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BESOV-DUNKL SPACES CONNECTED WITH GENERALIZED
TAYLOR FORMULA ON THE REAL LINE

CHOKRI ABDELKEFI* and FATEN RACHED

Communicated by E. A. Sdnchez-Pérez

ABSTRACT. In the present paper, we define for the Dunkl tranlation operators
on the real line, the Besov—Dunkl space of functions for which the remainder in
the generalized Taylor’s formula has a given order. We provide characterization
of these spaces by the Dunkl convolution.

1. INTRODUCTION

There are many ways to define the Besov spaces (see [0, 6, &, 13]) and the
Besov-Dunkl spaces (see [1, 2, 3, 9]). It is well known that Besov spaces can be
described by means of differences using the modulus of continuity of functions
and that they can be also defined, for instance in terms of convolutions with
different kinds of smooth functions.

Inspired by the work of Lofstrom and Peetre (see [10]) where they described
for generalized tranlations, the space of functions for which the remainder in the
generalized Taylor’s formula has a given order, we define in this paper the Besov-
type space of functions associated with the Dunkl operator on the real line, that
we call Besov—Dunkl spaces of order k for k£ = 1,2, ...,. These spaces generalize
the Besov spaces defined in [1, 5] for the case k = 1. Before, we need to recall
some results in harmonic analysis related to the Dunkl theory.
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For a real parameter a > —%, the Dunkl operator on R denoted by A,, is
a differential-difference operator introduced in 1989 by C. Dunkl in [7]. This
operator is associated with the reflection group Zs on R and can be considered as
a perturbation of the usual derivative by reflection part. The operator A, plays
a major role in the study of quantum harmonic oscillators governed by Wigner’s
commutation rules (see [14]). The Dunkl kernel E,, related to A, is used to define
the Dunkl transform JF, which enjoys properties similar to those of the classical
Fourier transform. The Dunkl kernel E, satisfies a product formula (see [15]).
This allows us to define the Dunkl translation 7, x € R. As a result, we have
the Dunkl convolution *, (see next section).

The classical Taylor formula with integral remainder was extended to the one
dimensional Dunkl operator A, (see [12]): for k = 1,2,..., f € E(R) and a € R,
we have

(@) = D> bp(2)ALf(a) + Ri(x, f)(a), = € R\{0},

with Ry(x, f)(a) is the integral remainder of order k given by

|z

Rl @) = [ Ol m (W)@ Au(0)dy.
where E£(R) is the space of infinitely differentiable functions on R and (0,),en,
(by)pen are two sequences of functions constructed inductively from the function
A, defined on R by A, (z) = |z|>**** (see next section).

Now, we introduce the following weighted function spaces: Let &k = 1,2,...,
0<pf<l,1<p<+ocand1<qg< +oc.
e We denote by LP(1,) the space of complex-valued functions f, measurable on
R such that

£l = ( [ If(ﬂf)lpdua(:r))l/p < too,

where p, is a weighted Lebesgue measure associated with the Dunkl operator
(see next section).
e (Besov-Dunkl spaces of order k) B*DS¢ denote the subspace of functions f €

E(R) such that A*~1f are in LP(u,) and satisfying
oo swp (@, fyada
b,x ) ;
/0 <W>?<+OO Zf qg < 400

Wyl f)

W<+OO Zf q = +00,

and sup
x>0

with wh, (2, ) = || Rica (2, £) + Ricr(=, ) = (beoa () + bema(—2)) AR ]|
Here we put for k =1, A’ f = f, Ro(z, f) = 7.(f) and Ro(—z, f) = 7_.(f).
e We put

A= {deS.(R): /Om () dpa(z) = 0, ¥i € {0, 1, ..., =230,
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where S, (R) is the space of even Schwartz functions on R and [#5] is the integer
k—1

part of the number *5=. Let ¢ € Ay (see Example 4.4, section 4), we shall

denote by C}fﬁ ', the subspace of functions f in £(R) such that AZf € LP(ua),

0 <i < [%1] and satisfying

TS *a Sellpa " dt :
/0 (—> 7<+oo if g < +o0

tP+k—1
*
and stul(?%<+oo if q=+oo,
>

where ¢ is the dilation of ¢ given by ¢y(x) = Harm¢(£), for all t € (0,+00) and
z € R.

