to be locally projectively equivalent to a Riemannian
metric g if at every point x, there is a local coordinate neighborhood in which
the geodesics of F' coincide with that of g as point sets. In this case, the spray
coefficients G* are in the following form

i 1 i
(3) G' = ST (2)y"y" + Pz, y)y'.
Finsler metrics with this property are called Douglas metrics. Obviously, the
Douglas metrics are more generalized than Berwald metrics.
In [8], Shen constructed a group of projectively flat metrics with K = 0 as
the following

(1—|z]*) <a,y> }
VI = (z2y)P— < 2,y >2)+ < 2,y >
" (VIyl? = (2]2|yPP— < 2,y >2)+ < z,y >)?

(1 — [22)2(/]y]> = (|=*|y]*— < 2,y >?)

F(x,y) = {1+ <a, x>+

Let us put

< > < >
&’ v :< a,gj >’ t — &
vl vl

Then, the above metric can be written as

(1 —u)t } (V1—u+s*+s)?
VI—u+s2+s) (1—u)2v/1—u+s?

In [11], Tayebi-Shahbazi Nia find found a group of projectively flat Finsler
metrics composed by wu, v, s and t with double square roots. Then it is natu-
ral to ask if there exist more projectively flag Finsler metrics defined by the
Euclidean metric |y| and the 1—forms < x,y >, < a,y >7

These motivate us to study the following Finsler metric

(5) F =r¢(u,s,v,t),

where z € R", y € T,R", a = a,;y" is a constant 1—form, <, > is the standard
inner product of R” and ¢ is a C*° function [2, 3]. When a = 0, then the
metric I in (5) becomes a spherically symmetric. When a # 0, F in (5) is
neither spherically symmetric nor general-(c«, ) metric [4]. In this paper, we
prove the following:

4) r=ly|, u= |a:|2, 5§ = , lal < 1.

F:r{1+v+

Theorem 1.1. Let F' = r¢(u, s,v,t) be a Finsler metric on an open subset
U C R"™ with dimension n > 3 in (5). Then F is a Berwald metric if and only
iof the following PDE’s hold

P—SPS—tPtZO, Pss:Ptt:Pst:07 QS_Sst_tht:O7

Qt - tQtt - SQst = 07 sts - stt = Qstt = Qttt = O> Rs - SRSS - tRst - O,
Ry —tRy — sRy = 0, Ryss = Rysp = Royy = Ry = 0.
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2. PRELIMINARIES

A Finsler metric on a manifold M is a function F': TM — [0, co) which has
the following properties: (i) F'is C* on T'My; (ii) F(z, \y) = AF(z,y) A > 0;
and (iii) For any tangent vector y € T, M, the vertical Hessian of F?/2 given
by

1
gii (a,y) = {51’2} B
y'y’

is positive definite.
Every Finsler metric F induces a spray G = ¥

by

awl - 2G'(x, y) 7 is defined

G'(ay) = 39" (@) {255 (0,9) = o (@.0) 'y,
where the matrix (¢") means the inverse of matrix (g;;).
From [4], we have the Hessian matrix g;;(x,y) := 3[F?],i,s of F in (5) as
follows

_00513+Cla1a]+02y1y3 +03< +a2y])+04( + ij)

+C5 (Cljl'i + aixj> + Cﬁl‘i.%j,
where

Co = ¢* — 59¢s — Loy,

Cy = ¢} + ¢du,

Co = §*(@2 + das) + 12(0] + ddu) + 2ts(Psdr + Pat) — 5005 — Ly,
= Odr — 5(dsr + OPst) — H(DF + Dss),

Cy = ¢ds — (P2 + ddss) — H(Psr + dPsr),

Cs = 951 + 9Pst,
= ¢, + ¢dss.

In order to compute the geodesic spray coefficients of F' in (5), let us denote

o ={r +74%),

where
Cs Cs

’7:_607 Fl]_E1]+9NiNj> 92507 N, —Clz—i—.l?z,
C i

E DZJ+£M 5__37 Mz_ai+y_7
Co

C1 —C3 —C
D;; = B;; + ea;ay;, €= ’ 57
Co

02 04 Yi

Bij == Aij + )\LiLj, )\ _ —
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 CyCs — C2 — CyCs
- CoCh '

Therefore, the inverse of the metric tensor is given by

Aij = 0ij + pxizy,

g7 = 00—1{5@‘ — (a'a? — 7LD — v(BY)?a;a; — o M'M? — kN'N7 — a(F“)zyiyj},

where
A : ‘ g
C:1—£,uu7 TIW’ [/:'wazu—y?,
Y= ﬁ B'a, :blxi+b2y7z+ai,
02%&]\42’ Mi=d1$i+d2y7z+d3ai,
&:ﬁ, Nizelill'i—l-@zy?i‘i‘@:ﬂia
“= 1+77y2’ Fijyj=f1$i+f2%+f3ai'

Since W, L27 bla b27 CLQ, d17 d27 d37 M27 €1, €2, €3, N27 f17 f27 f3 and 3/2 are too lOHg,
they are listed in Appendix.

