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(p,q)-TYPE BETA FUNCTIONS OF SECOND KIND
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Communicated by A. Kaminska

ABSTRACT. In the present article, we propose the (p, g)-variant of beta func-
tion of second kind and establish a relation between the generalized beta and
gamma functions using some identities of the post-quantum calculus. As an ap-
plication, we also propose the (p, ¢)-Baskakov—Durrmeyer operators, estimate
moments and establish some direct results.

1. INTRODUCTION

The quantum calculus (g-calculus) in the field of approximation theory was
discussed widely in the last two decades. Several generalizations to the ¢ variants
were recently presented in the book [3]. Further there is possibility of extension
of g-calculus to post-quantum calculus, namely the (p, ¢)-calculus. Actually such
extension of quantum calculus can not be obtained directly by substitution of ¢ by
q/p in g-calculus. But there is a link between g-calculus and (p, ¢)-calculus. The ¢
calculus may be obtained by substituting p = 1 in (p, ¢)-calculus. We mentioned
some previous results in this direction. Recently, Gupta [8] introduced (p, q) gen-
uine Bernstein-Durrmeyer operators and established some direct results. (p,q)
generalization of Szdsz—Mirakyan operators was defined in [1]. Also authors inves-
tigated a Durrmeyer type modifications of the Bernstein operators in [9]. We can
also mention other papers as Bernstein operators [10], Bernstein—Stancu oper-
ators [11]. Bleimann-Butzer—Hahn operators and Szasz—Mirakyan—Kantorovich
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(p,q)-TYPE BETA FUNCTIONS OF SECOND KIND 135
operators . Besides this, we also refer to some recent related work on this topic:

e.g. [5], [12] and [13].
Some basic notations of (p, ¢)-calculus are mentioned below:

The (p, q)-numbers are defined as

[n]pq _ P —q )
' p—q
Obviously, it may be seen that [n], = p"~"[n], Jp- In The (p, g)-factorial is defined

by

n

], ! =] K,,.n>1][0],, =1
k=1

The (p, ¢)-binomial coefficient is given by

1],

P
For details see [15] and [16].

Definition 1.1. The (p, q)-power basis is defined below and it also has a link
with ¢-power basis as

wea), = @+ap+a@Es+da) G+ ).
(6 a)qu = (z—a)(pr — qa) (pr — q2a) e (pn_lz _ qn—la)‘

Definition 1.2. The (p, ¢)-derivative of the function f is defined as
f(px) — f (gz)
P—qz

and D, ,f (0) = f (0), provided that f is differentiable at 0. Note also that for
p = 1, the (p, q)-derivative reduces to the g—derivative. The (p, q)-derivative
fulfils the following product rules

Dy q(f(x)g(z)) = f(pr)Dpeg(x) + g(qr)Dpyf ()
Dpo(f(x)g(x)) = g(px)Dpof(z) + [(qz)Dpqg(z).

The following assertions hold true:

Dyof (]]) =

,x #0

DP#I<I 6 a)g,q - [n]pg (px e a);,;17 n Z 1

Dpg(acz)y, = —[n],, (aoqz)y,' ,n>1,

pq

and Dp4(z©a)) , = 0.

Definition 1.3. ([14])Let n is a nonnegative integer, we define the (p, ¢)-gamma
function as

POy,

(p_q)n _[ ]p7q!a 0<q<p-

Ipo(n+1)=
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Proposition 1.4. The formula of (p, q)-integration by part is given by

/ f (p) Dpgg (2) dygr = £ () g (b)— f (a) q (a)— / 9(47) Dyaf (2) dpgre (1.1)

In the present paper, we propose the (p, ¢)-Baskakov—Durrmeyer operators and
estimate some approximation properties, which include asymptotic formula and
convergence in terms of modulus of continuity.

