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ABSTRACT. Our main result provides a closed expression for the completely
bounded Fourier multiplier norm of the spherical functions on the generalized
Lorentz groups SOg(1,n) (for n > 2). As a corollary, we find that there is
no uniform bound on the completely bounded Fourier multiplier norm of the
spherical functions on the generalized Lorentz groups. We extend the latter
result to the groups SU(1,n), Sp(1,n) (for n > 2) and the exceptional group
Fy(_20), and as an application we obtain that each of the above mentioned
groups has a completely bounded Fourier multiplier, which is not the coefficient
of a uniformly bounded representation of the group on a Hilbert space.

INTRODUCTION

Let Y be anon-empty set. A function ¢ : Y XY — Cis called a Schur multiplier
if for every operator A = (azy)zyey € B(F3(Y)) the matrix (¢(2,v)asy)zyey
again represents an operator from B(¢*(Y)) (this operator is denoted by MyA).
If ¥ is a Schur multiplier it follows easily from the closed graph theorem that
My € B(B(£3(Y))), and one referrers to |[My|| as the Schur norm of ¢ and
denotes it by [|¢]|s-

Let G be a locally compact group. In [19], Herz introduced a class of functions
on (G, which was later denoted the class of Herz-Schur multipliers on G. By the
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194 T. STEENSTRUP

introduction to [2], a continuous function ¢ : G — C is a Herz—Schur multiplier
if and only if the function

plry) =9y 'z)  (2,y€q) (0.1)
is a Schur multiplier, and the Herz—Schur norm of ¢ is given by

lellms = ll¢lls-

In [7] De Canniere and Haagerup introduced the Banach algebra MA(G) of
Fourier multipliers of G, consisting of functions ¢ : G — C such that

e € A(G) (Y € A(G)),

where A(G) is the Fourier algebra of G as introduced by Eymard in [11] (the
Fourier—Stieltjes algebra B(G) of G is also introduced in this paper). The norm
of ¢ (denoted [|¢||aa(q)) is given by considering ¢ as an operator on A(G). Ac-
cording to [7, Proposition 1.2] a Fourier multiplier of G can also be characterized
as a continuous function ¢ : G — C such that

M) ™ p(9Mg)  (9€G)

extends to a o-weakly continuous operator (still denoted M.,) on the group von
Neumann algebra (A : G — B(L*(G)) is the left reqular representation and
the group von Neumann algebra is the closure of the span of A(G) in the weak
operator topology). Moreover, one has ||¢||ama) = ||My||. The Banach algebra
MyA(G) of completely bounded Fourier multipliers of G consists of the Fourier
multipliers of G, ¢, for which M, is completely bounded. In this case they put
lellapac) = 1M, s

In [2] Bozejko and Fendler show that the completely bounded Fourier multi-
pliers coincide isometrically with the continuous Herz—Schur multipliers. In [21]
Jolissaint gives a short and self-contained proof of the result from [2] in the form
stated below.

Proposition 0.1 ([2], [21]). Let G be a locally compact group and assume that
¢ :G — C and k > 0 are given, then the following are equivalent:

(i) ¢ is a completely bounded Fourier multiplier of G with ||| aac) < k-
(ii) ¢ is a continuous Herz—Schur multiplier on G with ||¢| gs < k.
(iii) There exists a Hilbert space & and two bounded, continuous maps P, Q) :
G — I such that

ey 'z) = (P(x),Qy))  (v,y€q)
and
1P| @l < K,

where

[Plloc = sup[[P(z)[| and [|Qllo = sup|[Q(y)]|
zeG yelG

Let G be a locally compact group and K a compact subgroup. A function f
on G is called K-bi-invariant if

f(kgk') = f(g)  (9€G, kK € K).
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Let C.(G)* denote the set of compactly supported continuous functions on G
which are K-bi-invariant (throughout, we let the superscripts g on a set of func-
tions on GG denote the subset consisting of the K-bi-invariant functions—in gen-
eral, there should be no confusion over which K is meant). The pair (G, K) is a
Gelfand pair if C.(G)" is commutative with respect to convolution. This implies
that L!(G)% is commutative with respect to convolution and that G is unimodular
(cf. [5]).