On the other hand, by the definition of the geodesic spray coefficients, we
have

i 1 Foey” o
G = Zg ! {<F2)xkyl yk — (Fg)xz} = o F Yy + Egl<kayzyk — Fl,z).
Since Fox = 2ro,xr + ¢y + royay, one can write the first part as
FoayF . r
6 - ' = _<2 u s t v) 4
(6) or ¥ = g\ 20t Ot 100 )y

At the same time, it can be computed that

kayl = <2r¢uxk + ¢syk + T¢vak> .
Yy
2 1
= ; <¢u - S¢us - zfgbut)vxkyl + ; <¢v - 5¢vs - t(b'ut)akyl

1 1
_ﬁ <S¢ss + t¢st> YrYi + ; <¢stalyk’ + gbssxlyk)

+2<¢us$l$k + Cbutalxk) + Ourara; + G501 + GusrTy.

Hence

Fa:kylyk - Facl - 7"(25@5”5 + ¢ss + t¢sv - 2¢u> (xl - S%)
r

(") (2560 + b + tow — 60) (@ — 12).

r
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Combining (6) and (7), the geodesic spray coefficients become

r

G:2¢

(28¢u + ¢s + t¢v> Yi + %gil{ (25¢us + Qs + P — 2¢u> <$l - S%)

+(256u + 6ut + 160 — 0, (a — t2) }

So we only need to compute

(8) g" (xl - s%> =0yt |Cx' + pZ + Eal} ,
r r

and

9) g" (al—t%) =Gyt Gxi—i-Hy——i-Iai] :
r r

where C, D, E,G, H and [ are again too long, they are listed in Appendix. By
putting (8) and (9) into G and simplifying the result it, one will finally come
to the formula

(10) G' =rPy" +r*Qz' + r*Ra’,

where P, Q and R being long, they are again listed in Appendix. When a =
0, then the geodesics spray coefficients in (10) become the geodesics spray
coefficients of spherically symmetric Finsler metrics [6].

2.1. Berwald curvature. The Berwald curvature of a Finsler metric is a
tensor defined in local coordinates as follows

B := Bijkldxj ® dz* ® dz' ® %,
where
A
— Oyioykoyt
For a Finsler metric in (5), we already know its geodesic spray coefficients can
be written as G* = r Py’ + r’Qz* + r* Ra'.

i
B ki

Proposition 2.1. Let F' = r¢(u, s,v,t) be a Finsler metric on an open subset
U C R™ with dimension n > 3 in (5). Then Berwald curvature of F is given

by
- 1,
Bl = +;{5; [Pssmkxl + Pyala + Py (Sﬁkal + xlak)}
+(P — 5P, —tP)050}(j = k =1 — j)
1 | |
=5 (sPss + tPu)0a"y' + (sPus + tP) 5y e

+(8Pss 4+ tPyy)y' dp2" 4+ (tPy + sPst)(S;-akyl + (tPy + sPst)(S;ykal
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+(tPy + 8Py diral](j — k — 1 — j) + %[(SQPSS +t*Py + sP,
+tP, + stPy + stPi, — P) (8:y"y' + y'0)](G = k = 1 — j)
+%(3P — 8% Pygs — 1’ Py — °t Pygs — st Py — $°t Pygy — 5t* Py
— %Py, — st?Pyy — 68° P,y — 6t2 Py — 65tPy — 65tP,y — 3sPs
—3tP)y'yiyky + g—; (Pysst’ 2"z’ + Pya’a”a’)

+%[(32P585 + 1Py + stPyg + StPys + 35Pss + 3tPSt) yiylykat

+(8% Pygt + 12 Py + 5t Py + 5tPygy + 3t Py
+3sPy)y' Yyt adl(j — k — 1 — j)

1 o
_T_3[(PSS + sPsss + tPsst)yzyJLUkSL’l

+(Pst + $Psq + tPstt)yiyjakxl + (Pst + 8Py + tPstt)yiyj$kal
+(Py + tPy + 5Py )y'y a*a')(j — k — 1 — j)

1
T
1 i l
_'_;[(QS - SQSS - tht)x 5jkx
+(Qr — tQu — 5Qus) 2" 65ud'1(j — k — 1 — j)
1
+ﬁ[(SQsts + ZfQC?stt + Sthst + Sthts + Sst + tht
_Qs)xixjykyl + (t2Qttt + 52Qust + 5tQ s + 5tQust + tQu + sQq
o 1
_Qt)l’zyjykal](j —k—=1— ]) + 5(526\?55 + t2Qtt
+5tQys + 5tQy — 5Q, — tQ) T Y o (j — k — 1 — j)

