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DIRECT ESTIMATES OF CERTAIN MIHESAN-DURRMEYER
TYPE OPERATORS

ARUN KAJLA

Communicated by F. Weisz

ABSTRACT. In this note, we consider a Durrmeyer type operator having the
basis functions in summation and integration due to Mihegan [Creative Math.
Inf. 17 (2008), 466-472.] and Paltanea [Carpathian J. Math. 24 (2008), no. 3,
378-385.] that preserve the linear functions. We present a Voronovskaja type
theorem, local approximation theorem by means of second order modulus of
continuity and weighted approximation for these operators. In the last section
of the paper, we obtain the rate of approximation for absolutely continuous
functions having a derivative equivalent with a function of bounded variation.

1. INTRODUCTION

Mihesan [19] constructed an important generalization of the well-known Szész
operators depending on o € R as

G (fi) = S mio)f (%) o € 0.00) (1)
(@ (%)
k! (1 + @)OH_M

«

where m, () = (@) =ala+1)---(a+k—1),(a)g =1, is

the rising factorial and o + nx > 0. The operator Gl preserve the linear poly-
nomials, and for special values of «, one can obtain some well-known operators.
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Gupta and Noor [12] introduced certain mixed Szész-beta operators and stud-
ied some direct results and an error estimate in simultaneous approximation.
Paltanea [20] presented a modification of the Phillips operators by considering the
generalized basis functions under integration based on certain parameter p > 0.
Gupta and Rassias [11] defined a Durrmeyer modification of certain Szédsz type
operators and established some approximation properties e.g. weighted approxi-
mation, asymptotic formula and error estimation in terms of modulus of smooth-
ness, in [24] Sucu and Varma proposed a Stancu type modification of Jakimovski-
Levitan type Szasz operators involving Sheffer polynomials and derived rate of
convergence for these operators with the help of Korovkin theorem. In 2015, Acar
[1] constructed the general Szdsz-Mirakyan operators and obtained quantitative
Griiss type Voronovskaya theorems by with the help of weighted modulus of con-
tinuity. Goyal et al. [10] presented a one parameter family of mixed Durrmeyer
type operators. They established some quantitative estimates for the rate of con-
vergence. Gupta [11] constructed a sequence of hybrid operators with weights
of the Paltanea basis function and studied some approximation properties of
these operators. Acu and Gupta [2] proposed mixed hybrid operators involving
two parameters. They proved the Korovkin type approximation theorem and
the rate of approximation for unbounded functions with derivatives of bounded
variation. Very recently, Kajla et al. [17] introduced the Baskakov-Szdsz type
operators involving inverse Pdlya-Eggenberger distribution and investigated their
direct results. Erengin and Raga [6] constructed and established a modification of
Gamma operators. In the literature, many researchers have studied the approxi-
mation properties of different summation-integral type operators (cf. [3], [7], [9],
[13], [16], [23], [26] etc.)

2. CONSTRUCTION OF OPERATORS AND BAsic RESULTS

Let p > 0. For v > 0 and C,[0, 00) := {f € C[0,00) : | f(t)] < Nge,

for some Ny > 07, we construct a new sequence of summation-integral type

operators as follows:

PO = mif) [ aofa s mi@so. @
k=1
where s” () = n (OO ) () is defined as above. Tt is
nk(t) = npe (k) and m, ; () is defined as above. It is important

to note here that this form of operators (2.1) preserve constant as well as linear
functions. Also, these operators in limiting case include to the discrete operators
due to Mihegan [19)].

Special cases:

(1) If @ — oo, we get the operators due to Paltanea [20]. Also, for this case
if p =1, we get the Phillips operators [22].



164 A. KAJLA

(2) If « = n and p — oo, we get the classical Baskakov operators [4].

(3) Similarly, if « = —n and p — oo, these operators include Bernstein oper-
ators [5].

(4) If @« = nz and p — oo, we obtain Lupas operator [18].

The present article deals with some direct results of the operators Pr(fp) . Here we
obtain a Voronovskaja asymptotic formula, direct estimate by means of smooth-
ness, Lipschitz type maximal space, weighted approximation and the rate of ap-
proximation for functions having derivatives of bounded variation.