A spherical function on a Gelfand pair (G, K) is a function ¢ € C(G)* such
that

frA{f0)  (f€C(G))

is a non-zero character, where

(f.p) = /G F@)elo)dncle)  (F € ClG), ¢ € C(O))

and g is a left and right invariant Haar measure on G.

In [7] it was proved that the reduced C*-algebra of any closed discrete subgroup
of the generalized Lorentz groups SOgy(1,n) (for n > 2) have the completely
bounded approximation property (CBAP). The proof relied on finding good upper
bounds on the MyA(G)-norm of the spherical functions on SOy(1,n). The main
result of section 1 (Theorem 1.12) is an exact computation of the MyA(G)-norm
of the spherical functions on SOy(1,n):

Theorem 0.2. Let (G, K) be the Gelfand pair with G = SOy(1,n) and K =
SO(n) forn > 2 and put m =n — 1. Let (vs)sec denote the spherical functions
on (G, K) indexed in the same way as in [15, Example 4.2.4]. Then the completely
bounded Fourier multiplier norm is given by

r (% + Re(s)) r (% — Re(s)) r (% + iIm(s)) r (% — iIm(s))
L(3)T(3) 0 (5 +s)T (% —5)

for |Re(s)| < %, where I is the Gamma function, and

psllaa) =

1@sllaa@) =1
Jor s =+7%.

The spherical functions considered in Theorem 0.2 constitute all spherical func-
tions on SOy(1,n) which are completely bounded Fourier multipliers—this is
contained in Theorem 0.3 ().

The main result of [7] was generalized in [6] to all connected, real rank one,
simple Lie groups with finite center. These Lie groups are locally isomorphic
to SOy(1,n), SU(1,n), Sp(1,n) (for n > 2) or to the exceptional group Fy_s)
(cf. [17]). The exact value of the MyA(G)-norm of the spherical functions on
SU(1,n), Sp(1,n) or Fy_s) are not known. In section 2 we prove (cf. Theorem 2.4

and 2.5):

Theorem 0.3. Let G be SOy(1,n), SU(1,n), Sp(1,n) (forn > 2) or Fy_a and
let K be the corresponding maximal compact subgroup coming from the Iwasawa
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TABLE 1. Computation of p and q.

G p=(n—1)dimg(F) | ¢ = dimg(F) — 1

F

R | SO(1,n) n—1 0
C | SU(Ln) o —2 1
H| Sp(l,n) dn —4 3
O | Fy_a 8 7

decomposition as in [15]. Let (ps)sec be the spherical functions on (G, K) indezed
as in [15, Example 4.2.4], and put

m=p+2q,

where p,q are computed according to Table 1. Then
(i) vs € MyA(G) if and only if |Re(s)| < & or s = £%.
(ii) [[s||aoace) is not uniformly bounded on the strip |Re(s)| < %.

The “if” part of Theorem 0.3 (i) was proved in [7] for SOy(1,n) and in [6] for
SU(1,n), Sp(1,n) and Fy_9). Not that, according to [6, Proposition 1.6 (b)], a
spherical function, on one of the Gelfand pairs considered in Theorem 0.3, is a
Fourier multiplier if and only if it is a completely bounded Fourier multiplier (and
the two norms coincide). Hence, we could choose to formulate Theorem 0.3 (and
other theorems) in terms of Fourier multipliers instead of completely bounded
Fourier multipliers. We will not do that, since completely bounded Fourier mul-
tipliers seem to be the more canonical concept (and the one we consider in sec-
tion 3).

