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STABILITY OF THE COSINE-SINE FUNCTIONAL EQUATION
WITH INVOLUTION
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ABSTRACT. Let S and G be a commutative semigroup and a commutative
group respectively, C and R* the sets of complex numbers and nonnegative real
numbers respectively, o : S — S or o : G — G an involution and ¢ : G — RT
be fixed. In this paper, we first investigate general solutions of the equation

g(x +oy) =g(x)g(y) + f(z)f(y)

for all z,y € S, where f,g: S — C are unknown functions to be determined.
Secondly, we consider the Hyers-Ulam stability of the equation, i.e., we study
the functional inequality

l9(z + oy) — g(x)g(y) — f(=)f ()] < ¥(y)
for all x,y € G, where f,g: G — C.

1. INTRODUCTION
The cosine function admits the following decomposition
cos(x —y) = coswcosy + sinxsiny

and g(z) = cosx, f(x) = sinx satisfies the functional equation
9(x —y) = 9(x)g(y) + f(2)f(y)- (1.2)
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The functional equation (1.1) was treated by Gerretsen [11] and Vaughan [22]
among others. The general solutions of (1.1) are described in [2, pp. 216-217]
when the unknown functions g, f are functions from a group G into a field F. For
some related equations we refer the reader to [1, p. 177] and [2, pp. 209-217].

The Hyers-Ulam stability problems of functional equations go back to 1940
when S. M. Ulam proposed a question concerning the approximate homormor-
phisms from a group to a metric group(see [21]). A partial answer was given
by D.H. Hyers[12] under the assumption that the target space of the involved
mappings is a Banach space. After the result of Hyers, T. Aoki [3] and D.G.
Bourgin [5] dealt with this problem, however, there were no other results on this
problem until 1978 when Th.M. Rassias [17] dealt again with the inequality of
Aoki [3]. Following Rassias’ result a great number of papers on the subject have
been published concerning numerous functional equations in various directions
[4, 6, 7, 12, 14, 15, 17, 18, 20]. In particular, Székelyhidi [20] investigated the
Hyers-Ulam stability of the trigonometric functional equations

flx+y) = f(z)g(y) +g(x)f(y) (1.3)

and

g(x+y)=g(x)g(y) — f(x)f(y) (1.4)

for all x,y € G, where f,g: G — C without the commutativity of G. Using the
elegant method of Székelyhidi, Chung and Chang [6, 7] obtained the Hyers-Ulam
stability of functional equations

flz—y) = f(x)g(y) — g(x)f(y) (1.5)

and

g(xr —y) =g(x)g(y) + f(x)f(y) (1.6)
for all z,y € G.

Recently, several authors [9, 16, 19] have studied functional equations with in-
volutions which generalize previous results on some classical functional equations
such as the d’Alembert’s functional equation [10] and the Wilson’s functional
equation [23]. In particular, generalizing (1.4), Chung, Choi and Kim [8] de-
termined the general solutions and the Hyers-Ulam stability of the functional
equation

flxz+oy) = f(x)g(y) — 9(z)f(y) (1.7)

for all z,y € S, where f,g : S — C and ¢ is an involution on the semigroup S.
In this paper, generalizing the functional equation (1.5), we first determine all
general solutions of the functional equation

g(z +oy) = g(x)g(y) + f(x)f(y) (1.8)

for all z,y € S. Secondly, generalizing the results in [6, 7] we prove the Hyers-
Ulam stability for (1.7), i.e., we study the behavior of functions g and f satisfying
functional inequality

l9(z + oy) — g(x)g(y) — f(2)f(y)] < P(y) (1.9)
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for all z,y € G, where f,g: G — C and ¢ : G — RT (the set of nonnegative real
numbers).

2. GENERAL SOLUTIONS OF THE FUNCTIONAL EQUATION (1.7)

In this section we present the general solutions (g, f) of the functional equations
(1.7) on semigroups. Throughout this section we denote by S a commutative
semigroup with an identity element. A function o : S — S is said to be an
involution if o(x+y) = o(x)+o(y) for all z,y € S and o(o(z)) =z for all x € S.
For simplicity we write oz instead of o(z). A function m : S — C is called an
exponential function provided that m(z + y) = m(x)m(y) for all x,y € S and
a:S — Cis called an additive function provided that a(x +y) = a(x) + a(y) for
all z,y € S.