Let ¢;(t) =t',i = 0,6.

Lemma 2.1. For the operators gff“)(f;x), we have

(i) i (eoiw) = 1,
(ii) G (ersa) =,
fii) G (e3; 7) = o + £zto)
(iv) Qr(za)(eg;a:) _ =z (1+ )@ta) SxQSOj-oc) +
(@) . at(1+ )( @)(3+a) | 623 (1+a)(2+a) 71‘2(1+a)
(’U) gn (64 .I) + + _|_ z
’ n2a ns’
(vi) gn )(65’ = (1+a)( a2(3+a)(4+a) + 1o:c (1+o¢1)1(a23+a)(3+a) i 2513 (17;3%(2%)
S
(vid) gn (66 z) = z6(1+a)(2+a)(3+a)(4+a)(5+a) 4 15x5(1+a)(2+01)(3+a)(4+a)
4 85zt (1+o;)2(i3+a)(3+a) 4 902 (zgzg(zm) 4 31:5251304) ey

Proof. The proofs of the parts (i) — (i77) are given in ([19], Lemma 4.1). The
proof of (iv) — (vii) can be computed following the same idea of proof of ([19],

Lemma 4.1). O

Lemma 2.2. For the operators 777(;,1,;)(]‘7; x), we have

(i) Picg(eoiz) = 1,
(ii) Pé?‘p)(el;a:) =z,
(0% $2 (6% xX

(iii) P (eg: x) = (fj )4 (i:p),

(it) P ez w) = L0TCra) | W talLty) | 1i)Et)

(’U) 737(1(’);) (64;.1') _ x4(1+a)(2;|—o¢)(3+a) + 6z3(1+a72((122—;a)(1+p) + a;2(1+a)r(;l—53(11+7p)

+ x(1+p)(23+3p)(3+p)’
(vi) vaap)(%; ; $5(1+a)(2+§i(3+a)(4+a) + 10x4(1+a)(i—;§g(3+a)(1+p)

| 5 (4) ) (L) (T450) |, 5e2(L4a) (1) 24p)(5+3p) | 2(14p)(2+0)(3+p)(4+)

n2p? oz nspSa n )

(m'z') Pnp(ea’ ) _ (1+o¢)(2+a)(3;ra)(4+a)(5+a) + 15:1:5(1+a)(2+a)(3ira)(4+a)(1+p)
) o npo
+ 5304(1+a)(2+a)(2342-a%(1+p)(17+13p) + 1513(1+a)(2+a%(13+g)(3+2p)(5+3p)
népca nspla
+ w2(1+Oé)(1+p)(2+4p)£137+p(132+310)) 4 2(L4p)24p)B4p)(A4p)(B4p)
n*p*a ndpd
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Proof. This lemma follows easily using Lemma 2.1 and the definition of Gamma
function,

> ~ t)kp—1 L(kp+1) _
s (Otdt = / npe” "t (np t = .1 =0,6.
[ s : (ko) | = Tlkp)(np)
Hence the details are omitted. O

Lemma 2.3. From Lemma 2.2, we obtain
(i) 737({,1,))(75 —x;x) =0,
(i) P,Sf”,}((t —r)%z) =2 4 2(ltp)

« np
(ﬂi} Py(;’lp)((t . x)4; l’) _ 3x4&23+o¢) 4 6x3(27—:-ao;)p(1+p) + x2(1+ﬂ)(1711-21-;5;-3a(1+p))
+ z(14p)(2+p)(3+p)
n3p3 )
(Z’U) Pr(zap)((t _ ZL‘)G; ZL') _ 526 (24+Zz(26+3a)) + 1525 (24+a75i6—;3a))(1+p)
+ 524 (14p)(102+78p+0a(103+83p+9a(14p)))
n2a3p2
n 152 (14p) (0 (14p) 2+2(3+2p) (5+3p) +a(5+3p) (5+4p) )
n3a2p3
+ 22(1+4p)(24p) (137+5a(1+4p) (13+5p)+p(132+31p)) + z(1+p)(24+p)(34+p) (4+p)(5+p)
nipia nBp° .
Remark 2.1. If a« = a(n) — o0, as n — oo and lim % =c € R, then
n—oo (N
lim n Oy (z) = 0,
a,2 2 1
lim n O (z) = cx”+z (14—,
n— o0 14