Results corresponding to Theorem 0.2 and Theorem 0.3 are obtained in [20,
Theorem 5.8] for the Gelfand pair (PG L2 (Q,), PGL2(Z,)), where Q, is the field
of p-adic numbers for a prime number ¢ and Z, is the subring of p-adic integers.

Let G be one of the groups SOy(1,n), SU(1,n), Sp(1,n) (for n > 2) or Fy_),
then G has an [wasawa decomposition G = KAN (or g = £+ a+n at the level of
Lie algebras), where K is a maximal compact subgroup, A is an abelian subgroup
and N is a nilpotent subgroup. Since G has real rank one, A is one dimensional
and is customarily written

A={a, : r € R},
where
a, = exp(rH) (0.2)

for a certain H € at.

Remark 0.4. There is a unique positive simple root in a*, which will be denoted
«. The reader familiar with the Iwasawa decomposition will observe that p and
g from Table 1 are given by p = dim(g,) and ¢ = dim(gs,), where n = g, + g2q
is the sum of the positive root spaces. The choice of H € at is made such that
a(H) =1 (cf. [15, Example 4.2.4]).

For SOy(1,n), N is abelian while for the remaining groups N is step-two nilpo-
tent. It is well known that (G, K) is a Gelfand pair for all these groups (cf. [15,
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Corollary 1.5.6])—it is the canonical Gelfand pair on G, so we will often refer to
the spherical functions on the Gelfand pair (G, K) as the spherical functions on
G. The polar decomposition of G (cf. [15, Lemma 2.2.3]) is given by G = KATK,
where A* = {a, : 7 >0} and A* = {a, : r > 0}. Since the spherical functions
on (G, K) are K-bi-invariant they can be thought of as functions on AT (or A,
using that a;' = a_, and that the spherical functions are invariant under taking

inverse).
Let (G, K) be one of the above Gelfand pairs, and put
m=p+2q (0.3)
and

where ¢ and p are given in Table 1. According to [15, (4.2.23)] the spherical
function ¢ (s € C) on (G, K) is given by
m s m s m+my . 9
vs(a,) = F< ity T sinh(r) > (r e R), (0.5)
where F(a,b;c; z) is the Hypergeometric function of the complex variable z with
parameters a, b, c € C as defined in [9, § 2.1]. Let S,, be the strip in the complex
plane given by S,, = {o +it € C : |o| < %, t € R}. We list here some well
known results about the spherical functions on G (general references are [15], [5]
and [18]):
e Every spherical function on (G, K) equals ¢, for some s € C.
e o, = py if and only if s = +¢'.
e ¢, = 1 (the constant function 1) for s = £%.
e ¢, is bounded if and only if s € S,,, and in this case ||| = 1.
e For every g € G the map s — ¢4(g) is analytic.
e o, (considered as a function on G/K) is an eigenfunction of the Laplace—

Beltrami operator with eigenvalue s* — (%)2.

By a representation (w,.7) of a locally compact group G on a Hilbert space
¢ we mean a homomorphism of G into the invertible elements of B(G). A
representation (m,.7) of G is said to be uniformly bounded if

sup [|7(g)]| < oo
geG

and one usually writes ||7|| for sup,cq ||7(g)[|. If g — 7(g) is continuous with
respect to the strong operator topology on B(G) then we say that (w,.7) is
strongly continuous. Let (m, ) be a strongly continuous, uniformly bounded

representation of G then, according to [7, Theorem 2.2], any coefficient of (7, )
is a continuous Herz—Schur multiplier, i.e.,

g (m(9)én)  (9€C)

This Hypergeometric function is sometimes called 2 Fi(a, b; ¢; z) instead of just F'(a,b;c; z),
but since we do not use any other types of generalized Hypergeometric functions we choose to
omit the extra subscripts. It is defined through a power series that converges absolutely for
|z| < 1 (and also for |z] = 1 if Re(a + b) < Re(c)). If |z| exceeds 1 in our formulas we are
implicitly using an analytic continuation.
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is a continuous Herz—Schur multiplier with

lellaace < Il l€llnll

for any &, € A (note that this result also follows as a corollary to Proposi-
tion 0.1).