As a direct consequence of a theorem of Sinopoulos [19] we have the following
lemma.

Lemma 2.1. Let g : S — C satisfy the functional equation
9(x +y) + g(z + oy) = 29(x)g(y) (2.1)

for all x,y € S. Then there exists an exponential function m : S — C such that

m(x) + m(ox)

o) = L (22)
forallz € S.
In the following, we exclude the trivial cases when f(x) = g(z) = 0.

Theorem 2.2. Let f,g: S — C satisfy the functional equation

g9(x+oy) = g(x)g(y) + f(x)f(y) (2.3)
for all x,y € S. Then either (g, f) has the form

m(x) + mlox m(x) — ml(ox

gla) = PTG |y o A2 —nlow) (2.4

2 2
for all x € S, where m : S — C is an arbitrary exponential function and c¢; € C
with ¢ = —1, or

o) =eB)  [ole) = p(r)(1 ~ alz)
f(z) = s E(z) f(2) = cip(z)a(z)
9(@) = (1 = cx)pu(x) + cov ()
f(x) = es(ul@) — v(z))
forall x,y € S, where E S — C are exponential functions satisfying F oo =
E oo = p and a,v are an additive function and an exponential function on
S*:={x € S : u(x) # 0} satisfying aoo = a on S* with arbitrary values on
S\ S*,voo=vonS* andv =0 on S\ S* and c1,cs,c5 € C are arbitrary
constants satisfying ¢t = —1, ¢ + 2 = ¢y with ¢y # 0, 1.

(0]

3

(2.6)
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Proof. Replacing (z,y) by (y,z) in (2.3) we have
9(y + o) = g(y)g(z) — f(2)f(y) =0 (2.7)
for all z,y € S. Subtracting (2.6) from (2.3) we have
9(y +ox) = g(z + oy) (2.8)
for all x,y € S. Putting y = 0 in (2.7) we have
glox) = g(x) (2.9)
for all z € S. Replacing x by ox and y by oy in (2.3) we have
g(ox +y) — g(ox)g(oy) — flox)f(oy) =0 (2.10)
for all x,y € S. From (2.8) we have
glox +y) — g(x)g(y) — flox)f(oy) =0 (2.11)
for all ,y € S. Subtracting (2.10) from (2.3) and by (2.7) we have
flox) floy) = f(x)f(y) (2.12)

for all x,y € S. Letting y = x in (2.11), for each z € S we have f(ozx) = f(z)
or f(ox) = —f(x). Assume that there exists a yo € S such that f(oyo) # f(vo)-
Then we have f(oys) = —f(yo). Putting y = o in (2.11) we obtain f(z) =
—f(ox) for all z € S. Thus we have

floz) = — () (2.13)
for all x € S, or

floz) = f(x) (2.14)
for all z € S.

Case (i). Suppose that (2.12) holds. Interchanging y with oy in (2.3) and
using the fact that g(oy) = g(y) and f(oy) = —f(y) we have

gz +y) = g(x)g(y) — f(2)f(y) (2.15)
for all z,y € S. Adding (2.3) and (2.14) we obtain
g(r +y) +g(x +oy) = 29(x)g(y) (2.16)

for all x,y € S. The general solution of the functional equation can be obtained
from Lemma 2.1 as (@) (02)
mlx)+ mlox
g(zx) = 5

for all z € S, where m : S — C is an exponential function. Using (2.16) in (2.14)
and simplifying we obtain