1 o |
=5 (1Qust + 5Quss) #'0a'y"(j = k = 1 = j)

(PSttyixjakal + Psstyiajxkxl> (] —k—=1— ])

%

T . .
+7 (stsxjxkxl + Qtttajakal)

1
+_4(3SQ5 + 3tQt - 332@53 - 3t2Qtt - 3StQts - 3Stht - 33@535
r

_tSQttt - S2thst - St2Qtts - S2thts - St2Qt5t
_52tQtss - 8t2Qstt)xiyjykyl

1 o o
+-= (sttﬂflﬂﬁjﬂckal + Qsttxlxjakal) (J—ok—=1—7)

r

1 o o
_T_Q[(SQSSt + thtt) wlxjykal + (SQsts + thtt) .TZ.CE]akyl
+ (SQstt + tQttt) xiyjakal](j —k—=>1— j)
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%[(Rt — tRy — ths)aiéjkal
+(Rs — sRes — tRy)a'6,2" (5 — k — 1 — §)
+%[(t2Rttt + $?Ryg + StRoy + stRys + t Ry + sRys — Rt)aiajykyl
+(8? Ryss + t* Rsyy + st Rsst + st Rgps + SRy
+tRy — R)a'yy"2')(j — k =1 — j) + %(SQRSS +t*Ry
+5tRy + stRy, — SRy — tR)a'y 61(j — k — 1 — §)
—rlz(sRstt +tRy)d'a’a™y (j — k =1 — j)
i (Rttta aafal + Ryesal x]xkxl)
+%(3SRS + 3tR; — 35°Rys — 3t* Ry, — 35t Ry — 35t Rys — 8° Ry
—t*Rypy — $°t Rogp — S2 Ry — 8°t Ryps — 52 Rygp — 871 Ry
st Rys)alyiyy!
—i—i (Rstta aabx! + Rogala’x :E) (o k—o1—7)

1
——[(tRStt + sRys)a ayfal + (tRsit + sRsst)a’ ol ky!

(11) +(tRyst + sRyss)a P 2"2'| (5 — k — 1 — 7).
When a = 0, then the Berwald curvature in (11) becomes the Berwald curvature
of spherically symmetric Finsler metrics [6).
Proof. Let F be a Finsler metric in (5). From (4) and (10), we have
oG!
a 7
(12) +1%(QsSys + Qutyi)x' + 2y Ra’ + 13 (R8s, + Rityi)a’,

= ry Py' +r(Pssy + Pty )y +rPol + 2y Qa’

where we have used 3;? =0 and %j = 2y’. By (12), we obtain

922G . . .
W = [(PSSyk + Pttyk)yZTyj + P(;;Tyj + T(PSSyj + Pttyj)(;;C
+2(Q83y1 + Qttyj)ykxi + Q(Rssyf + Rttyj)ykai](j A k)
+1(Pygsyr + Psttyk)yisyj + Psryisyjyk + Pyiryjyk

(
2

r(Prssyr + Putye)y'ty + Pry'tyige +2Qx' ),

-+

T (QssSyr + Quty, k)x Syi + 1 20,1 Syiyk T T 2Q.x" tyi
+72(Qy sSyk + Qtttyk)x tyi +2Ra' i+ 2R.a’ Syiyk
+7%(Ryssyx + Ratyp)a'sys + 17 (Ryss,yr + Ryt )a'ty
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o
+roRya't ik,

where j <> k denotes symmetrization. By definition, we get

(13)

Bijkl - (Pttyityjty”y’ + Ptyityjy’“ry’ + Ptyityjryky’) G—=k—=1=7)

[Py (83T ye + Syeryi) 6 + Pryiyed;
+ P18y sk 0 (5 — k = 1= j)
+(Pusy' 83 STyt + Psy' sty + Psy' sty ) (G = k = 1 — )
+ [Py (tyaryr + tyerys) 0 + Purtyit,167] ( — k — 1= j)

+ (Pirsyiyd] + Posty'syisyrg) ( = k= 1= j)

+ (Prtyiyge0; + Pury'tyityey) (5 — k — 1 — j)

‘f‘[PsstT?/iSyj Sykty + Psttryisyj tyrty

+ Py’ (Syiyrty + Syityeg)|(G =k — 1= j)

+Pa{[y" (syrtyr + sty ) 1y

1 (syityr + syety) 011G — k = 1 — j)

+22" (Qs8yi 0kt + Qs sy + Qs syey) (7 = k — 1= )
+22" (Qetyi O + Quy’tyty + Quyltyey) (5 — k — 1 — j)
+[sttr2xi5yj Syktyl + Qsttrzxisyjtyktyl