1 1\°
lim n? @O‘4() = 3cxt + 62° (c+—)—|—3a72 (l—l——) ,
p p

where O = PYI((t — z)™; ), m = 1,2, 4.
3. DIRECT RESULTS

Theorem 3.1. Let f € C,[0,00) and o = a(n) — oo as n — oo. Then
nh_)n;o P,(fp)(f; x) = f(x), uniformly in each compact subset of [0, 00).

Proof. From Lemma 2.2, P{%(eo;z) = 1, P er;z) — , PS(exix) — 22,
as n — oo uniformly in each compact subset of [0, 00). By Bohman-Korovkin

Theorem, it follows that 73,(1?‘,,) (f;x) — f(z), as n — oo uniformly in each compact
subset of [0, c0). O

3.1. Voronovskaja type theorem. In this section, we establish Voronvoskaja
type result for the 7772?2 operators.
Theorem 3.2. Let f € C,[0,00) and o = a(n) — oo, as n — oo. If f” exists at

a point z € [0,00) and lim S c € R, then we have
% an)

lim n [P)(f:2) — f(x)] = % {ch +a (1 + %)} ().

n—oo
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Proof. Applying Taylor’s expansion, we can write
f@)=f@)+ f(@)(t — =) + %f”(ﬂf)(t —a)’ + et @)(t - x), (3.1)

where lime(t, 2) = 0. By using the linearity of the operator 737(:2 , we get

t—x
1
Pl (Fi2) = (@) = Pt = 2);2) () + 5P ((t = 2)%2) f(2)
o 2.
+ P,(L,p (e(t,x)(t —x)%; x).
Applying the Cauchy-Schwarz inequality, we obtain

nP) (e(t, x)(t — x)? \/P(a) e2(t, x) )\/n277,(fp)((t —x)%z). (3.2)
In view of Theorem 3.1, we get
lim P (2(,x)s0) = (2, 2) = 0. (3.3)
Combining (3.2)-(3.3) and Remark 2.1, we have
Tim nP)(e(t,2)(t — )% 2) = 0. (3.4)
Hence
nlirgon [P,(l‘fg(f;w) — f(x)] = % [ch +x (1 + %)} ().
Thus the theorem follows immediately by using Remark 2.1. |

3.2. Local approximation. Let C [0, 00) be the space of all real valued bounded
and uniformly continuous functions f on [0, 00), endowed with the norm

1 ll 0,00 = sup |f ()]

z€[0,00)

For f € Cp[0,00), the Steklov mean is defined as

Fulz) = %/0 /0 2f (2 +u+v) — f(x +2u+0)] du do. (3.5)

By simple computation, it is observed that

a) || fn— fHCZB[O,oo) < ws(f, h).
b) f}/u flL/ € 03[07 OO) and Hff/L”dB[O,oo) < %w(fa h)a Hff/L/HdB[O,oo) < %WQ(Lﬂ h’)>

where the second order modulus of continuity is defined as

wa(f,0) = sup sup |f(z+2u)—2f(x+u+v)+ f(z+20)], 6 >0.

z,u,020 |[u—v|<§
The usual modulus of continuity of f € Cz[0,00) is given by
w(f,6) = sup sup |[f(z+u)— f(z+v)|.

90,%”20 |u—v|§5
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Theorem 3.3. Let f € Cp [0,00). Then for every x > 0, the following inequality
holds

P - 5] < (10530 ) + o (1.0

Proof. For x > 0, and applying the Steklov mean f, that is given by (3.5), we
can write

[Py (fr0) = f(@)| <P (1f = fuls )+ PE) (fa— fal@)s @) |+ fu(2) = £(2)]. (3.6)
From (2.1), for every f ECB[O, o0) we have

PEF2)| < N1Fll .00 (3.7)

Using property (a) of Steklov mean and (3.7), we get

PY(f = fuliz) NP (F = fu) oo < 1 = Frll oo < walfsh).