2. (p,q)-BETA FUNCTION OF SECOND KIND

Let m,n € N, we define (p, g)-beta function of second kind as

Imfl

B,,(m,n) = ——d, .
P’Q( ) /0 (1 @pxyn—l-n P,q

P
Theorem 2.1. Let m,n € N. We have the following relation between (p, q)-beta
and (p, q)-gamma function:

m(m—1)]/2, Ly (M) Tpg (n)
B _ [2-m(m-1)]/2  —m(m+1)/2_ P4 pyq
pa (1) =0 P Ipq (m+n)

Proof. We know that
1 plnl,,

D _
Mo x)p’q (1 p:c)z:;l

1
plm+n], ,(1Gx) "

o xm
Byg(m+1,n) = /0 ( mtnt1 dp,q

If we choose f (z) = 2™ and g (x) =

and use (1.1) we have

l& px)p,q
= - pr D , ﬁd , X
p[m‘l’n]p’q 0 ( ) pq(l@x)p,;— p,q
p" / - m 1
plm+nl,, Jo " (1@q)
p~"m °° 1
= [ ]p7q / xm_l m+n dp:qx
plm+n],, Jo (1®qx),,
—m—1
p [m]p q /OO m—1 1
= ’ ()" g dp gt
gt [m+n], . Jo (1®qx)p; e
—1
pg /0 P
p~tm],,

~ (pg)" [m+al, Byq (m.m).

o 1 1 > 1 1
B 1,n:/ ———d x:——/ Dpym——p gt = ———
p,q ( ) 0 (1 ® px)n—i—l p,q P [n]nq 0 p,q (1 D Q?) P,q p [n]pq

p,q Y2 )
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and

By, (m,n)

 ptm 1],

_< e l[m—l—n—l] ,qBM(m—l,n)

= ii[m ] ai;[ ] Byg(m —2,n)
(pq) [m+n—1]pq(pQ) [m+n—2] ’
ol A i Y B
(pg)™ [m—i—n—l]pq(pq)m [m+n—2] pgln+1],,

I VR ) U W R’
(pg)™™ [m+n_1]pq(pq) 2[m—i—n—2] pq[n—i_l]p,qpq[n]p,q

_ qgp™ Ly (m) Ty (n)
(pQ)(m_l)m/2 Lpg (m +n)

3. (p,q)-BASKAKOV-DURRMEYER OPERATORS AND MOMENTS

The (p, ¢)-analogue of Baskakov operators for z € [0,00) and 0 < ¢ <p < 1 is

k

defined as
n 1 k
Bopq (f;2) Zb (&) : (3.1)
[n]p,q
where
+k—1 nln— _ z®
bfl’i(w) _ [n } pk+ ( 1)/2qk(k 1)/2
p,q

(1o x)gj;’f'

In case p = 1, we get the ¢-Baskakov operators [2]. If p = ¢ = 1, we get at once
the well known Baskakov operators.

Remark 3.1. Starting with the following relations between (p, ¢)-calculus and g-

calculus:
n+k—1 _ km-1) | Dt E—=1
k P k
P,q q/p

(z@a)y, = prD2 (g 4 a)u,

and

and using moments of ¢-Baskakov operators (see [2], [3]), it can easily be verified
by simple computation that

n—1
Bhpg(Lix) =1,B,,(tx) =2,By,y (t2; x) =2+ A (1 + Em) )
[n]p,q q
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Definition 3.2. Using (p, ¢)-beta function of second kind, we propose below for
x € [0,00),0 < g < p <1 the (p,q) analogue of Baskakov—Durrmeyer operators

D (fia) = =Ty D () O
k=0

* n+k—1} tk .
—————f(P"t)dp gt 3.2)
/o { S T S

where 00 (7) is as defined in (3.1).

Lemma 3.3. Forx € [0,00], 0 < g <p <1, we have

(1) Dhi(1;o) =1
(2) D2A(t;7) = opbyr— + e + ha

qp? [n—2]p,q p2q? [n—2]p,q

(3) Dﬁ’q(tz; ) = [2]p.q + (P°ala+2p)+1)[3lp.q p°q(g+2p)+1 > T

T B3n—2]pq[n—3lp,q g4 n—2]p,q[n—3]p,q p3tngn—2lp.q

[3]p,q .’L'Q + (pn+2[3]PVQ+Q[2}p,q[3}p,q)

+ q?+pg+p?
3[n—3]p,q p12+tmg8[n—2]5 ¢[n—3]p,q

P9 q?[n—2]p 4

2 1 2
€ + p7+2nx .