Our aim in this paper is to generalize to the order £k = 1,2, ..., the results
obtained in [1, 5] for the case k = 1. For this purpose, we give some properties
and estimates of the integral remainder of order k and we establish that

kG« _ k,B,«
B Dp,q N pra) - Cp,q,(b )

Ck7ﬂ7a

o 18 independent of the specific selection of

It’s clear from this equality that
the fuction ¢ in Ay.

The contents of this paper are as follows.
In section 2, we collect some basic definitions and results about harmonic analysis
associated with the Dunkl operator A,,.
In section 3, we prove some properties and estimates of the integral remainder
of order k. Finally, we establish the coincidence between the characterizations of
the Besov—Dunkl spaces of order k.

Along this paper, we use ¢ to represent a suitable positive constant which is
not necessarily the same in each occurrence.

2. PRELIMINARIES

In this section, we recall some notations and results in Dunkl theory on R and
we refer for more details to [4, 7, 15].

The Dunkl operator is given for x € R by

A f(2) = ﬁ@) N 200+ 1 [f(x) —Qf(—x)

dx x
For A € C, the initial problem

Aa(f)() =Af(z), [f(0)=1, z€R,
has a unique solution E,(A.) called Dunkl kernel given by

Az
— A R
2(0[ + 1)]01-‘1-1(2 .CU), YRS ’

, [ €C'(R).

E.(\x) = jo(idz) +
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where j, is the normalized Bessel function of the first kind and order «.
Let A, the function defined on R by

Ao(x) = |z, 2z eR,

and i, the weighted Lebesgue measure on R given by

Aq()

dlu’a(x) = 2a+11—\<a+ 1)

dx. (2.1)

There exists an analogue of the classical Fourier transform with respect to the
Dunkl kernel called the Dunkl transform and denoted by F,. The Dunkl trans-
form enjoys properties similar to those of the classical Fourier transform and is
defined for f € L'(uq) by

Fulf)(z) = / F(4) Ba(—izy) dpaly), z€R

For all z,y, 2 € R, we consider

(T(a+1)%)
Wa » Y, - 1_bx z+bz:r +bz mAa Y,
(:C y Z) 204—1\/%1—*(05_{_ %)( 'Y, »T,Y Y, ) (x y Z)
where
_— S if gy e R\{0}, 2 €R
i 0 otherwise
and
(el +yD)2 =222 = (2l —[y)?)* "2
Aa(x,y’ 2) — [zyz]2e if |Z’ € Sx’y
0 otherwise
where

Sy = [llal = lyll, Il + ly].
The kernel W, is even and we have
Wa(xv » Y, 2) = Wa(y7$7z) = Woc(_xv Z7y) = Wa(_zay7 _:E)

In [4], it has been shown the following inequality

[ 1ot 2ldna() < V2

The Dunkl kernel E, satisfies the following product formula (see [15])
E,(ixt)E,(iyt) = / E,(itz)dy,4(2), z,y,t €R,
R
where 7, , is a signed measure on R given by
Wol(x,y, 2)dpa(z) if z,y € R\{0}

dyey(2) =< doy(2) ify=0 (2.2)
ddy(2) if x = 0.
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with suppysy = Sy U (—Suy)-
For z;y € R and f a continuous function on R, the Dunkl translation operator
T, is given by

HUMHZAfMMWQ)

and satisfies the following properties :

e 7, is a continuous linear operator from £(R) into itself.
e For all f € £(R), we have

T(/)y) = (f)(x) and 7o(f)(z) = f(z) (2.3)

T, 0Ty =T,0T, and A,o0T, =T7,0A,. (2.4)

e For all z € R, the operator 7, extends to LP(u,), p > 1 and we have for
f e LP(pa)

172(Fllpa < V2 fllpa- (2.5)

The Dunkl convolution f %, g of two continuous functions f and g on R with
compact support, is defined by

(f *a 9)(2) = /ﬂ_\{n(f)(—y)g(y)dua(y% r € R,

The convolution %, is associative and commutative and satisfies the following
properties:

e Assume that p,q,r € [1,400] satisfying 1—1) + % =1+ % (the Young condi-
tion). Then the map (f,g) — f *, g defined on C.(R) x C.(R), extends
to a continuous map from LP(p,) X LY (pa) to L (1) and we have