By Taylor’s expansion and Cauchy-Schwarz inequality, we have

P (fu — fule)ia)| < ||fh||cB[0w¢ © ((t — 2% 2)

P21 P (1~ 2)%52).
By Lemma 2.3 and property (b) of Steklov mean, we obtain

w(f, W)\ Ona(x) + 5w f, h)OL2 ().

DlU‘

(a _
[P ) (fr = falz);2)] < 2h2

Choosing h = 1/©%72(z), and substituting the values of the above estimates in
(3.6), we get the desired relation. O

Let 1y > 0,42 > 0 be fixed. We consider the following Lipschitz-type space
(see [21]):
t— "

(t+ a2 + o)

Lipl ) (1) o= {f € Cl0,00) : |f(t)—f(2)| < M ot <o,oo>},

where 0 < r < 1.

Theorem 3.4. Let f € Lip\“"** (r) and r € (0,1]. Then, for all z € (0, 00), we
have

Ox2(x) ) :

P = 1) < 01
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Proof. Using Holder’s inequality with p = %, q= 23_7«7 we obtain
| PR (f52) = f(2) |
= > mi) / sne@1F (&) = f(@)ldt +my () £(0) = f(2)
k=1

() = TORNE: %m@x — f(x
,<x>(/0 @ (OO - f(@) dt) + @@ F(0) - fla)

IN
3

S

oy

< {Zm‘a;l(x) / "SI0 - £t + miS () £(0) - f<x>|f}
(3o

RN
N3

= Y m) / ) sh L OIF () = F(@)]Fdt +m(@)|£(0) — f(z)]

i m') (z) / T — = D g m@) (:c)“"—2
PR o TR+ e + po) PO (i + pow)

A
<

M > %0 :
(@) p 2 2, (o)
< - m, (@ / st ()t —x)dt + x*m, ()
(12?2 4 pox)? (; * ) 0 . ) ) 0
M r M r
= = (Pt — )% 2))? = ~(O52(x))>.
(12?2 4 pox)? ( ’p(( ) )) (122 + pox)2 ( ’p< )
Thus, the proof is completed. O

Theorem 3.5. For any f € C%[O,oo) and x € [0,00), we have

PO~ )] < 2y/6R30) o (7655 ). (33)
Proof. Let f € CL]0,00). For any ¢,z € [0, 00), we have
ft) = fz) = f(2)(t —2) + /zt (f'(u) = f'(2)) du.
Applying PL (- z) on both sides of the above relation, we get

PEf(t) — f(z)iz) = f(2)PL)(t — 232) + P ( / (f'(u) = f'(2)) du; x) .

Using the well known property of modulus of continuity

|t = 2]

0 - 1@ < wtr.0) (15

+1),5>0,
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we obtain

[ - repa
Therefore, it follows

P (fr2) = f(2)] < |f'(@)] [Pt — a;2)]
vl £.0) { P = 0 0) + P — ) |

Using Cauchy-Schwarz inequality, we have

P (fi2) = f2)] < 1F' ()] [Pt — 252))|

{ \/Pnp t— )2 )+1} \/P‘f”}((t—x)%x).

Choosing § = 1/O5>(x), the required result follows. O

<ord) (U5 =),

o)

Let H¢[0,00) be the space of all real valued functions on [0, co) satisfying the
condition |f(x)| < N;&(z), where Ny is a positive constant depending only on f
and £(z) = 1+2? is a weight function. Let C¢[0, c0) be the space of all continuous
functions in He[0, 00) endowed with the norm

. |f ()]
[ flle == xes[lolgo )

and

CE10,00) = {f € Ce[0,00) : lim |J£g ))| exists and is ﬁnite}.

The usual modulus of continuity of f on [0, b] is defined as

wp(f,0) = sup sup [f(t) — f(z)|.