+Qur?x (syiyety + syityr,)](j =k — 1= j)

+H2Qua'y (syrty + syty)

+ra! (stsyjsykyl + Qtttyjtykyl)](j —k—=1—7)

+2a" (Ry5yi 0k + Rysty’ syesy + Ry syey) (5 — k = 1 — j)
+2a" (Retyibm + Ruy'tyty + Reyftyey) (G — k = 1 — §)
+[Rsqr 2CLiSyj Syktyl + Rsttr2ai8yj tyrty

+Ryr?a’ (Syjyktyl + Syjty’“yl)](j —k—=1—7)

+[2Rya'y’ (Syktyl + Syltyk)

+r2at (Rsssyj Sykyl + Rtttyjtykyl)](j —k—=1-7)

FPogy' sy sy syt + PY'rysygeg + Pary'syiyey + Pty tyat sty
+ Py iyt + QossT T 8,5 Syk Syt + Qo1 x Sy yuy
+Quur’ T tyit ity + QurT eyt + Resst?a' 8,1 8,05,

+R.r2als gt Rtttr2aityjtyktyl + Ryrlalt

yIyk yiykyls

where 7 — k — [ — 7 denotes cyclic permutation.
Observe that

(14)



A CLASS OF BERWALDIAN FINSLER METRICS

25, _adok
(15) o= ik — Y'Y

vy ?

r3

(16) ’/‘yjykyl =

where we have used (4). Direct computations yield

7o

C3yiyRy =yt (= k= 1 — )

(17) Syi = w, Syiyk = 3sy’y" — rxj?/kr—4 rakyl — 8T25jk
1) vty = %(%jykyl + 350y’ — 27 0)( = k — 1 — )
_i_‘;) sty
(19 ty =S
(20) by = 3ty’y* — mjyk; rakyi — tr26jk7
&) bt = %(?mjykyl + 3troy’ — r’d ) (i — k = 1 — j)
_ﬁtyjykyl‘

From (13)-(21) we conclude the proof.

357

)

O

Proof of theorem 1.1. As we know, a Finsler metric F' is called Berwald metric
if Berwald curvature is zero. From (11) , a Finsler metric F' in (5) is a Berwald
metric if and only if P, and R in its geodesic spray coefficients must satisfy

(P —sP,—tP, =0,

P, =P;=Py; =0,

Qs — 5Qss — Qs = 0,

Qt — tQu — sQst =0,

Qsss = Qsst = Qstt = Qure = 0,
R, — $R.. — tRy — 0,

Rt — tht — SRst = O,

Rsss - Rsst - Rstt - Rttt =0.

\

From these equations, one can first solve P, () and R, then completely deter-

mine the metric function F.

O
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2.2. Douglas curvature. In [1], Douglas introduced the local function D;";,
as follows

, 03 - 1 oG™ .
22 D' =—— |G — —'
(22) TR 9yigykoy! (G n+1dym ) ’

These functions are called Douglas curvature and a Finsler metric F' is said to
be a Douglas metric if D,%;; = 0 [10, 12].

Proposition 2.2. Let F' = r¢(u, s,v,t) be a Finsler metric on an open subset
U C R"™ with dimensionn > 3 in (5). Then F has vanishing Douglas curvature
if and only if the following hold

( Qs - SQSS - tht = 07
Qr —tQu — 5Qs = 0,
sts - stt - Qstt - Qttt - 07

Ry — sRss —tRgy =0,

(23)

Rt — tht — SRSt = O,

\ Rsss = Rsst = Rstt = Rttt =0.
Proof. Let F be a Finsler metric in (5). From (4) and (10), we have

g—j; =1 Py 4+ 1r(Pssy + Pity)y’ +nrP +2Q < z,y >
+T2(Q35yj + Qttyj)xj +2R < a,y > +T2<R35yj + Rttyj)aj
=r[(n+1)P+25Q 4+ 2tR + (u— s*)Q, + (v — st)Q; + (v — st) R
+(a® — *)Ry).

It follows that

% 1 a J i A 2 4 2 A
_ n+1(?_yjy =rZy +r°Qx' +r°Ra’,
where
1
7= — [25Q + 2tR + (u — s*)Qs + (v — st)Q; + (v — st)R,
n
(24) +(a® — t*)Ry].

Substituting G* into (22) we get
3

7 8 7 2 [ 2 7
DJ kl :W(ngj +r Q.’E +r RCL)
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In this case, to get Douglas curvature, one can replace Z and P in (11).
When a = 0, then the Douglas curvature becomes the Douglas curvature of
spherically symmetric Finsler metrics [5].

