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ABSTRACT. A bounded linear operator T on a normed linear space X is said to
be right symmetric (left symmetric) if A Lg T =T 1lg A(T Lp A=A 1p
T) for all A € B(X), the space of all bounded linear operators on X. Turnsek
[Linear Algebra Appl., 407 (2005), 189-195] proved that if X is a Hilbert space
then T is right symmetric if and only if T is a scalar multiple of an isometry
or coisometry. This result fails in general if the Hilbert space is replaced by a
Banach space. The characterization of right and left symmetric operators on a
Banach space is still open. In this paper we study the orthogonality in the sense
of Birkhoff-James of bounded linear operators on (R", ||.||s) and characterize
the right symmetric and left symmetric operators on (R™, ||.||oo)-

1. INTRODUCTION

Let (X,]].]|) be a real normed linear space and B(X) be the space of all bounded
linear operators on X. For any two elements x,y in X, x is said to be orthogonal
to y in the sense of Birkhoff-James [I, 2, 3], written as z Lp vy, if and only
if [|z|| < ||z + Ay|| for all A € R. In [2, 3] James studied many important
properties related to the notion of orthogonality in the sense of Birkhoff-James.
Orthogonality is related to many important geometric properties of normed linear
spaces, including strict convexity, uniform convexity and smoothness of the space.
For any two elements x,y in X, x is said to be strongly orthogonal to y in the
sense of Birkhoff-James [5], written as x Lgp v, if and only if ||z|| < ||z + Ay|| for
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all 0 # A € R. In [5] Paul et al. characterized exposed point of the unit ball in
terms of strong orthogonality. Following the notion introduced by Sain [6], left
symmetric and right symmetric points in a normed space are defined as follows:
Left symmetric point: An element x € X is called left symmetric if x 1 gy =
y L forall y € X.

Right symmetric point: An element x € X is called right symmetric if y Lpg
r=ux Lgyforall y e X.

An element x € X is said to be symmetric if it is both left and right symmetric,
e, v lpy <y L x for all y € X. James [2] proved that Birkhoff-James
orthogonality is symmetric in a normed linear space X of three or more dimensions
if and only if a compatible inner product can be defined on X. For any two
elements T, A € B(X), T is said to be orthogonal to A, in the sense of Birkhoff-
James, written as T' L g A, if and only if

|T[ <7+ AA||, for all A € R.

Since B(X) is not an inner product space so it is interesting to study the symmetry
of orthogonality of operators in B(X).

In [1] we proved that if 7" is a compact operator on a real Hilbert space H
then T is left symmetric if and only if T" is the zero operator, we also proved that
if T" is compact then T is right symmetric if and only if 7" is a scalar multiple
of an isometry or a coisometry when H is finite dimensional and T is the zero
operator when H is infinite dimensional. A more general characterisation of right
symmetric operators was proved by Turnsek [8] in this connection, he proved
that for a bounded linear operator 7" on a complex Hilbert space H, T is right
symmetric if and only if T is a scalar multiple of an isometry or a coisometry.
These results fail, in general, if the Hilbert space is replaced by a Banach space.
The characterization of right and left symmetric operators on a Banach space,
both in finite and infinite dimensional case, in general, is still open.

In this paper we study the orthogonality of operators on (R", |||/~ ) in the sense
of Birkhoff-James. We find a necessary and sufficient condition for an operator T'
to be right symmetric. Furthermore, we find a necessary and sufficient condition
for an operator T' to be left symmetric. We prove that 7' = (¢;;) is right sym-
metric if and only if for each ¢ € {1,2,...,n}, exactly one term of t;1,t0, ..., tin
is nonzero and of the same magnitude. We prove that 7" is left symmetric if and
only if T" is the zero operator when the dimension is more than 2. We also prove
that if T is a linear operator on (R?, || - ||oo), then T is left symmetric if and only
if T attains norm at only one extreme point, say e, Te is a left symmetric point
and image of the other extreme point is zero.