0<|t—z| <6 =,t€[0,b]
Theorem 3.6. Let f € C¢[0,00). Then, we have
PR (fr2) = f(2)] < ANp(1+2?)O073(2) + 20541 <f, @533(1?))- (3.9)

Proof. From [15], for z € [0,b] and ¢ > 0, we have

[t — 2]
5

10 = Fl < st e -+ (145 Jonar0), 5> 0

By Cauchy-Schwarz inequality, we may write
1
[Pip (F52) = F(2)| S ANp (142" P (E=2)%; ) +wnia () (1 + 5P (It =, x))
1
<AN/(1+2)030) + (D) (14 5

Now, choosing 6 = 1/Oa2(z), we obtain (3.9). O
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4. WEIGHTED APPROXIMATION

Theorem 4.1. Let f € C2[0,00) and o = a(n) — 0o as n — oo. Then, we have
T [P~ flle = (1)

Proof. In order to prove this result it is sufficient to verify the following three
relations (see [8])

lim ||P¢ (t x) —a"|le=0, m=0,1,2. (4.2)

n—oo

Since Py(fép)(l; x) = 1, the condition in (4.2) holds true for m = 0.
By Lemma 2.2, we have

1
P (t; 1) — x| = — x| =0. 4.3
P t) — e = sup g | —af (1.3
Thus, lim |55 (t;2) -z = 0.
Finally, we obtain
1 (nx + )
(@) (42. .\ _ .2 _ 2 2
1Py (50) =alle = sup g7 - z
21 1
< sup—— - + sup L—, (4.4)

2>0 1+ 22 |a| >0 L+ 2%n
which implies that lim [|PL)(¢*;2) — 2°||¢ = 0. O

Lemma 4.1. [20] Let f € C2[0,00), then:

i) Q(f;9) is a monotone increasing function of d;

hm Q(f;0) =0;

ii)
iii) for each m € N, Q(f,md) < mQ(f;9);
iv) for each A € [0,00), Q(f; A0) < (14 N)Q(f;0).

Theorem 4.2. Let f € CQ[O, ). Ifa = a(n) — oo, asn — oo and lim % =
n—oo a(n

c € R, then there exists n € N and a positive constant M (p,c) depending on p
and ¢ such that
(a) _
sup [Py (f3 ) 5f(a:)] < M(p, c)$2 (f;n_l/Q) , form >n. (4.5)
z€(0,00) (1 + 1}2)5

Proof. For t > 0,z € (0,00) and § > 0, by the definition of {(f;9) and Lemma
4.1, we may write

50~ F@] S (1 ot = )05~ o)
< 2k -aP) (14157 ) acrio)
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Since the operator P,(lfxp) is linear and positive, we get

P (fr2) — f(z)] <201+ 2”)Q(f;0) {1+ PL((t — x)% 2)
+ Py ((1+(t—x)2)|t;x|;x>}. (4.6)

From the Remark 2.1 it follows that there is n; € N such that

1 2
Pt — )% x) < Mi(p, c)%, for n > ny, (4.7)

where M;(p,c) is a positive constant depending on p and c¢. Using Cauchy-
Schwarz inequality, we can write

|t—x|‘

1
« 2 (o) .
77( ) ((1 + (t —x)%) 5 ,x) < S\/Pn,p((t — )% x) (4.8)
1 (@)
From the Remark 2.1 it follows that there is ny € N such that
a 1 + 56'2
\/7771,;)((15—35) z) < My(p, )g

where Ms(p, c) is a positive constant depending on p and c.
Let n = max{ni,ns}. Collecting the estimates (4.6)-(4.9) and choosing

M(p7 )_ 2 <1 +M1 pv + \/ P» +M2 P» Ml(pac)> )

for n > n, we get the required result (4.5). O

, for n > ng, (4.9)

_ L
0= Tm

5. RATE OF CONVERGENCE

In this section, we discuss the approximation of functions with a derivative of
bounded variation.

Let DBV[0,00) be the class of all functions f € H¢[0,c0), having a derivative
of bounded variation on every finite subinterval of [0,00). The function f €
DBV |0,00) has the following representation

ﬂ@—AZ@+ﬂw

where g is a function of bounded variation on each finite subinterval of [0, co).