Therefore, a Finsler metric F' in (5) is a Douglas metric if, and only if,

25) 4 —sls—tZy =0,

26 Zss = Ly = Zg = 0,

27 Qs — $Qss —1Qs = 0,

28 Qr —tQ — sQs = 0,

29 Qsss = Qsst = Qste = Que = 0,
30 Ry — sRss —tRg = 0,

31 Ry —tRy — sRsy = 0,

Ryss = Rsst = Rsyt = Ry = 0.
Plugging (24) into (25), we have

—(n+1)(Z —sZs—tZ;) = (Qs — sQss — 1Qst) (u )
+(Qr — tQtt sQst) (v — st)
+ (Rs — —tRg) (v — st)
+ (R — tht — sRy) (a2 — t2) .

(
(
(
(
(
(
(
(

w
N\
~— — — S — ~— —

Thus (27), (28), (30) and (31) imply (25). Finally, (26) is easy to obtain from
(27)-(32). Then (25)-(32) can be reduced to (23). O
3. APPENDIX

C
wis - —<u — (s,
2 C
L? = sw+ —(uw +s) + 1,
Cz
b = —vTw? —trw — v,
by ;= —vT W — 1T,

Bijajai ‘= tby + vby + a?,

di = —sv b2 — sTw? —twbiby — v b —vTw? —a’vb, —trvb — trw
—vbiby — s& —v€ — Tw,

dy := —sUbiby — trby® — v biby — a?v by — STW — t by — VT W — UV by — tT
-7+ 1,

dy = —svb —tvby —vvb —a’v —tv —vby + 1,

M? = (s+v)di + (t + 1) dz + (a® + 1) ds,

€1 = —CLZO' d1d3 — SV blbz — SO d1d2 —tv blbg —to d1d2 — uv b12 — Uo d12
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€9

€3 :

Ji:

fo =

fs:

<

G

H

~

P .=
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—urw? —ovb? —vodi? —vodids — vrw? —a*vb — sTw — trw
—vv by —ué —v€+ 1,

—a’0 dydy — svby” — sody® — tv by — to dy” — uv biby — uo dids

— v byby — vo dydy — vo dods — a*v by — uT W — VY by — VT W — ST — 1T,
—a’0 dy® — s0 dydy — to dady — uo dydy — vo dids — vo dy® — sv by
—tvby —uv by —vv b, — a®
(u+v)er+ (s+1t)es+ (a® +v) e,

—skep? —svb? —sody? — sTw? —tkejes — todids — tr by — Keqes

v—vuv+1,

—vbiby — o dydy — s§ — Tw,

—Ske1es — sUb1by — s0 dydy — tk eges — to dods — ST W — tv by — K €9°
—vby? —ody: — T+ 1,

—skejes — sodyds — tkes? — tods? — sv by — keges — o dyds — tv

_Vb27

= sfi+tfs+ fo,
= s2a fi2 + sPkel? + sSSv bt + sPodi? + 2T w? + sta fifs + stk ejes

2 2

+sto dids + stv by — ua f12 —uke? —uv bt —uod? —urw

—va fifs — vk eres — vo dids + §°€ —vv by — ué + 1,

= s?Kk ey + 5V biby + 520 dids + st fofs + Stk eses + sto dads 4+ s°T w

+stv by — uar fifo — uk ereg — uv biby — uo didy — va fofs — vk eges

—vo dydz — uTw — v by + a f1fy — s,

= s fifs + Sk eres + 520 dids + sta f3? + stres? + sto ds® + s*v by

—ua f1 fs —uk eres — uo dids — va f32 —vkes? —vods® + sty —uv b

-y,

= sta fi12 + stk el + stvb? + sto di® + sttw? + t2a fi fs + 2k ees

+t?0 dids — a®o fifs — a’keres — a’o dids + t2v by — va f12 —vkep?

—ovb? —vodi? —vrw? — v by + sté — €,

= sta f1fo + stkejeg + sty biby + sto dyds + 2 fofs + 12K eses3

+t20 dods — a*a foffs — a*K eses — a0 dods + stTw + t2v by — var fifo

—vkerey — v biby — vo didy — a’v by — vT W — ¢,

= sta fifs + stk eres + sto dids + t2a f32 + 2k es? + 2o ds? — dla f32

—d’kes® — alods® + stvby — va fifs — vk eres — vo dids + 2y — v by
—a’v +1,
BD + FH
A + ;7
Co
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_ BC+FG
= o ,
BE +IF
R := i .
Co
By using Maple program, we can reformulate the equations above as the fol-
lowings:
W= - (_53¢2¢ss¢st - 53¢ ¢s2¢st - 33¢s3¢t - 5t2¢2¢st2 - 5t2¢s¢t3 + 52¢2¢s¢st

+520 020 — PO’ 01 — 170 0ut” + 50 bus + 5670 + 10° Py — 25710 d”