(2.17)

f@)fly) = — (m(x) —Qm(m)> (m(y) _Qm<0y)) (2.18)

for all z,y € S. Hence
f(2) = o) ;m(‘m) (2.19)
for all z € S, where ¢; € C such that ¢} = —1. Hence for this case we have the

asserted solution (2.4).
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Case (ii). Suppose (2.13) holds. Letting oy for y in (2.3) and using the fact
9(oy) = 9(y), floy) = f(y) we get

g(x +y) = g(x)g(y) + f(z)f(y) (2.20)

for all z,y € S. Computing g(z + y + z) first as g(x + (y + 2)) and then as
g((z 4+ y) + 2), using (2.19) we obtain

gr+y+2)=g(@)gly+2)+ flx)f(y+2)
= g(@)[9(y)g(z) + fy) f(2)] + f(x)f(y + 2)
= g(%)g(y)g(z) + g(x) f (W) f(2) + f(x)f(y + 2),

g@+y+z)=g@+y)g(z) + f(@+y)f(z)
= lg(=)g(y) + f(=)fWlg(z) + [z +y) f(2)
= 9()9()9(2) + f(2) f(y)g(z) + f(x + y) [(2)
for all z,y, z € S. Comparing the last two expressions we have
fle+y)f(z) —g(@)fW) f(z) = f(@)f(y + 2) — f(x)f(y)g(2) (2.21)
for all z,y,z € S. Subtracting f(x)g(y)f(z) from both sides of (2.20), we get
[f(@+y)—g(@) f(y)—9W) f(@)]f(2) = [fy+2)—9(y) [(z)—g(2) f ()] f(x) (2.22)
for all z,y,z € S. We fix z = 2o with f(29) # 0 and obtain
fle+y)—g(@)fy) —9) f(z) = f(x)k(y) (2.23)

forall z,y € S, where k(y) := f(20)"'[f(y+20)—9(y) f(20)—9(20) f (y)]. Replacing
(z,y) by (y,z) in (2.20) we see that

f(@)k(y) = f(y)k(z) (2.24)
for all x,y,z € S. Put y = 2, we have
k(z) = Bf(x) (2.25)
for all x € S, where = i 0; Hence (2.24) in (2.22) yields
Sl + y) =9(@)f(y) +9W)f(x) + 6f (=) f(y) (2.26)

for all z,y € S. Multiplying (2.25) by A and adding the resulting expression to
(2.19) we have

9@ +y) + Af(z+y)
=9(@)g(y) + f(@)f(y) + Ag(2) f(y) + Af(2)g(y) + BAf (@) f(y)  (2.27)
for all z,y € S. The functional equation can be written as

g(x+y) + Mz +y) = [gx) + M (2)][lg(y) + Af(y)] (2.28)

if and only if A satisfies
—BA—1=0. (2.29)
By fixing A to be such a constant, we get

9() + M () = p(a) (2.30)
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for all z € S, where p : S — C is an exponential map. From (2.28) it is easy to
see that A # 0. From (2.29) we have

g9(x) = p(x) — Af(x) (2.31)
for all x € S and letting this into (2.19) and simplifying we obtain

Mz +y) = A (@)uly) + M (@)ulz) — (N +1)f(z)f(y) (2.32)

for all z,y € S. There are two possibilities: (1) 4 =0 and (2) u # 0. If u =0,
then from (2.31), we get

fla+y) = =27\ + 1 f(2)f(y) (2.33)
for all z,y € S. We define F : § — C given by
E(z) = - AT\ +1)f(x) (2.34)
for all z € S. Then by (2.33), the equation (2.34) reduces to
E(w+y) = B()E(y) (2.35)

for all x,y € S. From (2.13), (2.33) and (2.34), F : S — C is an exponential
function satisfying F(z) = E(ox).
Hence from (2.30) and (2.33) we get

g(x) = cE(x) and f(x) = c3E(x) (2.36)

/\g‘—il and c3 := _A%rl with A # 0. Note that the
constants (cg, c3) represents all solutions of the equation ¢3 + ¢2 = ¢, such that
c2 # 0,1. Thus we have the first case of the asserted solutions (2.5).