2
7+ pl0+n

Proof. Using (3.2) and Remark 3.1, we have

Dt (Lix) = [n—1], Z bfﬁq(@q[k(kﬂ)_g]ﬂp(k“)(k+2)/2

)

k
I n+k-1 } tF
X ———d, ¢
/0 |i k v (1 @pt)k+n Pq

p.q

= [n—1],, Z B2 (1) gk D) =20/2 (k1) (h+2) /2

k
x[”*Z_l} Byy(k+1,m—1)
b,q
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Next using the identity [k +1],, = ¢" + p[k],, and applying Remark 3.1, we have
Dy (t; )

> o0 k+1,.k
=[n—1pq > _ b0 (x)gkkrD 22k kr2)/ / [ n+k—1 ] t*1p

———d, t
P (1@ t)k—‘rn D4

_ (k+1)=2)/2 b 41) (42) 2 n+k—1
[n 1pqzq

L } P Bpg(k+2,mn—2)
p,q

Further using the identity [k + 2],, = ¢"™ + p¢* + p?[k],, and by Remark 3.1,
we get

DY) = [ Uy 3 (o) 22
k=0

[e'e) . tk+2 2k
X/ { nJrZ : ] et
0 g (T®pt), .

_ [n_lpqzq[k k+1)— 2]/2 (k+1)(k+2) /2bfz ( )
k=0
x{’”k_l kaBp,q(k—l-&n—B)

o 2k+3 -5 [k + 2]Paq [k + 1]17"1
Zq O T e

200 (2)p 0. ) (DRIZ, + ¢F (D2pg + 1P) [Klpg + ¢ (20p4)

0 [n = 2lpqln — 3lpg

T [n- 2]p,q1[n y i i) K]Zk—i m“) | p;52"
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qig[Q]p,q B (1;2) + pin ([2]p,q + D) [nlpg
[n — 2]1?41[” - 3]p,q P gt [n— 2]p,q[n - 3]p,q
—7—2n 2
P 5 [n]p’q B pg (t23 x)
q [n —2]pqln — 3lpq
[2]10,(1 ([2]10,(1 +p) [n] q
¢n — 2]1341[” - 3]p7q pPrgtn — 2]1),(1 [n — 3]1)41
[l ( ) p”‘lx( p ))
+ : x° + 14+ =2
PGS — 2]p 40 — 3,4 [1]p,q q

_ 2]5.4 i ([2]p.q +p) [n]pg "

@Bn = 2pqn —3lpg Pt n —2)p4n — 3lp,

+ " <:c2 + r (1 + Ea:)) .
PGP = 2p 4l — 3]y []p.q q

2]p.4 (12lpg + ) [n]pq
Pln—2pgn =3l PPN —2]p4n — 3],
[n]g,q 2 [n)p,q
PP — 2], 400 — 3lpg g [n — 2], 4[n — 3,4
[1]p,q 72
Pt — 2]y [n —3lpe
_ [2]p,4 + (12lpq + 1) [nlpg T
@Pln —2pgn =3l PPTgtn = 2]p40n — 3],

Uoo BPha o Bha
pTtan P — 2, PO g3 — 3],

Dl
g — 2,40 — 3lp4

[1]p.q [1]p.q 22
PEgPn — 2], 4[n — 3]y P8 — 2], 4[n — 3,4

+

8

T 4+

+

_ 2lpa N ((p5q (a+2p)+1)Blog  P’alg+2p) +1

¢n — 2]1)41[” - 3]p,q pPqtn — 2]1)41[” - 3]p,q p¥rrgln — 2]12761
2 2
+pq + 3
gfi i 2pq P - [3]p,q 2
potg?[n — 2]p,q p n — 3]13761
n213]  +q[2],..[3 1
(lp;—l-n [6]1)41 Q[ ]p,q[ ]pvq) 72+ e 22
p ¢°ln — 2]p4[n = 3],4 p

4. WEIGHTED APPROXIMATION

We consider the following class of functions:

Bipg (t;x)

E
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Let H,2 [0, co) be the set of all functions f defined on [0, co) satisfying the
condition |f (z)] < My (1+ 2?), where M/ is a constant depending only on f.
By C,2 [0, c0), we denote the subspace of all continuous functions belonging to
H,2 [0, 00). Also, let C%, [0, co) be the subspace of all functions f € C,2 [0, o0),

|f ()]

for which ‘ 1|im 1’:5?2 is finite. The norm on C}; [0, 00) is || f[| 2 = SUP,e(o, o0) 747

Now we shall discuss the weighted approximation theorem, where the approx-
imation formula holds true on the interval [0, o).