1 *a gllra < V20 flpallgllga: (2.6)
e Forall f € L'(uy), g € L*(1ta) and h € LP(u,), 1 < p < +00, we have

Folf *a 9) = Fa(f)Falg),

and  7(f *q h) =7(f) *a h = [ %o 7e(h), t € R. (2.7)

It has been shown in [12], the following generalized Taylor formula with integral
remainder:

Proposition 2.1. For k=1,2,..., f € E(R) and a € R, we have

ref (@) = 3 by (@) AL f (@) + Rul, f)(a), = € B\{0}, (2.8)

with Ri(x, f)(a) is the integral remainder of order k given by

|z

mew:/emwwmmwm@w (2.9)

— x|

where
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) bon(2) = (D) o) = o (5)" o

(a+1),m\2 (a+1)pm! \2
all m e N. @)
. , sgn(x
11) @k—l(‘ray) - uk—l(x7y) + Uk—l(xay) with Uo(%?J) = Qia(l') )
sgn(y) /x'
vo(x,y) = —%, up(z,y)= Vp—1(x, 2)dz and
) =S e = [ uat)

sgn 2]
ve(z,y) = ja((yy)) /y| up—1(z, 2)An(2)dz.

According to ([17], Lemma 2.2), the Dunkl operator A, have the following
regularity properties:

A, leaves C°(R) and the Schwartz space S(R) invariant. (2.10)

3. SOME PROPERTIES OF THE INTEGRAL REMAINDER OF ORDER k

In this section, we prove some properties and estimates of the integral remain-
der in the generalized Taylor formula.

Remark 3.1. Let k =1,2,..., f € E(R) and x € R\{0}.

1/ From Proposition 2.1, we have
Ri(z. f) = 7(f) = f = bi(@)Aaf.. — b (@)ATf
= Ria(e, f) = bea()Ag'f, (3.1)
where we put for k =1, Ro(x, f) = 7.(f). Observe that
Ri(z, f) = Ro(z, f) = bo(x)Ao.f = 72(f) = [.
2/ According to ([12], p.352) and Proposition 2.1, i), we have

ja
/ Ok—1(z,y)|Aaly)dy < bi(|z]) + |2[br-1(]])

||
< clxz|”. (3.2)

3/ Note that the function y — 7,(f)— f is continuous on R (see [11], Lemma
1, (ii)), which implies that the same is true for the function y —— Ry(y, f).

Lemma 3.2. Let k = 1,2, ..., then for all f € ER) satisfying A1 f € LP(u,),
we have
[Rk-1(z, )llpa < clal* AT fllpar @ € R\{0}. (3.3)

Proof. Let k= 1,2,..., f € £(R) such that A*~'f € LP(u,) and x € R\{0}. For
k =1, by (2.5), it’s clear that |Ro(x, f)|lpa = |7(f)llpa < ¢l fllpa- Using the
Minkowski’s inequality for integrals, (2.5) and (2.9), we have for k > 2

[
[R-a (2, )llpa < /_ll@k—z(l‘,y)l 175 (A&~ Pllpada(y)dy

|z

||
< A e / O (2, ) Auly)dy.

||
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From (3.2), we deduce our result. 0J

Remark 3.3. Let k =1,2,..., f € £(R) and =z € R\{0}.
1/ If AB=1f € LP(u,), then we have by (3.1), (3.3) and Proposition 2.1, i),

1Rz, Hlllpa < 1 Bi-a(@, Pllpa + 1061 (2) AT fllpa
< cla[" AT fllpa- (3.4)
2/ We observe from Proposition 2.1 that

Bula, f) + Bul=a.f) = mlf)+7a(f) = 37 (bya) + by(—)) ALS
[kg;l]
= ) ) 2 Y ba@)AZS (3.5)

4. CHARACTERIZATIONS OF BESOV—-DUNKL SPACES OF ORDER £k

In this section, we begin with a remark, a proposition containing sufficient
conditions and an example.

Remark 4.1. Let k = 1,2, ..., f € E(R) such that A*'f is in LP(u,) and z €
(0, +00).
1/ We can assert from (3.1) that

WP (x, f) = || Re(z, f) + Ri(—=, f)|lp.a, for k> 1. (4.1)

p?a

2/ For k = 1, wh (x, f) = [|72(f) + 7—2(f) — 2f]lp.as called the modulus
of continuity of second order of f. In this case, we recover with this
expression the Besov—Dunkl spaces defined in [1, 5, 9].