The other possibility is u # 0. Let S* = {x € §: p(x) # 0}. Then S\ S* is an
ideal in S and S* is a subsemigroup of S. Dividing (2.31) by

p(r +y) = p(a)u(y) (2.37)

for all x € S, where ¢y =

side by side, we obtain

ME+y) M) M) N+1Af(@)) (M)
Woty) ) ol R <um>>(mw> (2.38)

for all z,y € S*. When A2 4+ 1 = 0, we have
M@+y)  Af(@) | Afy)

- 2.39
ple+y)  pl@)  ply) (239)
for all x,y € S*. Hence
A (@)
=a(x 2.40
L = ale) (2.40)
for all z € S*, where a : 5* — C is an additive function. Therefore
f(@) = A plz)a(z) (2.41)

for all x € S* and by (2.30) and (2.40), we get
9(x) = p(z) — p(z)a(z) (2.42)
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for all x € S*. Letting ¢; = A™! from (2.40) and (2.41) we have the second case
of the asserted solutions (2.5). It is easy to check that the constant ¢; satisfies
c? = —1 because of \2 +1 = 0.

When \? + 1 # 0, (2.37) yields

v(z+y) = v(z)vy) (2.43)
for all z,y € S*, where v(z) = 1 — % (%S?) Hence v : S* — C is an
exponential function. Therefore

f(x) = eap() = csv(z)p() (2.44)

for all x € S* and by (2.30) and (2.43), we get
g9(x) = (1 = ex)p() + cov () () (2.45)
for all x € S*, where ¢y := AQ—L and ¢z := —/\%H. Replacing p(z)v(z) by v(z) in

(2.43) and (2.44) we get the third case of the asserted solutions (2.5). It follows
from (2.30), (2.33), (2.39) and (2.43) that p(oz) = p(z), E(ox) = E(x),a(ocx) =
a(x),v(ox) = v(x) and the proof of the theorem is now complete. O

Remark 2.3. Let 0 = I be the identity involution. Then as a direct consequence of
Theorem 2.2 we obtain the solutions of hyperbolic cosine-sine functional equation

g(x +y) = g(x)g(y) + f(z)f(y) (2.46)

for all z,y € S. Indeed, all solutions of (2.45) are given by (2.5) with exponential
functions E,pu : S — C, v : S* — C, an additive function a : S* — C, and
constants ¢, c3 € C satisfying 2 + c§ = Co, cg # 0.

Let (H,+) be a commutative semigroup and f,g : H x H — C. As a con-
sequence of Theorem 2.2, we determine all general solutions of the functional
equation

9(w1 + Y2, 2 +y1) = g(x1, 22)9(y1, y2) + f (21, 22) f (Y1, Y2) (2.47)
for all 1,29, y1,y2 € H. We exclude the trivial cases when ¢ is constant.

Letting o(xy, x9) = (z2, 1) for all z1,x2 € H and using the same argument as
in [8, Theorem 5] we obtain the following.

Corollary 2.4. Let f,g : H x H — C satisfy the functional equation (2.46).
Then either (g, ) has the form

ma(z1)ma(x2) + ma(xy)my (zs)
2 )
my(x1)ma(xs) — ma(x1)my(xs)
2
for all x1,x9 € H, where my, mo : H — C are arbitrary exponential functions and
c1 € C with &2 = —1, or

{g(lfla ) = Bt +22) {Q(Jfla T2) = plx1 + 22)(1 — a(z1 + 22))

g(xla x2) =

f(x1,72) = &1

f(x1,22) = c3E(x1 + 22) f(z1,20) = crp(mq + x0)a(xy + x2)



538 J. CHANG, C-K. CHOI J. KIM, P.K. SAHOO

o g(x1,22) = (1 — o) p(1 + xa) + cov(zy + x2)
flxy,z0) = cs(p(xy + 22) — v(xy + 29))
for all 1,29 € H, where E,u : H — C are exponential functions on H, a is an

additive function on H* := {x € H : p(x) # 0} with arbitrary values on H \ H*,
v is an exponential function on H* and v =0 on H \ H*, and c1,ce,c3 € C are

arbitrary constants satisfying ¢t = —1, ¢3 + ¢ = ¢y with ¢y # 0, 1.
If S =G is a commutative group and o(z) = —x for all x € G, we have the
following.