For second countable groups, all Herz-Schur multipliers can be realized as the
coefficient of a (not necessarily uniformly bounded) strongly continuous repre-
sentation (cf. [27]), but U. Haagerup has shown that on the non-abelian free
groups there are Herz—Schur multipliers which can not be realized as coefficients
of uniformly bounded representations. The proof by Haagerup has remained un-
published, but Pisier has later given a different proof, cf. [24]. In section 3 we
use [20, Theorem 5.8] and Theorem 0.3 (7i) together with a modified version of
Haagerup’s proof to show (cf. Theorem 3.6 and Remark 3.7):

Theorem 0.5. Let G be a group of the form SOy(1,n), SU(1,n), Sp(1,n) (with
n > 2), Fy_s0) or PGLy(Qq) (with q a prime number). There is a completely
bounded Fourier multiplier of G which is not the coefficient of a uniformly bounded
representation of G.

By permission of Haagerup, his proof for the non-abelian free groups is included
in section 3 (cf. Theorem 3.8).

1. SPHERICAL FUNCTIONS ON SOy(1,n)

The linear transformations of n + 1 (n > 2) dimensional Minkowski space
leaving invariant the quadratic form

2 2 2
—JIO+ZL’1+"'+$H

consists of the real n + 1 X n + 1 matrices satisfying

9" Jg=1J, (1.1)
where g7 denotes the transposed of g and J is the n + 1 x n + 1 matrix given by

-1 0 --- 0

o 1 -0

0o 0 --- 1

If g = (9i)f =0 1s a real n + 1 x n + 1 matrix satisfying (1.1), then it is easily

verified that det(g) = £1 and |goo| = /1 + g% + - - - + g2, > 1. We also mention
that the inverse of g is given by

goo —910 " —Yno
—9o1 d11 - gn1
g l=Jg"J= . o .
—Jgon 9in e Gnn

The generalized Lorentz group SOy(1,n) consists of exactly those real n+1xn+1
matrices g = (gi;)7 j—o satisfying (1.1) for which det(g) = 1 and goo > 1 (this is
the same as taking the connected component containing the identity). For more
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details, cf. [28, Ch. I § 1] or [23, § 2]. We choose the same Iwasawa decomposition
for SOg(1,n) as [28] and [23], i.e., we let the compact group K be given by

K =1xS50(n),
the abelian group A be given by

cosh(r) sinh(r) 0 --- 0

sinh(r) cosh(r) 0 --- 0

A={a, : r €R}, a, = 0 0 1 0

0 0 0 1

and the nilpotent group N be given by

N
O
N ={ng, : ¢ € R"}, Ng = x —T 1 -~ 0
Tm —Tm o --- 1

When no confusion is likely to arise, we will write K as SO(n). It is worth noting
that the maps

T a, (r € R)
and
T Ny (x € R™)

are group isomorphisms (so N as actually abelian). To tie this up with (0.2),
note that a, = exp(rH), where

010 0
100 - 0

g—looo - 0], (1.2)
000 - 0

In this section we will exclusively consider the Gelfand pair (G, K), where
G = SOy(1,n) and K = SO(n), and we remind the reader that in this case
m =n—1and my =n+1=m+2 according to Table 1, (0.3) and (0.4) (we will
avoid using my in this section, and instead formulate everything in terms of m).
The spherical functions on (G, K) have many concrete realizations. We take as
starting point one such realization found in [28, Ch. I § 3] or [15, § 3.1 (we use
the same indexation of the spherical functions as the latter). Note that G leaves
the forward light cone

C={xecR"™ : —g2+ai+ - +22=0, >0} (1.3)

invariant. Moreover, the map

CH{t(é) . t>0) (Cesm)
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is a bijection of S™ (the unit sphere in R™*! = R") onto the set of rays in the
light cone C. Therefore, the action of G on C' induces an action of G on S™ .
Concretely, if g € G and ¢ € S™, then g{ € S™ is given by