Proposition 4.2. Let 1 <p < 400, 1 <g<+400,0< <1 and f € E(R) such
that AF=1f € LP(ug,) for k=1,2,.... If Ak f are in LP(u,), then f € kag;;‘.

Proof. et 1 < p < 400, 1 < ¢ < 400, 0 < < 1and f € ER) such that
AE=LF AR fare in LP(u,) for k= 1,2,.... By (3.3), (3.4) and (4.1), we obtain for
z € (0,400)

Wpa(@ f) S ca®|ALfllpa and wp, (. f) < ca® AT flpo.

Then we can write,

[ (Sl o [ (108 [ (1 ey
0 Pkl T 0 Pl x 1 xh x

giving two finite integrals. Here when ¢ = 400, we make the usual modification.
O

Example 4.3. From (2.10) and Proposition 4.2, we can assert that the spaces
C°(R) and S(R) are included in B¥DZ N LP ().

In order to establish that BkDg;;’ N LP(ue) = C;f’q’g f, we give an example of

functions in the class A; and we prove some useful lemmas.
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Example 4.4. According to ([16], Example 3.3,(2)), the generalized Hermite

1
polynomials on R, denoted by H,O;Jrz, n € N are orthogonal with respect to the
measure e~ % dpu, () and can be written as

1 atl
Hy, *(2) = (=1)"2"n! Ly(e?) and  Hy, 3 (x) = (=1)"2°"nla Lyt (2),

where the LY are the Laguerre polynomials of index o > ——, given by

1 ar
« o —a T n+a _—x
LY (z) = e (93 e )
For k = 1,2, ..., fix any positive integer no > [21] and take for example the func-

tion defined on R by ¢(x ) 202(:%(1:) e~ . Put P(z) = 2% fori € {0,1,..., [52]},

2
since P; € spang {Hp ,p=0,1,.., 2[%]}, then we can assert that ¢ € S,.(R)

+0o0
and satisfy / 2% ¢(z) dpo (z) = 0, which gives that ¢ € A.
0

Lemma 4.5. Let k = 1,2,..., ¢ € Ax, 1 < p < 400 and r > 0, then for all
f € EMR)N LP(uy) satisfying A1 f € LP(u,) and t > 0, we have

oo e [ mn{ () (D) Yot n S w2

T

Proof. Let k=1,2,....,t > 0, we have for i € {0, 1, ..., [%]},

+oo +oo
/0 £ 9(2)dpa(x) = 0 = / 226, (2)djta(z) = 0, (4.3)

where ¢; is the dilatation of ¢.
We observe that,

(61 %0 F)() = / 6127, () (—2)djta ()
= /¢t Ty d,ua( )

then using (2.3), (3.5), (4.3) and Proposition 2.1, we can write for y € R
2(¢¢ *a f)(y)

(53]
= [ o@(nDle)+ m(D(=2) =2 3 b)) )i
oo (51
= 2| @) (RN + (D) =2 3 bul@ALS () ) dia(z)

— 2 [ &(@)(Re(z, f)(y) + Ril—2, £)(1))dpa(2).

0
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By Minkowski’s inequality for integrals, we obtain

“+oo
160 %o fllpa < /0 |0e(@)] || B, £) + Bi(=, f)llpadpa(z)

< [TE @)
< C/OJFOO (%)2(a+1)w§7a(:c,f)i—x. (4.5)

On the other hand, since ¢ € S.(R), then from (4.4) and for r > 0 there exists a
constant ¢ such that

O T dx
octa o< [ (1) whale T (4.6)
0 T T
Using (4.5) and (4.6), we deduce our result. O
Lemma 4.6. Let k =1,2,..., 1 < p < +00 and ¢ € Ay, then for all f € E(R)
satisfying A2 f € LP(p,), 0 < i < [551] and x > 0, we have
teo x\k=1 rx\k dt
sbate e [ min ()7 (5) oo fla T (47)
Proof. Put for 0 < e < § < 400
’ dt
Feslt) = [ Gerabira HW)T, yeR
Then for 7 € N, we have
2i ° 2 dt
(Aocf)aﬁ(y) = (Aaqbt *a ¢t *a f)(y)? y Y € R.