From now onwards, by R™ we will mean the normed linear space R™ equipped
with the /., norm, which will be denoted by ||.||. The following standard notation
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will be used, for x € R,

sgn(z) = 1, x>0
sgn(z) = -1, <0
sgn(z) = 0, x=0

2. MAIN RESULTS

We begin this section with a theorem that characterizes nonzero right symmet-
ric linear operators on R".

Theorem 2.1. Suppose T' = (t;;) is a nonzero linear operator on R™. For any lin-
ear operator A on R, A L T =T Lg Aif and only if for eachi € {1,2,...,n},
exactly one term of ti1, tio, ..., ti is nonzero and of the same magnitude.

Proof. Without any loss of generality we may assume that ||T]] = 1. We first
prove the sufficient part. Assume that for each i € {1,2,...,n}, there exists
ki €{1,2,...,n} such that t;, # 0 and ¢;; = 0 for all j # k; and [t1,| = [tox,| =
oo = |k, |-

Let A = (amy) be a linear operator on R™ such that A 1L g T'. We show that 7" Lp
A. For this we first claim that there exists i, j € {1,2,...,n} such that sgn(a;,) =
sgn(ta,) and sgn(a;,) = —sgn(t;,). If possible, suppose that sgn(ai,) = sgn(tu,)
for all i € {1,2,...,n}. Choose 0 < X < max{i'ii’ji‘l i€ {1,2,...,n}}. Since
for each i € {1, 2, Ce ,TL}, ‘(lﬂ - )\t“’ +...+ |am —)\tm| = ‘(lﬂl -+ |ai2| +...+ \a,-ki —
Mk, | + ...+ |ai] < ||A]| it is easy to see that [|[A — AT|| < || Al i.e., A Lp T.
Similarly, if sgn(ay,) = —sgn(ts,) for all i € {1,2,...,n}, one can check that
A)pT.

So, there exist ¢, j € {1,2,...,n} such that sgn(a,) = sgn(ts,) and sgn(a,) =
—sgn(tjr; ).

We next show that T" Lz A. Let A > 0 be fixed. Then

| T4+ AA|| > [t +Aain |+ |tio+ A+ .+ tin+Aain| > [tk + A, | > [tie,| = || T |
Also

[T =AA[ = [tj1=Aaj|+ [tz =Aajal+. .+t —Aajnl = [tk —Aaje;| > [t | = [T
This proves that T' L g A. This completes the proof of the sufficient part.

Conversely, let T' be a linear operator on R" such that A 1z T =T 1g A for
any linear operator A on R™. We show that for each i € {1,2,...,n}, exactly one
term of t;1,t;2,...,t; is nonzero and are of the same magnitude. We complete
the proof in the following two steps.

Step 1: We prove that |t |+ |tio|+|tis|+. . .+|tin] = L foreach i € {1,2,... n}.

Case 1. If possible, suppose |ti1] + |t12| + |t13| + . .. + |[t1n] = 0. Then [t1;| =0

for all j € {1,2,...,n}. Take t = min{|¢;;| : t;; # 0}. Now there exists a natural

number p such that + < t.

npP
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Take
—n —n - —n
—tsgn(tar) —tsgn(tz) . . —tsgn(tan)
A= . ) - )
—th?’L(tnl) _tsgn(th) s _tsgn(tnn)

It is easy to see that ||A|| = n? For any scalar A\, we have ||A + \T| >
n+mn+...+n =n?=||A|| which shows that A Lp T. Take \g = —. For

any 1 7é 1, |tz1 + )\Oai1| + ...+ |tzn + )\Oam| = |t21 - #tsgn(tﬂﬂ + ...+ |tm —
—tsgn(ti)] < [tal+. . +|tm| < 1= ||T| and so [ty +Xoar1|+. . 4|t +Aoarn| =
s = L <t <|T|. Then ||T — XA| < ||T| ie., T Lp A. Thus we get
[tir| + |tia] + |tis| + ... 4 |tin] # 0 for each i € {1,2,...,n}.