(9C)p = <gOO + iQOqu>_1 (gpo + igquq) (p=1,...,n).
g=1 q=1

This action can also be introduced using the Iwasawa decomposition in a way
that explains the following notation which we will adopt (for further explanation
the reader is referred to [28, p. 323])

r(g¢) =In <900 + Zgoch> (ge G, ¢es™),
q=1

which makes sense since g leaves invariant the forward light cone, from which it
follows that goo + > _;_; gog(q > 0. The series of representations considered in [28,
Theorem 3.1] will be the starting point for the investigations in this section. For
s € C let (ps, L*(S™)) be the representation given by

(ps(9)F)(¢) = e (FHI 6T p(g71e)  (Ces™ geq) (1.4)

for f € L?(S™). These are strongly continuous representations and when s € iR
they are also unitary and irreducible. We mention that it is sometimes preferable
to introduce these representations on the Hilbert space L*(N) (cf. [4, § 5.3]).
The change from the Hilbert space L?*(S™) to L?*(N) is implemented by the
stereographic projection of S™ on R"*!—it will be written up explicitly later in
this section (cf. Lemma 1.2).

For s € C let s be given by the coefficient

<:Os(g) - <,03(g)1; 1>L2(Sm) (g € G), (15)

where 1 denotes the constant function 1 on S™. It is well known (cf. [28] or [15])
that this definition agrees with (0.5), but—for the convenience of the reader—
we include a proof of the following proposition which starts from (1.5) and ends

with (0.5).
Proposition 1.1. For s € C we have

o) = F(m—H) /’T sin(9)™! _
Vl(%) (cosh(r) + sinh(r) cos(&))8+ 2

dé

v

= F(— + -, = — = —5 T sinh(r)2)
for r € R, where ¢ is given by (1.5).

Proof. From (1.5) it is elementary to verify the first expression for ¢4(a,), but we
simply give a reference to [28, Ch. I § 3 (17)]. Using the substitution cos() =
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1 — 2t we find that
e = s
_ 2m—1e—(8+’3)’“/0 : iz(lile__;);)) _dt
- Z T e (s B ),

where the last equality follows from
' (c) e —b—1 -
F(a,b;c;2) = ————— t 1—1t)° 1 —tz) dt
(a'7 7672) F(b)F(c—b)/ ( ) ( Z) )
which holds for z € C\ [1, 00[ and Re(c) > Re(b) > 0 (cf. [9, § 2.1 (10)]). Using

Legendre’s duplication formula,

2z—1 1
r(2z) =~ D()0 (= + §) (1.6)
(cf. [9, § 1.2 (15)]), with 2z = m we arrive at the second expression for ¢4(a,)
We continue from the second expression for ¢g(a,) in order to obtain the last
one. Since A
z
=l-e? <= 2=t h<—>
TESE e #=tanh (5
we find, using
4 1 1
: ) = (1+z)2aF<a,a+§ —b;b+§;22>

(cf. [9, § 2.1 (24)]), that
(1 + tanh (g))m+2s m 1 m+ 1 7\ 2
F<—+s,§—l—s,—2 7tanh(§> )

s\ Qr =
—m—2s 1 1 2
= cosh(%) F<%+s,§+s ;_ tanh(2> )
Since
= tanh ()" = g = s (5)°
z = tan 5 <:>Z_1— sin 5
and ) .
(D) =L
2 cosh (g)
we find, using
F(a,b;e;2) = (1 — z)’“F(a,c —b;c; %)
Z_