From the integral representation of 7,, we obtain by interchanging the orders of
integration and (2.7),

0
R

’ dt
— [ @) sabira DT yER 2 (0 400),

so we can write for x € (0,+00) and y € R,
(Rk(xa fe,&) + Rk(_x> fE,(S))(y)

k-1

’ R » dt
- / |:(7—$(¢t) + T—$(¢t> —2 Z bQi(x)Aiqut) *a Qst *a f} (y)

7 .
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Using Minkowski’s inequality for integrals and (2.6), we get
[(Re (2, fes) + Bi(=, fe5))lpa

(53]

1 2 . d
< / (T2 (@) + To(t) — 2 Z 521‘(@/\?@) *o Ot *q f||1moc7zf

[’“ ]

dt
< / 6060 + 72160 =2 3_ ba@AL0) vl Ty
= [ N0+ Bl 60l e Fl s (4.8)
For z, t € (0,+00), we have
| Ri (2, ¢1) + Ri(—2,6) |10
(574
= HTI((bt)—i_T* ¢t _2 Z b21 A ¢t||1a
1=0
55
= ([ e @mer+ ) —2 3 bzxa:)Az’@(y)\dua@)
i=0
(522
- /) /¢ (A2 (2) + AV (2 ) 221)21 A% S dHaly) -
By (2.2) and the change of variable 2’ = %, we have
Wa(xaya th) t2(a+1) = Wa<§7 %7 Z/)a

which implies that dv,,(z) = dvy= «(z'). Hence, we obtain
| Ri (2, ¢1) + Ri(—2,6)[|l1.0

- LI @nar i) 23 mpiteld)

- /W% +

_ H (T%((p) 7o (¢) — 2 Z boi (= )A%)

O -2 X (A,

ot i—0 thl,a
[55] .
= [z () 4 r=(0) -2 2 (A5,

which gives

| Ri(a, 60) + Ri(=a. 60)lla = | Ri(F,

8) + Re(=-9)

(4.9)

1,
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Since ¢ € Si(R), then using (2.10) and (3.3), we can assert that

|RG o)+ B0l <e (D) 1Akl < e ()

1,

on the other hand, by (3.4) we have

|BG0) + Bi(=0)]

<e (3 I elha < e (5)"

1, t

then we get,

|Re(.0) + Ri(=",0)]

<emin{(3)" ()} (4.10)

From (3.6), (4.8), (4.9) and (4.10), we obtain

1«

0 - d
wﬁja(x,f&g) < c/E mm{(%)k 1, (%)k}ﬂgzﬁt *,, pr,a?t ) (4.11)

Note that A%¢ *, ¢ € S.(R). By (2.1) and (2.7), we have

/R (A2 xy @) ()| e = 27T (o + 1) Fa(AZ6 %0 6)(0)
— 2%+ 1)F (A%6)(0)Fa()(0)
27D + 1) Fa(A26)(0) / 6(2)dptalz) = 0.

Since A% ¢ *, ¢ is in the Schwartz space S(R), we have

/ logle|] [A2'6 o ¢(2)] |22 dz < +oo.
R

Then, by Calderén’s reproducing formula related to the Dunkl operator (see [11],
Theorem 3), we have

lim (Afff)&é =cA¥f, inLP(uy,),

e—0, §—>+o0
hence from (4.11), we deduce our result. O]

Theorem 4.7. Let 0 < <1, k=1,2,..., 1 <p < +o0 and 1 < q < +00, then
we have

k IB,a _ k,ﬁ,a
B*Dy N LP () = Colnis s

and for p =1, we have only kaf’,qa N LP(pa) C quﬁ;