In order to study the convergence of the operators PT(L?‘,)) for functions having a
derivative of bounded variation, we rewrite the operators (2.1) as follows

ﬂﬂﬁﬂﬁZ/m&%@JV@Mt (5.1)
0
S EjMM (1) + myp ()3 (2),

d(t) being the Dirac-delta funct1on.
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Lemma 5.1. Let @ = a(n) — oo, as n — oo and lim % =c e R. For all
n—o0 an
x € (0,00) and sufficiently large n, we have
t 2
o\ (@) B N M(p,c)1+x
) A = [ S <SPS 0 <<
.. a < (e M(p,c) 1+ 22
i) 1— Aq(z,,),(:c,t) = /t S,(W)(:L’,u)du < G—o)? n r<t< oo,

where M (p,c) is a positive constant depending on p and c.

Proof. For sufficiently large n it follows Remark 2.1 that

1+ 2?
« 2.
Py ((u—)*2) < M(p,c) : (5.2)
Applying Lemma 2.3, we have
) "5 N EERARN
« — « < [0
)\mp(x, t) /0 Sy (z,u)du < /o (x — t) Sy (x,u)du
1 M(p,c) 1 +x
pla) — )2 ’
= —1) ((u—2) x)_(a:—t)Z n

The proof of ii) is similar hence the details are omitted. OJ

Theorem 5.1. Let f € DBV[0,00), a = a(n) — 00, asn — oo and lim % =
n—oo a(m

c € R. Then, for every x € (0,00) and sufficiently large n, we have

P (fr2) — fla)]

1 2
< \/M(pm) i

n

(o) — f/(w—))’ e & \/

/
5 f;

* N 1+a2
+% x_\/zf; +<4Nf+%f($)|) M(p,c)%

+x2+ 1—|—x

+f'(z+) I\/M (pyc | f(22) = f(z) =z f'(a+)|

x+\/71 9 [Vn] ZJF%

!/ 1 /
v ——> \ I.

k=1 =z

where M (p, c) is a positive constant depending on p and c, \/Z f denotes the total
variation of f on |a,b] and f. is defined by

f't) = fla=), 0<t<u,
f:(t) =90, t=u=, (5.3)
/@)= fl(z+), z<t<o0.
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Proof. For any f € DBV|0,0), from (5.3) we can write

(f'(z+) = f'(z=)) sgn(u — x)

DN | —

Flu) = 5 (Fe4) + Fe)) + fifw) +
#o.0) (£100 = 5 (Fe4) + £1a-), (5.4

where

1, uv=u=,

%(u) :{ 0, u#z.

Since P (eq; z) = 1, using (5.1), for every z € (0, 00) we get

PO (f12) — f(x) = / SO t)(F () — f(a))dt (5.5)

:/ S(a)xt/f(ududt
([ rowysene
o[ s

v (@, t)dt.

n

Denote

: /(/ f(u du) S\ (@, t)dt, Iy ;:/:O (/;f'(u)du)sgg(x,t)dt.

t
Since / 0z (u)du = 0, and using relation (5.4), we get

n= [ 500 s 1@+ o

+ % (f'(x+) — f'(x=)) sgn(u — x)du} Sé‘fg(x, t)dt

(f'(z+) + f(x=)) /Oﬂﬂ(x — t)S( (x,t)dt + /Ofc (/t’” f;(u)du> Sgg(x,t)dt
(f(at) — fam)) / (o — S (e, 1)t (5.6)

[N I N I
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In a similar way we find
n= [T [ 5o @

(f'(z+) — f'(x=)) sgn(u — z)du S(‘f)(x, t)dt

+—(f (z+) — f’(x—))/ (t — )8 (x, t)dt. (5.7)

Combining the relations (5. 5)—(r 7), we get
PN i) = fa) = 5 (Flat) + £am)) [ (6= 2)SEta

+%(f’ /Ooo — 2|8 (w, t)dt
/(/f du) O‘(a:tdt—l—/ (/f du)So‘( t)dt.
Therefore,o
f’x—f—