Theorem 4.1. Let p = p, and q = q, satisfies 0 < q, < p, < 1 and for
n sufficiently large p, — 1, ¢, — 1 and ¢! — 1 and p}! — 1. For each f €
*, [0, 00), we have

T |22 ()~ fl, = 0.

Proof. Using the Theorem in [7] we see that it is sufficient to verify the following
three conditions

lim HDzn,Qn (ty, .flf) — .TVHmQ = 0, V= O, 1, 2. (41)

n—oo

Since DP (1, ) = 1 the first condition of (4.1) is fulfilled for v =0 .
We can write for n > 3
1

an% [n - 2]pn,qn

DR (8 ) = ]2

[2]pnq ) x
+ = +——1)] sup
(pﬁq?l[n o Z]Pn,qn Py €0, o) 1+ 22

and
| D (2, 2) — 2],
< ( q?z + Pndn + pi [3]pn,qn (p2+2[3}pn,qn + qn [2]pn:(In [3]1’717(]77.))
N ?f"qz [n— 2]pn:‘]n tngdin — 3]p,q p2nglin — 2]pn,qn [n — 3]pn7Qn
72
X sup

z€[0, o0) 14 22

n ( L 1> z?
Zz+2n ze[o,poo) 1+ 22

((piqn (@ +2pn) + 1) Blpwgn | Prtn (Gn + 2pn) + 1) sp "
PSan [n - 2]pn#1n [n - 3]pn»¢]n ST, [n - 2]pn»¢]n z€[0, o) 1+ a2
[Q]IM,%

qg,[n - 2]pn#]n [n - 3]pn41n
which implies that
lim || DF (¢, 2) — x| 2 = 0

n—oo
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and
lim HDQ""I” (tQ,x) — :BQHIQ = 0.
Thus the proof is completed. OJ

We give the following theorem to approximate all functions in C,2 [0, 00).

Theorem 4.2. Let p = p, and q = q, satisfies 0 < q, < p, < 1 and for
n sufficiently large p, — 1, ¢, — 1 and q; — 1 and p;! — 1. For each f €
*, [0, 00), we have

| Dyt (f, @) = f ()]

lim sup = 0.
n—00 z€0, oo) (1 + I2)1+a
Proof. For any fixed xq > 0,
| Db (f, @) — f (2)]
Sup 1+
z€[0, o0) (1 + 132)
DpPrtn (f ) — f (2 Dpbrotn (f ) — f (2
2D S @] DR ()~ f (@)
r<xg (]_ —|— {EQ) r>x0 (1 —|— J]2>
D 1+ 2,)
< || pPran _ + su n
= || n (f) fHC[O7 zo) ||f”x2 LEZE) (1 + x2>1+a
x
e M@

The first term of the above inequality tends to zero from well known Korovkin’s
|D£n7¢Zn (1+t27$) |

theorem. By Lemma 3.3 for any fixed xy > 0 it is easily seen that sup e

x>z
tends to zero as n — oo. We can choose xy > 0 so large that the last part of
above inequality can be made small enough. U

Remark 4.3. For ¢ € (0,1) and p € (g, 1] it is seen that lim,_..[n],, = 1/(q — p).
In order to consider convergence of (p, q) Baskakov operators we assume p = (p,,)
and ¢ = (g,) such that 0 < ¢, < p, < 1 and for n sufficiently large p, — 1,
¢n — 1l and p)) — 1 and g — 1.

5. QUANTITATIVE APPROXIMATION

Let Cp [0, 00) denote the space of all real valued continuous and bounded func-
tions on [0, 00) . In this space we consider the norm

1fllc, = sup |f(2)].
z€[0,00)
Now we give the first and second order modulus of continuity of function f € Cp
(see [4], [6]) The first modulus of continuity is defined as
wi (f;6) = sup |f(z+u)—f(z+0)

z,u,v>0
ju—v|<6
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and the second order modulus of continuity is defined

wa (f;0) = sup |f(x+2u)—2f(x+u+v+)f(z+2v)], §>0.

z,u,v>0
|lu—v|<d

We will use the Steklov mean function for f € Cp

fh(x):%/:/; 2f(x+u+v)— f(x+2(u+wv))| dudv. (5.1)

Since f;, € Cp we can write

@ =) =55 [ [T Rf @t ur o) = f @2t ) - £ @) du

It is obvious that
|fn (@) = [ (2)] S w2 (f;h)

and

1fh = flle, S wa (fih). (5.2)

If f is continuous, then f; € Cp and

p(x) = %[2/02 (f <x+v+g) —f(x+v)> dv
—1/02(f(x—i—h—l—%)—f(x—l—v))dv].