Proof. Assume [ € BkDg’qa N LP(ug) for 1 < p < 400, 1 < ¢ < 400 and
r>p3+k—1.
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e Case ¢ = 1. By (4.2) and Fubini’s theorem, we have
/+°° IS *a Stllp.a ﬂ
0

t8+k—1
/+<>0/+oo m{ 2(a+1) ( )r}w];( - kdtdw
et n ([ e C) YT
0
< C/ pa (z, f) (:p / 1Bk qt 4 g2(at1) /+OO t—ﬁ—k—za—zdt)d?x
0 x

pa(@, f) d
SC/O W—<+OO,

kB,
hence f € C,7

e Case ¢ = +0o. By (4.2), we have
H¢t *o f D,

. </0t <%>2<a+1)w§’a(x,f)d§ +/t+oo G)rwﬁ,a(x, f)%t)

x, t “+o0
< ¢ sup ( /) (t O‘H)/ x2a+6+kdx+tr/ xﬁ%_r_zda,‘)
0 t

- 1
xz€(0,400) xﬁ+k

k
w T
< Ctﬁ—irk—l sup p,giki{)7
ze(0,400) T

IN

IA

then we deduce that f € C;: foo;,

e Case 1 < g < +00. By (4.2) again, we have for t > 0

Hﬁbt o pr,a <, +00 (z)@q-k—l min{({)%aﬂ) (£>r}w§,a(x,f)d_x
toth=1 = ], t t "\w Zbth-1 g

B+k—1 2(a+1) sEN\T
Put L(z,t) = (%) min { (%) , (—) } and ¢ = Ll the conjugate of
q —

x
q. Since

400 dr t 400
/ L({L’, t)— — t—ﬁ—k—2o¢—1 / I6+k+2ad$ + t—ﬁ—k—‘rr—i-l / $B+k_r_2dl‘ <e,
0 x 0 t

we can write using Holder’s inequality,

16 %o £l +o0 , +pal® /)
o Tedle < C/o (L(z,t))a ((L(aj t))e W> T

<o [T (GEDD)
By the fact that

+oo dt x +o0o
0

0 T
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we get by using Fubini’s theorem,
+oo kg Fllpo\adt oo Wk (x, f)nay [ dt\ dx
/ N C/ ( pbik—l)) (/ e 07)5
0 t t 0 z 0 t/ x
oo Wk (x, ad
< C/ (M) ar < 400,
0 x

xﬂ—l—k—l

which proves the result.
Assume now f € C;’Z’; for 1l <p<+ooand 1< g < +o0.
e Case ¢ = 1. By (4.7) and Fubini’s theorem, we have

/*"" wy (f) (@) da

pftk=1 o

+o00 +oo
< / / min ? L) 6w Pl L
k=1 T —B—k dt
c/o 6% Tl (| T {7 () e ba)
+00 1 oo dt
"y L xB-1
< C/o |6t *a pra< / dr + dx) t

T | e o f]]
< « pa_
> C/o PR . +00,

IN

then we obtain the result.
e Case ¢ = +00. By (4.7), we get

a YT k-1 dt Tk dt
(@ < o ([ @ Mo s+ [ oo flay)
x +o0o
< ¢ sup —Hgbt "o pr’a(xk_l/ tﬁ_ldt—i-xk/ tﬁ_zdt)
0 T

te(0,400) tot+h-1

< o PEl sup D1 *a f||p,a

o t€(0,+00) otk—1 7

so, we deduce that f € B*DJ% N LP(jua).
e Case 1 < g < +o00. By (4.7) again, we have for x > 0

—w;‘(f)(x) < c/o+oo (£>ﬁ+k1 min {(f)k*17 (z) }”@ a f“pa dt

G {70 = ) {13}

t\"B
Put G(x,t) = <—> min {1, %} and ¢’ the conjugate of ¢. Since
x

Note that

+oo dt

x —+00
G(x, t)t P / 7t dt 4 P / t772dt < c,
0 0 T
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then using Holder’s inequality, we can write

B o [ Gty (Gt o)

Jjﬁ‘f‘k—l tﬁ‘l‘k’—l t

I 19t *a fllpa\2dtys
< —_— ) — ] .
= ¢ </0 G(x’t)< {ATE—1 ) t )
By the fact that

+oo de? t +oo
/ G(z,t)— = tﬁ_l/ z Pde + tﬁ/ P N <,
0 € 0 t

we get by using Fubini’s theorem,
e rwp(f) (@) yadz T e *a fllpa\ey [ day dt
p @ D,
/0 () G < C/O (M) ( ; G )T
oo dt
< C/ (Hd)t *apr,a>4_<+oo’
0

k-1 t
thus the result is established. |
Remark 4.8. From theorem 4.7, we can assert that Cﬁ}’ﬁ Qf‘ is independent of the

specific selection of the function ¢ in Ay.
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