Case 2. If possible suppose that 0 < |t11]| + |t12| + [ti3] + - .. + |[t1n| < 1. Then
there exists at least one j such that ¢;; # 0. Without any loss of generality we

assume that t;; # 0. Let

—sgn(ti;) 0 . . 0
to1 taog . . toy
A=
tnl th CE. tnn

Clearly, ||A]| = 1. Let A > 0, then [[A+AT|| > |an1+Mp1 |+ |ana+ Ao+ . | an,+
Ao | = [tnr +Mont| ot Mo+ o oA [tnn M| = ([Eat |+ |tn2]+- - At )| 1HA] =
|1—|—)\‘ > 1. For A < O, HA‘{')\TH Z ’(I11+>\t11’ + |a12+)\t12] +...+ ]aln—l—)\tln] =
| — sgn(tin) + Ma1| + [Maa| + [Mps| + oo 4 [Mn| = | — sgn(tin) + Mg > 1. So
AlgT.

Now take 0 < A\g < 1 — (|t11] + |t12| + ... + |t1n]). Then we get

tin —Xoain - . tin — Aol
to1 — Aoa21 . . ton — Aoa2,
tnl - AOanl CE tnn - AOa’rm

For any 1 7é 1, |t11 — /\oai1| +...+ |tm - )\Oam| = |t11 - /\Oti1| +...+ |tzn — /\Otzn| =
[tin—Aoin| = [tin +Aosgn(tin)|+|tia] +. . A [tin] = [[tia] +Ao| + |t +. .+ [tin] <
|t11’ + ...+ ‘t1n| + |)\0| <1= ”TH So ”T — )\0AH < HT” ie., T lB A. This
contradiction leads to [t11|+ |t12] + |t13| + . . . + |t1n| = 1. This completes the proof
of Step 1 i.e., |tin| + |tia] + |tis| + ... + |tin]| = 1 for each i € {1,2,... n}.

Step 2. We prove that for each i € {1,2,...,n} exactly one of t;1,t;,...
is nonzero. Fix i € {1,2,...,n}. Since T is nonzero, using Step 1 it is easy to
see that at least one of t;1,t9,...,1;, is nonzero. If possible suppose that, there
exists k,l € {1,2,...,n} (k <) such that t;,t; # 0.
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Case 1: t;t; > 0. Without any loss of generality we may assume that t;, t; >

0 and t;;, > t;. Let ¢ = m+ Take
(== +lti])
[t11 ti2 b tu tin |
L » ! S L
ta1  t22 tak tar tan
2 » 2 e
t.
0 0 0O -2 0. . .0t O .. . 0
tn1  tn2 tnk tnl tnn
| = 2 p |

Clearly, |A = 1 = % +¢;. Let A > 0 be fixed. Then [|[A + \T|| > |2 +
M|+ B2 4 Xega| 4 oo 4 B2 4 Ay, | > b Ml oy il — 1 — Ay and

[A=AT|| > | =% = NMag| + [ti = Maa| > [(5 +tin) + M —ta)| > |5 +ta] = [|A].
So AJ_BT
Now take \g = :—]i We have

i — Aoair . .ty — Aoy
lor — Aoaar . . top — Aodap
tnl - >\0an1 CE tnn - AOa’rm
For anyj 7é i, ‘tjl —)\0&j1|+. . .—{—‘tjn—)\oajn‘ = |tj1 —%%’—F . +|tjn—t%it]n| <
- ) ) 2
LU [t — Bt |+ [ — 2.0 = [t |+ [l + At g ] <

2
[tin| + .+ |ta| + |2%lk| + o ] < Jtal o k] F [Eal + o+ E] = T
So || T — XNA|| < ||T|| i.e., T L5 A. This is a contradiction.
Case 2: tyty < 0. Assume that ¢ < 0,t; > 0 and |ty| > |ty|. Let ¢ =
1

L
(g +tan])
[t _tie _ btk _tu _tan ]
: . - e Lo "
_ta1 22 _to _ta _lon
2 2 2 e o c
t.
0 0 .. .0 —# O . . .0 tx O . . . 0
_tnn _ln2 _tnk _tu _tun
c c oo c c c

As before, we can show that ALgT but, T g A.