Thus we have
5)
1filley < A (f;h). (5.3)
Similarly f; € Cp and
9
1fille, < Y (f;h). (5.4)

Theorem 5.1. Let g € (0,1) and p € (q,1]. The operator D?? maps space Cp
into Cg and

1D (Dl < 1l -
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Proof. Let ¢ € (0,1) and p € (g, 1]. From Lemma 3.3. we have

o0

DR ()] < n =1y D Wha)g e

k
—nfpt dy qt
I R e el

sup ‘f ($)| [Tl . 1]p,q bfl,jc(x)q[k(k+1)72}/2p(k+1)(k+2)/2

<
z€]0,00) =0
00 . tk:
/ [ n—I—Z 1 } S
0 p.q (1 69pt)p,q
= sup |f(2)| Dy (L) = [fllc, -
z€]0,00)

O

We are going to study the degree of approximation in terms of w; (f;9) and
wy (f;9), first and second order modulus of continuity.

Theorem 5.2. Let g € (0,1) and p € (¢,1]. If f € Cp, then
1Dy (f;2) — f ()]

< Swy <f§ﬁ)

y < 1 n 2], o (i _ 1) n— Q]p,ql")
ap*\/[n = 2lpy PG vV n =2y p"

9 1 p7+2n _ 2p7+n _ 1) )
+—w : n—2{,,x
9 2 (f [’I’L — 2]p’q> ( p7+2n [ ]P#}

+ T
p9+nq2
. Blpaln =2l 4 (pn+2 [Blp.g + a[2lp.g[3lp.q) o
10413, — 3 X 124n,6[y, — 3 x

p ¢3[n Ipa p ¢°[n lo.g

(P°q(q+2p) +1)Blpg , PPalg+2p)+1 2 [2]p,4
+ 6,4 + 3+n - | Tt

pPqtn — 3]p,q g qp ¢3[n — 3]p,q

Proof. We use the Stieklov function fj, defined by (5.1). For > 0 and n € N,
we have
DR (fix) = f ()| < DR(lf = fal i) + |DRY (fn = fu (2) 5 2))
+1fn (2) = f ()]

By (5.2) we can write

DR f = fuls2) <NDRI(f = fudlley, < M = frlle, < w2 (f5h).
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Since DP9 is a linear positive operator we get

D2 (fo— ()3 0)] < [fo )| 2o =) 45 [1£7]] DR (= i)

Cp

By Lemma 3.3, (5.3) and (5.4) we have

Dy (fo = o (x); 2)]

5 . 1 2]p.q 1
: EW1 (f:h) (qp2 n—2]pg " p*q?*[n — 2]p,qx " (ﬁ - 1) l‘)

9 D,q _x2.x
e (fih) DA (¢ =) i)

where

for x > 0, h > 0. Setting h =

D2 ((t - a)*; )

B p7+2n _ 2p7+n -1 ) q2 + g + p2 _ 2p8+n _ 2qp7+n )
o 7+2n "+ 9+n 2 x
D p*tg?n — 2],

[3]p.q 22+ (p"+? [Blp.q + 42lpa[3]p.0) 72
p*gdn — 3,4 p2tgSin — 2], 4[n — 3lpg
((p5q(q-+-2p)-+-1)[3LLq PPqlg+2p) +1 2 ) )
Poqtn —2],4[n — 354 pPrrgn — 2], qp*[n — 2,4
2lp.q
¢*[n —2pq[n —3lp4

+

ﬁ, we have desired result. O
p,q

Remark 5.3. From Theorem 5.2 we can say that that the order of approximation

of

Dra(f:x) to f(x) is at least as good as the order of approximation to f(x)

by classical Baskakov—Durrmeyer operators for any = € [0,00) as a depending
on selection of ¢, and p,. If we choose p and ¢ as in Remark 4.3, we have an
approximation process with the aid of operator (3.2).

—_
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