Corollary 2.5. Let f,q: G — C satisfy the functional equation

9(x —y) = g(x)g(y) + f(x)f(y) (2.50)
for all z,y € G. Then either (g, f) has the form

for all x € G, where m : G — C is an arbitrary exponential function and ¢; € C
with ¢2 = —1, or

{g@gzzwfxx> mﬁ{gcw:=<1—<anwx>+6ﬂ4x> (2.52)

(2.51)

f(z) = s E(x) f(@) = es(u(z) —v(z))

for all x,y € G, where E,u,v : G — C are exponential functions satisfying
(E(z))* = (u(x))? = (v(x))> = 1 for all z € G and ¢y, cz,c3 € C are arbitrary
constants satisfying ¢t = —1, ¢ + 2 = co with ¢y # 0, 1.

Proof. If S = G is a group, then we have G* = {z € G : u(zx) # 0} = G.
Now, since the functions a, E,pu,v : G — C satisfy a(—xz) = a(x), E(—z) =
E(x), u(—z) = p(x),v(—x) = v(x) for all z € G, we have a(x) =0 for all x € G
and (E(2))? = (u(z))? = (v(z))? = 1 for all x € G, and the second case of (2.5)
is reduced to the case m = m oo of (2.4). This completes the proof. O

In particular if S = G is a 2-divisible commutative group and o(z) = —z for
all z € G, then since F = u = v = 1 we have the following.

Corollary 2.6. Let f,g: G — C satisfy the functional equation

9(x —y) = g(x)g(y) + f(x)f(y)
for all z,y € G. Then either (g, f) has the form
g(@) =c3,  [(z) =c3
for all x € G, where ¢ + 3 = ¢y, or
m(x) + m(—x)

gla) = "I gy g, ML D)

for all x € G, where m : G — C is an arbitrary exponential function and ¢, € C
with 2 = —1.
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Remark 2.7. If G is not 2-divisible, we can find a nonconstant solution (g, f)
of (2.47) of the form (2.49). Indeed, let G = Z be the set of integers. Define
E:7Z — Cby E(2k) =1, E(2k—1) = —1for all k € Z. Then E is a nonconstant
exponential function. Letting y = E, v = 1 and ¢ + ¢3 = ¢; we obtain the
following nonconstant solutions of the form (2.49)

g0) = aB@)  [ol@) = (1-a)E@) + e
@) =esB@) " f@) = esBl) - o

3. STABILITY OF THE FUNCTIONAL EQUATION (1.7)

Throughout this section, let G be a commutative group, ¢ : G — [0,00) be
fixed and f, g : G — C. In this section we consider the stability of the functional
equation (1.7), i.e., we deal with the functional inequality

9(z + oy) — g(x)g(y) — f(x)f(y)| < P(y) (3.1)
for all z,y € G. For the proof of the stability of (3.1) we need the following.

Lemma 3.1. Let f,g: G — C satisfy the inequality (3.1) for all z,y € G. Then
there exist i1, po € C(not both zero) and M > 0 such that

| f(2) — pag(x)| < M (3.2)
for all x € G, or else

g(z +oy) —g(x)g(y) — f(z)f(y) =0 (3.3)
forall x,y € G.

Proof. Suppose that p; f(x) — pag(z) is bounded only when py = s = 0. Let

lz,y) = g(z +y) — g(x)g(oy) — f(x)f(oy) (3.4)

for all z,y € G. Choose y; satisfying f(oy;) # 0. Then from (3.4), we have
f(z) = wig(x) + wag(x + Y1) — wal(z, Y1) (3.5)
for all x € G, where w; = fﬁay y and wy = m From (3.4) and (3.5) we have

gz +y+2)=g@+y)gloz)+ flx+y)floz) + Uz +y,2)

= (g(x)gloy) + f(x) floy) +(z,y))g(0z)
+ (wig(@ +y) + wag(z +y+ 1) — wol(z +y,11)) f(02)
+l(x+y,2)

= (9(x)g(oy) + f(x)f(oy) + I(z,y))g(0z)
+wi(g(x)g(oy) + f(x)floy) + 1z, y)) f(
+wa(g(@)g(a(y+w)) + f(@) f(o(y + )
+ 1z, y + ) f(02) —wil(x + y,91) f(oz

02)