We next assume that t;; > 0,t; < 0 and |t;| > |t;|. In this case take U = —T.
As before we can show that there exists a linear operator A such that A1l gU
but U L A. By the homogeneity of Birkhoff-James orthogonality it follows that
ALlgT but T fp A. Therefore, for each ¢ € {1,2,...,n} exactly one term of
ti1,tio, . - ., tiy is nonzero. This completes the proof of our Step 2. The proof of
the necessary part now follows from Step 1 and Step 2. O
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Remark 2.2. The right symmetric linear operators on R"™ attains norm at all
extreme points and images of the extreme points are also extreme points.

We next characterize the left symmetric linear operators on R2. Note that the
unit ball of R? has only two pair of extreme points which are denoted as %e;, %e.

Theorem 2.3. Suppose T is a linear operator on R%. Then for any linear op-
erator A on R?, T 1p A = A Lg T if and only if T attains norm at only
one extreme point, say ey, Tey is a left symmetric point and image of the other
extreme point is zero.

Proof. Let the four extreme points of the unit ball of R? be %e;, +e5. Suppose T'
attains norm at e; and T'e; = 0. Let A be a linear operator such that 7' 1L g A.
Then by Theorem 2.1 of Sain and Paul [7] Te; Lg Ae;. As Tey is a left symmetric
point, it follows that Ae; Lg Te;. Also Aey 1 g T'es = 0. Clearly, A attains norm
at either e; or eo and Ae; L Tej for j =1,2. So we get A L T.

Conversely, let T 1Lg A = A Lg T for all linear operator A on R2. Clearly,
T attains norm at an extreme point, say e;. We claim that T'e; = 0. Suppose

Tey # 0. Define a linear operator A on R? as Ae; = 0, Aey = Te,. It is easy
to verify that A attains norm only at +e,. Also T 1p A, as Te; Lg Ae; and
HT61H = HT” But A 7‘KB T as Aeg JéB T€2. So T62 =0.

Our next claim is that T'e; is a left symmetric point. Suppose Te; is not a
left symmetric point, i.e., there exists w such that Te; Lg w but w fp Te;.
Define a linear operator A on R? as Ae; = w, Ae; = 0. It is easy to verify that
A attains norm only at +e;. Also T Lg A, as Te; L Aey and ||Teq|| = || T
But A YT as Ae; g Te,. Thus we get T L g A but A Lp T, a contradiction
to our hypothesis. This completes the proof of the theorem. O

Example 2.4. Note that, (1,0), (0,1) are nonzero left symmetric points of R.
So, there are nonzero left symmetric linear operators on R?. One such linear
operator can be given in the following way:

T(1,1) = (1,0)
T(1,-1) = (0,0)

It is easy to verify that T attains norm only at (1, 1), image of which is a nonzero
left symmetric point of R? and image of the other extreme point is zero.

The next theorem characterizes the left symmetric linear operators on R*, n >
3.

Theorem 2.5. Suppose T is a linear operators on R",n > 3. Then T is left
symmetric if and only if T is the zero operator.

Proof. One part of the proof is obvious. For the other part, suppose that T
is a nonzero linear operator on R" such that for any linear operator A on R",
T 1p A= A 1LgT. Now T attains norm at an extreme point, say e;.

We claim that T'e = 0 for all extreme point e # 4e;. If possible, suppose
that, there exists an extreme point e; # +e; such that Tey # 0. As ey Lgp
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e1, there exists a hyperplane H such that e; € H and ey Lgp H — {0}. Let

{e1,e3,€4,...,€,} be a basis of H so that {es, e1,e3,€4,...,€,} is a basis of R".
Define a linear operator A on R" such that
A€2 = T€2

Ae; = 0,042

It is easy to verify that A attains norm only at +e,. AlsoT 1g A, asTe; Lg Aey
and ||Tei|| = ||T||. But A L5 T as Aes L Tes. So Te =0 for all extreme point
e # +e;. Let S denote the set of extreme points e different from 4e;. Then
S contains a basis B and Te = 0 for all e € B, which forces T' to be the zero
operator on the whole space. This completes the proof. O

Remark 2.6. The question that still remains to be answered is the characterization
of right and left symmetric operators on £,(1 < p < co) spaces and more generally
on a normed linear space.
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