—2 %10 h” + 2% Py — §° s — 2 5tG* Prhs — AP Dshrs — 2 52D shy Pt
+570 ¢ b — SD Dsdrd + 7D G by — 5D G Dst + LY Dt + St Pyt
—stg ¢52¢t + st ¢s¢t2 — 5% PP Pss + S Pss by — 3t2¢2¢st¢tt)

(—4 stud duprdst — 8°*Pstbes — °D 0> — s*ud’ by — PG oy — 0 &,
—Pug?py’ — Pugsd’ + 529 bss + 5uP 0,0 + 129’y — 56’0 — 10 Py — up? e’
+2 5t pg + 26°0° 0% + 2520707 — 2% hups — 357D "y — 2582 Prgy
—35t°0 hsty” — 2 stud® by’ — 2 studs dy” + 4 st dsy + 2tud dy byt + tug o5 ¢y
+tug ¢s¢t2 -2 t2uq§ PsOrPst — 52t¢2¢t¢ss - 52U¢2¢ss¢st - 52U¢ ¢32¢st

—5"UP PPy Pss — STP* sy + PUP Pssdu — UG Py + U O by

—tPu GsPrdu + 12U by — U G Dyt + SUP D5 + SUG" DDyt + SUG D Dy
_tu¢2¢t¢ss + tu¢2¢t¢st) )

- (—52t2u¢ O Pas + 257 1UP O st + 2 7 TUP O Py + 14 57U ¢ dy by
+2 52t2U¢ ¢s¢t3¢ss -2 5t3U¢3¢ss¢st¢tt -2 St3U¢2¢32¢st¢tt +6 5t3U¢2¢s¢t¢st2
—2tPUP* P s st — 2 5°UP O Prou + 4 st G57 b Bt + A stPu §5 b D

—2 $t°UP Do Dos + 8 5tUP P> Pt + 21 UG D PrPstPr — 2 SHHUG PP Dt

—2 S tud® Py PssOst + 2 S* UG’ D> Prss — 10 Stud’ds Py by — 2 Stud’ G5y’ dss
—23t2u¢3¢s¢st¢tt +4 St2u¢3¢t¢ss¢st —4 3t2u¢2¢52¢t¢st -2 5t2u¢2¢52¢t¢tt

+4 52U oy os — 10 s1°uP* G Pt — 4 STUP D r s + 2 5TUP Dy D

—8 55t¢2¢s¢t¢ss¢st -2 54t2¢2¢s¢t¢ss¢st -2 54t2¢2¢s¢t¢ss¢tt +2 53t3¢2¢s¢t¢ss¢tt
—8 52D ds1 O — 2 S P2 DD D + 8 S*tuP > Prpor + 4 SPtud G52 B s
+2 52t2u¢3¢ss¢st¢tt —2 52t2u¢2¢s2¢ss¢tt + 2 52t2u¢2¢s2¢st¢tt + 12 52t2u¢2¢s¢t¢st2
282U G hss bt — 2578 D — 4G P05 — 6520 D" + 20udG, b
280U G bt — 2600 Gsy” — 2 5% Db — 2510701 — 25%ud b P

+2 582 Dt + 357203 P50 + 2 5B Pss + 2tud P + 2tud’hs Py
—25°0°0s" Dss st — 25°0 O Pibss — 451 Py — A S P Dy

—AG Py — AL G0 P + 2P Dbt + 25D i ds + 451 D’
—2 5 Pross” + 257D o + 6510 7 + 5 5P P00’ + 4P Py’
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+6 5270 020 + 45°tugs ¢ — 257D hos + 2573070 by + 3 57 0y
125230 putyt + 4 P PuB by + 6 SPPuB D + 2 562D by + 35t dat”
25800 0y” + 457U G + 25°10 by b + 2507070, — 25070, 70,
—25%u’ 0 b — 25°ug ¢ ¢y — 2572920 0 — 3107, + 8 U Puhydas D
+2 82U G5 Ps bst + 2 UG Py Py s b — 2 st UD Dy PrPss b

+8 5t°uP’ P51t du — 8 71D O D1 — A °tD O b5 — 2 S PP st
+25170* 0 Pus by — 252070 Dty — 125 P2 sbrt” — 2 S 7Dy Pus bt
—2 54t2¢ <Z553<Z5t¢st -2 34t2¢ ¢33¢t¢tt — 14 54t2¢ ¢s2¢t2¢st —2 54t2¢ ¢s¢t3¢ss
1252 P st + 2 PP P20 Do — 6 S Psidst” + 2 5P 2D Dy Dt
125°°0 0 Py — 45°°P 7D b — 45D D D by + 2 5° 3D by’ D

—85° %) Py’ byt + 2 "1 PP Dss b — 2 57 D D P — 257 D D
=250 G0y + 2 51D DD bst + 2 5D Y Dss Ot + SSuG B Py