~— —

+l(x+y,2) (3.6)
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for all z,y,z € G. Also, from (3.4) we have

g +y+2)=gx)glo(y+2))+ f(x)floy+2)) +1(z,y + 2) (3.7)

for all z,y,z € G. Equating (3.6) and (3.7) and then isolating I(-,-) terms into
the right hand sides, we have

(9(oy)g(02) +wig(oy) f(o2) + wag(o(y + 1)) f(o2) — glaly + 2))) g(x)
+ (floy)gloz) +wifloy) floz) +waf(o(y +m))f(oz) = f(o(y + 2))) f(z)
= —l(z,y)g9(02) —wil(z,y) f(oz) — wal(z,y + y1) f(02)
+wol(x +y,y1)f(0z) = l(x +y,2) + l(x,y + 2) (3.8)

for all z,y,z € G. So the left side of (3.8) is the of the form p;(y,2) f(z) —
w2(y, 2) g(x). Next we show that the right hand side of (3.8) is bounded as a
function of x. Taking the absolute value of right hand sides of (3.8) and using
triangle inequality and (3.1), we have

| = Uz, y)g(o2) —wil(z,y) f(oz) —wal(z,y + y1) foz)
+wol(z +y, 1) f(02) = Uz +vy,2) + l(x,y + 2)|
< Uz, Yllgloz)| + Uz, y)|lwi f(o2)] + [l(z,y + y1)[|wa f(02)]|
+ U@+ y, y)|lwef(o2)| + [l(z + y, 2)| + [l(z, y + 2)]
< ¥(oy)lg(oz)| + ¢(oy)|wi f(oz)| + (o (y + y1))|waf(0z)|
+Y(oyn)|wa f(o2)]| + ¥ (02) + ¢(o(y + 2)) (3.9)

for all z,y,z € G. In view of (3.9), for fix y, z, the right hand side of (3.8) is
bounded as a function of z. So by our assumption, the left hand side of (3.8)
vanishes, so does its right hand side yielding

Uz, y) g(02) + (Wi Uz, y) +wo l(z,y + y1)—wa (2 +y, 1)) floz)
=l(z,y+2)—llx+y,z) (3.10)
for all x,y,z € G. From (3.4) we can write
Wz, y+2) —l(z+y,2)
=g(x+y+2z)—g@)g(o(y +2)) — f(@)f(o(y + 2))
—g(@+y+2)+g(x+ylgloz) + flx+y)floz)
=glo(@+y+2) —g(x)glo(y +2)) — f(x)flo(y +2))
(

—glo(x+y+2)+gl@+y)gloz) + f(z+y)floz)
=g(o(y +2) +ox) —glo(y + 2))g(x) — flo(y + 2)) f(z)
—gloz+o(xz+y)) +gloz)g(z +y) + floz) f(z +y)

=l(o(y+ z),00) —l(oz,0(x +y)) (3.11)
for all z,y,z € G. Using (3.11) and the triangle inequality we have
U,y +2) — Uz +9,2)| = [loly + 2), 00) — oz, oz + 1))
< |lo(y + 2),02)| + |l(0z,0(z +y))]
< Y(x) +Y(z+y) (3.12)
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for all z,y,z € G. Thus, if we fix z,y in (3.10) the left hand side of (3.10) is
a bounded function of z. Hence by our assumption, we have [(z,y) = 0 for all
x,y € G. This completes the proof. O

For the proof of the main result we also need the following three lemmas.

Lemma 3.2. [13] Let ¥ : G — [0,00) be a function. Assume that f,g: G — C
satisfy the inequality

|f(x+y) — f@)g(y)] < ¥(y) (3.13)

for all x,y € G, then either f is a bounded function or g is an exponential
function.

Lemma 3.3. Let m : G — C be a bounded exponential function satisfying m(y) #
m(oy) for somey € G. Then there exists yo € G such that

Im(yo) — m(oyo)| > V3.
Furthermore, \/3 is the best constant in general.

Proof. Since m is a bounded exponential, there exists C' > 0 such that |m(z)|* =
|m(kz)| < C for all k € Z and = € G, which implies |m(x)| = 1 for all z € G.