P (fra) — flz)| =

) i - i)

+ f/($+) _ f/<33—) ‘ qu%)(|t . ZE|, JZ)
(/ fi(u du) Sle (x t)dt‘ + /00 (/t f;(u)du> S,(l‘f‘g(x,t)dt‘ . (5.8)
Now, let
e = [ ([ ) seea
and

= ([ s s

Our problem is reduced to calculate the estimates of the terms E,(fvp)( 7 x) and
FT(L?;,)( !, x). From the definition of )\gf‘g given in Lemma 5.1, applying the inte-
gration by parts, we can write

E)(fl,x _/ (/f du)— (z,t)dt = /f AN (z, t)d

Thus,
[E@)(f! / LN (@, 1)t
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T

I—ﬁ T
< [ TInenge o [ RN,
0 o

Since f/(z) = 0 and A\)(x, ) < 1, we get

| 1nons i = [
I*ﬁ T—

S/TZVfﬁS\/L =%;VJ$

f2() = fo(@) N (2, t)dt

<

_ x—ﬁ ,%
By applying Lemma 5.1 and con51der1ng t=x— % we have
= 1 dt
[T R ON 0 < M0 / i
0 0 -

SM(p,C)lJ;x o ( )

x [Vn] z
1422 (V7 1+ 22
=M ! <M '
o= | Vi) ausanpoE |V s
Therefore
[\/ﬂ x x
1+ 22 x
E@(fl x)| <M T+ == . 5.9
B )| < Mlp. 9= 5= ) V=V & (5.9)
= T—F T
Also, using integration by parts in Fr(ffo)( x) and applying Lemma 5.1, we have
(a) [ 0 (@)
(e} / [0
| F0)( =/ </m fx(u)du)a(l—)\nvp(:v,t))dt‘
o] t
+/ (/ f;(u)du) S,(;“g(x,t)dt‘
2x T
2z
<| [ e X2+ [T 010 A0 @
#| [0 - sapsiea| v 1wl | e - 0.
2x 2x
We have

2z $+Ln
/ O] (1= A, 1)) dt = / TR (1= A (1)) e

2x
+/ PO (1= X)) dt = Ty + Ty (say). (5.10)
x—}-%
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Since f/(z) =0 and 1 — A{) < 1, we get

r+-=
= / TR — F@)] (1= A @, 1) dt

x
Applying Lemma 5.1 and considering t = x + —, we obtain
u

h< Mot [ ﬁm@(w ~ i)l
RV

n
1+ 22 [ 1+ 22 Vi
<M — dt = 'd
<M [ \/f po [T fuu
\ﬁ x
Vol g1 fota 22 V] [r+
1 + ZL‘2 1+
< M(p < !
> | Vi) aesamp ot =SV s
k=1 T
Putting the values of J; and J; in (5.10), we get
2 ) L, T L g2 W [k
!/ « ! !/
Therefore,

| (f1, )]

ng/oo(t2+1)Sa(x tydt + | f(w S(C*):ctdt
2x 2x
2
+ !f’(w+)\\/M(p, ¢) - M (p, C)IJT;UIf(?x) — flx) =z f'(z+)|
T x+% 22 [Vn] [z+%
v \/ fi+ M(p,c) Z \x/f : (5.11)

Since t < 2(t — z) and x <t — x when t > 2z, we obtain
Nf/ (* + 1S (w, t)dt + | f(x \/
2z
< (N + |/ )|)/ S5, t)dt+4Nf/2 (t — 228 (. t)dt

Nf+|f |/ )28 ( t)dt+4Nf/ (t — 2)28\%) (x, t)dt

< <4Nf + #) M(p, c)HTx. (5.12)
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Using the inequality (5.12), it follows

N 1 2
FQa) < (a4 SO gy 012

n,p
) 14 22
FIf )l MG, 0t
1+ 22
+ Mp, )| f(2) — (&) - af (o)
L e | g2 W [t
— T+ M . 1
+ﬁ\gc/fx+ (pc)— kZ \x/fx (5.13)
From (5.8), (5.9) and (5.13), we get the required result. O
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