+2uP 9y — PuP G P + PUD D Pt — U’ 90" + Pud oy
_52t2¢3¢t2¢st - 32t2¢2¢s¢t3 + 52U¢3¢52¢st - t4u¢3¢ss¢tt2 + t4u¢3¢st2¢tt

Ft U P’ — tud? b o’ + t'ud?ddidy” + t'ud’ o du’ — t'ud ¢ d  du
—t'up ¢ pus + tug ¢y by — PP by + S bes + PP Pro”
—S*PUP o5 P + UG s + SPUP D Ds” — S UG D s’

—5"Pud ¢ pu + st PP Py’ + PP B D by + S D b b — S P B Dy
+54u¢3¢ss2¢st + 54u¢2¢8¢t¢ss2 + 54u¢ ¢s4¢st + 53t2¢ ¢s3¢t2 - 54t2¢2¢s2¢st2
+5'%0% 0 bss” + S D O Dy + ST D O D by + S PP Dystu” — S D D
—S PP’ + 010 pu” — S P prdn” — S G 0 Dy — PP’
+54t2¢3¢352¢tt - 54t2¢3¢ss¢st2 - t4¢4¢tt2 - 52U¢4¢ss2 - 32U¢2¢s4 - t2u¢4¢st2
HOP piou” + 100 ¢ + truded’ + 510 ds” — ' 0 b + ' 970" — ' P70 ¢
+5Mups ¢y — S Dy’ — PP Db — LD D by — SCD By — 6 stPug o2,
—28%UP’ PPt du + 21°UP* Prss Oy — 2°UP iy — 2 PUP s Dt

-2 t3u¢2¢s¢t2¢tt -2 3tu¢4¢ss¢st -2 Stu¢2¢s3¢t +2 5tu¢2¢52¢t2
—212U P prpst — 2 51P* D7 Prss + 10 sH D2 D Didsr + 2 5D i’ Pss

12 5 uP?Ds  Pss Ost + 2 5 UuP O5° Prhss + 2 5° PP Dby — 4 B Dy ss Dt

+6 S’ 070 P + 25 P20 hidu — 4 5P P bss + 10 S° P D’ b

+4 83 tUP? Possi” + 4 PP D bt + A S PP Pbern — 2 P3P Prpssbu
125" P du + 2 P2 D Dby + 6 D5 bt + 2 S Db i

125t 0P P by + 4 5t P’ D50 D + A PP Do Py + A stPud G P’

—2t ud’ G’ G5 bur + 21 UG D Dt + 2t U o’ Dt + 2t U D5 Dy

4 5P s prss — 25D D1y — 2 5 UD D5 Pst — 2 PP’ O Py s

=25 i — 4 UG’ P bst” + 2 5t Py pss” — 2 5 tud® Py’ Pt
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—6 32tu¢ ¢53¢t2 —4 3t3¢3¢s¢t¢tt —4 5t2u¢3¢s¢st2 —4 3t2u¢3¢t¢st2 —4 35t¢s4¢t2
4570y — 650 0" — 25°°0° 0" — 400 0" +25°0% 0 by

+25°¢ ¢s4¢t +2 t5¢2¢t3¢tt +2 84¢3¢s2¢ss - 4t4¢3¢t2¢tt -2 53¢4¢s¢ss
200" G + 2 5up’9” + 2007 — 299 — w99 — 257707 + 31°¢°¢,%)
\ (%057 + 570 dus + 1207 + 120 dus + 2150501 + 2150 Gt — 5O G5 — 1) 1)

(_4 Stug G5 Qi Pyt — 53¢2¢s¢55 - 33415 ¢53 - 32U¢33¢t - t3¢2¢t¢tt - t3¢ ¢t3

U@’ by’ — Pudsd’ + P bys + sud b + 1297 dy — 5005 — 10 Py — ud’
+25t0° 0 + 207070,° +25%070," — 25’  Dup — 35D BBy — 2 5P Prb
—35t°0 Gu” — 2 5tud’ Py’ — 2 5tuds ¢’ + A st¢*d sy + 2tud’dsdyr + tug 65 ¢y
Ftup sr” — 282U Gshr1ds — 51 Drdes — PuG bsbst — U P P

— 52U PsPrss — P Dsir + UG Dos i — UG Dot iy + 12U B it

—t2ud dsdipu + tud ¢ bss — UG ¢ by + sUP Psbas + 5UP* G5yt + sUP B3y
—tud® Py s + tu¢2¢t¢st)) )

= (4 St’U¢ ¢s¢t¢st + 32t¢2¢s¢st + 32t¢ ¢82¢t + St2¢2¢t¢st + St2¢ ¢s¢t2 - 53t¢2¢ss¢st