Assume that m(oy) # m(y). Then we have m(oy) = €1, m(y) = €% for some
01,0 € [0,27]. We may assume that 6; < 6. If 6 — 0; € [%”, %”], we have

im(y) —m(oy)| = |2 — | > /3. If 65 — 6, € [0, %] or 6, — 6; € [4F, 2], then
there exists an integer k& such that k0 —k0; € [37+2nm, 5 42n7] for some integer
n. Thus we have [m(ky) —m(o(ky))| = |m(ky) — m(koy)| = |e*? — e*| > /3.

Now define m : Z — C by m(k) = e¢'5* and let o(z) = —z. Then we have
|m(3k + 1) —m(=3k — 1)| = /3 for all k € Z. Thus v/3 is the biggest one. This
completes the proof. O
From now on we assume that
Oy (x) := ZZ_'“_I@/J (2"2) < o0 (3.14)
k=0
for all z € G, or else
Oy(x) =Y 2% (27F'2) < o0 (3.15)
k=0

for all z € G.

Lemma 3.4. [3] Assume that f : G — C satisfies the functional inequality
[f(@+y) = fz) = fly)] < d(y)

for all x,y € G. Then there exists a unique additive function a; given by
a;(x) = lim 27" f(2"x)

such that
|f(z) — ar(2)] < P1(2)
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for allx € G provided that (3.14) holds, and there ezists a unique additive function
as given by
as(z) = lim 2" f(27"x)

n—oo

such that
[f(x) = ax(z)| < Py(z)
for all x € G provided that (3.15) holds.

Next we present the second main results of this paper.
Theorem 3.5. Let f,g: G — C satisfy the inequality

lg(z + oy) — g(z)g(y) — f(x)f(y)] < ¥(y) (3.21)

for all x,y € G, then (g, f) satisfies one of the following:

(i) g and f are bounded functions,

(ii) f is a bounded function and g = m is an unbounded exponential function
such that m = mo o,

(iii) there exist an unbounded exponential function m satisfying m = mo o
and a bounded function r such that

~dm(z) +1r(v) ~ m(x) — ()
flx) = B VIR g(x) = i
for all x € G,
(iv) g(x) = W and f(z) = 1%, where m : G — C is an

exponential function,
v) there is an additive function a : G — C and exponential functions E, u, v
P H
G — C satisfyingaoo =a, Foo=FE, poo=pu, voo=v, and c;,cy,c3 € C
such that ¢t = —1, ¢+ 2 = ¢y with ¢y # 0,1,

g0) = eB@) o) = u@)(1 - o))
@) =eB@ " f) = @)

g(x) = (1 = cp)u(x) + cov ()
fx) = es(p(x) = v(z))
forall z,y € G,
(vi) there exist A € C with \> = —1, a bounded exponential function m satis-
fying m # moo and d > 0 such that

f(x) = Mg(x) = m(z)), |(H<ac((ﬂd)

forallx € G,
(vii) there exist A\ € C with \* = —1 and a bounded exponential function m
satisfying m = m o o such that

f(z) = Mg(x) —m(x))
forallx € G, and g satisfies one of the following; there exists an additive function

a1 : G — C such that
l9(x) = (ai(z) + g(0))m(z)| < 201 (x)
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for all x € G, or there exists an additive function as : G — C such that

9(2) = (az(z) + g(0))m(z)[ < 2®»(x)
for all x € G, where ®; and ®y are the functions given in (3.14) and (3.15) and
9(0) =1 if ¢(0) = 0.

Proof. In view of Lemma 3.1, we first consider the case when f, g satisfies (3.2).
If f is bounded, then in view of the inequality (3.16), g(z + y) — g(x)g(oy) is
also bounded for each y. By Lemma 3.2, g is bounded or g o ¢ is an unbounded
exponential function and so is g. If g is bounded, the case (i) follows. If ¢ is an
unbounded exponential function, say g = m, then from (3.16), using the triangle
inequality we have for some d > 0,

im(z)(m(oy) —m(y))| < ¢(y) +d (3.28)
for all z,y € G. Thus, m(y) = m(oy) for all y € G is bounded, which gives the
case (ii).

If f is unbounded, then in view of (3.16), g is also unbounded and we can write

f(z) = Mg(z) +r(z) (3.29)
for all x € G, where A # 0 and 7 is a bounded function. Putting (3.18) in (3.16),
replacing y by oy and using the triangle inequality we have

lg(z +y) — g(x) (X + 1)g(oy) + Ar(oy))]

< [(Agloy) + r(oy))r(@)| + P(oy) < ¢*(y) (3.30)
for all z,y € G and for some ¢*. From (3.19), using Lemma 3.2 we have
(M + Dg(y) + Ar(y) = m(y) (3.31)
for all y € G and for some exponential function m. If A2 # —1, we have
_dm(z) +7r(v) ~ m(x) — ()
f(z) = BV g(z) = i1 (3.32)

for all z € G. Putting (3.21) in (3.16), multiplying |A\*+ 1] in the result and using
the triangle inequality we have for some d > 0,
m () (m(oy) —m(y))] < [\ +1(y) +d (3.33)

for all z,y € G. Since m is an unbounded function, from (3.22) we have m = moo.
If A = —1, then from (3.18) and (3.20) we have

f(@) = Mg(x) —m(x)) (3.34)
for all x € G, where A> = —1 and m is a bounded exponential function and hence
|m(z)| =1 for all z € G. Putting (3.23) in (3.16), we have

9(z 4+ oy) — g(x)m(y) — m(x)g(y) + m(z)m(y)| < P(y) (3.35)

for all x,y € G. Since g is unbounded, we have m # 0 and hence m(0) = 1.
Putting = = y = 0 in (3.24) we see that ¢g(0) = 1 if /(0) = 0. Replacing y by oy
in (3.24) we have

l9(z +y) — g(x)m(oy) — m(z)g(oy) + m(z)m(oy)| < Y(oy) (3.36)
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for all z,y € G. Putting = 0 in (3.25) and multiplying |m(z)| in the result we
have

im(x)g(y) — g(0)m(z)m(oy) — m(x)g(oy) + m(x)m(oy)| < P(oy)  (3.37)

for all z,y € G.
From (3.25) and (3.26), using the triangle inequality we have

l9(x +y) — g(x)m(oy) — m(x)g(y) + g(0)m(z)m(oy)| < 2¢(oy) (3.38)

for all z,y € G.
First, we consider the case m(yy) # m(oyg) for some yy € G. Replacing = by
y and y by x in (3.27) we have

l9(y + ) —m(ox)g(y) — g(x)m(y) + g(0)m(oz)m(y)| < 2¢(ox) (3.39)

for all z,y € G. From (3.27) and (3.28), using the triangle inequality we have

l9(x)(m(oy) —m(y)) — g(y)(m(ox) —m(z)) — g(0)(m(z)m(oy) — m(oz)m(y))]
< 2(¢(ox) + ¢ (oy)) (3.40)

for all 2,y € G. By Lemma 3.3, there exists a yy € G such that |m(oyo)—m(yo)| >
V3, putting y = yo in (3.29), using the triangle inequality and dividing the result
by |m(oye) — m(yo)| we have

o) < 22 (00n) + 3.41)

for all x € G, where d = ¥(yo) + |9(vo)| + |9(0)|, which gives (vi). Now, we
consider the case when m(x) = m(ox) for all x € G. Dividing both the sides
(3.27) by |m(z +y)| = |m(x)m(y)| we have

|F(z +y) = Fx) = F(y)| < 2¢(y) (3.42)

for all z,y € G, where F(x) = i((?) — ¢(0). Using Lemma 3.4 and multiplying

|m(z)| in the result we get (vii). If f, g satisfies (3.3), then by Theorem 2.2, all
solutions of (3.3) are given by (iv) or (v). This completes the proof. O

Remark 3.6. Let o = I be the identity. Then as a direct consequence of Theorem
3.5 we obtain the Hyers-Ulam stability of the hyperbolic cosine-sine functional
equation

g(x +y) = g(x)g(y) + f(x)f(y).
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