—55 ) 5" Pt — 1) PsPrss — 2 S P Prss + 2 st0P* Pt” + 2 stvP P — 2 500 Py
—2509 §s° By — 2109 st + 2t0° Prss — 200> Py — 2100 Psy” — 2 7P hyy”
=250 07 + 2000° Pty — Dy’ + P09 by — PP Py — D e + Pvd Py
H20h.0° + 510 Pas + 510707 + P b — 1% Py — 09’ s + VO Dyt + VO Dy
—53t¢53¢t - 8t3¢2¢st2 —4 52752(/5 PsPrPst — 2 5t3¢ OsO1Pst + 2 tzvéb OsO1Pst — t2U¢ ¢t2¢ss
+120G G2t + S Pss iy — SEP Psru + SO P by — 5P Psrdu + S D B> P
—5t3) o Dst + STV Psshst + STVG B Pst + VP sy Bis + ST Pt — 52D s Py
—PVP gy + VP Py — P00 G5 by + P00 ¢s¢t¢tt) \ (—4 stug ¢
—5"ud py — G Py — PP d° — Pud’ oy’ — Pudsdy’ — PP by + 297y — 6%,
—3t¢° gy + 31°0%0,° — 25%0% 00 — 520 b0, — 2 stud®dy” — 2 stug, >4y

+2 517Dy + 2tud’ Pty + 2tud Gy’ — 28°UP PBrsy + 2 S Py — UG Pus Dy
—5"UQ G5 Dt — S*UD PPy Dss — S D D5y + PUP* Pys by — U Psppe + U B> Py
—?uP G5y + U G by — uP O byt + 2 SUP D5t + 2 5UP By Py — 2 tud P
F2tud’ G st + ¢ + PP — PGPt — PP D Dy + PP By — uPdyy — udDshy
+5° 70y + 25° 0% 00’ + 2510707 + 51 Pt + 5 D D P + 51D By

+2 520 P drst + 4 51D Psprdst + 51D PsPrrss — S Pus + S P D1

—S PP O P + SPD G drdy — S D b + P G Do — S s — St ¢s¢t2) )
— (2822905 — 372D B Py + 2 PP By + 2 57w B — 2 5P Py
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=3 5t%) dspy® — 2 stuP’ by’ — 2 5t7uP B + A PP Doy + 2°uP Pyby

=210 hsy + 25170 + 2 587 Py — std° Py — 5P by — VP77 — B0
—tug*d, — tvd’py + vP’ by — 'GP Ppy — 'O G — Pud’dy” — udsd,’
+5°10° Pss + Py — $°tP 0% + S0P Py — SPtud PPrdss + VG P Pru

+4 5200 Qs — 4 SPUG PyPrdgr + 2 570D Pdrdgy + 2800707 — 217U Py
+2 StUG Puss + StUD Gshs + stud Gspsy + stud @5 + stug 65" g — stvd? G5y
—Stvd° Pust + Stvd G Py — st Pey” — UG Prdes + U Prgy + ud Oy
—|—t2u¢ ¢s¢t2 + t2v¢2¢t¢st + t2U¢ ¢s¢t2 - 52t2¢2¢t¢ss - SQtu¢2¢ss¢st

_SQtUCb ¢52¢st - 32tu¢33¢t - 5t3¢2¢s¢tt - 5t2v¢2¢ss¢tt + St2v¢2¢st2
+3t2v¢2¢st¢tt - st%gb ¢52¢tt - 3752?@ ¢t2¢ss + 8t2v¢ ¢t2¢st + St2v¢s¢t3

FPUuP P b — UG Py + Pud O Dy — Pud by + tPud ¢’ b

—tPud G psy — VP Pyt — STV O Dy — P Dss + SV Dus iy

+5°00 0 0 + 5700 Ps i) \ (—4 51U Gydrdss — sPups by — £ dru — 100 ¢
—Pud’ by’ — Pudsd’ — P hys + Py — 5%, — 310y + 31707,

=257 Doy — 1D upy” — 2 stud® g’ — 2 stug*d” + 2 stdP ey

F2 U Psst + 2tud hsy” — 267U G Prst + 2 571D Prras — 57 UP Pas ey

—5"UQ G5 Dyt — S*UP DDy Pss — S D D5y + UG sy — UG Dt Dir + P 5 Dy
— U s Pry + PP O D5 — PUD B Dyt + 2 SUP” DOt + 2 sUD PP Py — 2tud Prdss
F2tud®hrds + ¢ + 00" — PG huda — O O b1 + uP’Pus — ud by

—uQ* Py + Py’ + 2507 0y + 250 D + P D + 51D D Dy
+5'0 1 + 2570 P Prov + 45°10 P Brds + 'O PuPiss — S s

+5 G Pty — 1) O P + S0P oy — S G hos + 512D G sy
—5°t Py pst — 5° 1 ¢s¢t2) .
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