(cf. [9, § 2.1 (22)]), that
1
vs(ay) =F<m+s,% —3;m+ : — sinh <g>2>
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Since ,
z = —sinh (g) <= 4z(1 — z) = —sinh(r)?
we find, using
F(a,b;a+b+ 1;42(1 —z)) = F(Qa,Qb;a+b+1;z>
2 2
(cf. [9, § 2.1 (27)]), that

m s m s m-+1
J(ar :F(— sm_Ss Tl G 2)
vs(ay) 4—1—2,4 5 g sinh(r) ),
which is the last of the claimed formulas. O

We now turn our attention to the main technical goal of this section, namely to
write up the spherical functions using only a single representation of NA (since
the spherical functions are K-bi-invariant we can view them as K-left-invariant
functions on G/K = NA). Much of the following resembles [4, Ch. 5], including
several of the techniques, but the end result is independent, since our setting is a
degenerate case of the one considered in [4, Ch. 5] (here N is step-one nilpotent
instead of step-two). We start by changing from the sphere to the plane through
stereographic projection from the vector ¢, given by

1
0
Co= :
0
We let x, denote the stereographic projection of ¢ € S™ \ {{,} from ¢,, which
is given by

G2
1 G3 "
T = — : (€€ 5™\ {¢o})-
I-G |
Cn
The inverse of this stereographic projection is given by
lo]” — 1
1 214
= x € R™).

2%,

In the following lemma we choose a family of unitaries from L?*(S™) to L*(R™),
which effectuates the above stereographic projection.

Lemma 1.2. Fort € R
Uit : L*(S™) — L*(R™)
given by

(Uah)(x) = (—)) (2l +1) 3 hc) (xR
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for h € L*(S™), is unitary. Furthermore, we have
Tl (3)

W) (el + 1) % flwe) (¢ € 5™\ {¢o))

VL)) = (
for f € L*(R™).

Proof. For t € R and h € L?(S™) we have

g = [ nordg
RCES) ()
- ot [ () e

where d¢ denotes the normalized Lebesgue measure on the sphere S™ while da
denotes the Lebesgue measure on R™. The constant which shows up in the second
line is one over the surface area of S™. In the last line we used that

o N\" N _ (2 \"
\/Olet ((a_ ' a_)) N (Hw\l2+1> '

Using Legendre’s duplication formula (cf. (1.6)) we find that

gy L G (el + 1)

h|5 =
1M1 =

and finally
P13 = |Usshl5.

To check surjectivity of U;; and the claimed expression for U}, it is enough to
verify that the claimed expression for U} is in fact the inverse of Uy, which is
easily done. O

Proposition 1.3. Fort € R
©it(9) = (mie(9) fit fit) L2@m) (g € G),

where (m;, L*(R™)) is the strongly continuous, irreducible, unitary representation
of G given by

Tit(9) = Unpir(9)Uy; (9 €G),
and where fi is the K-invariant norm 1 vector in L*(R™) given by

fit - Uzt]-
More specifically,
(ﬂ-zt(g)f)(m) = (%(HZBHQ + 1)(1 —_ (g_lcw)l)er(971CZ)>
for f € L*(R™), x € R™ and g € G, while

-

: f(mg”(m)

1

() = M : T 2 7“7% T m
ful) ( )) (=l + 1) (@ € B™).

I (3
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Proof. Everything, except for the specific form of 7; follows straight from the
corresponding properties for the representation p;;. To prove the remaining we
let f € L?(R™) be given, and note that

(mie(9)f)(®) = (Upi(9)Uiif)()

> +1 e )>
—6 x w _ ,
(ng—lcwHQJrl f@gc,)

which follows from the explicit expressions for Uy, p;; and U} (cf. Lemma 1.2
and (1.4)). Generally, we have

11—t _1+G

ze||? = = esm ,
ool = s = o (€ES™\{Gh
SO
g1 P +1= e (@eR™)
9 e 1— (g7 ¢l 7
which finishes the proof 0J

Proposition 1.4. Fort € R and f € L*(R™)

(mula) f)(@) = 2 f(e @) (e R
forr e R, and
(mit(ny) f)(x) = f(z —y) (z € R™)
fory € R™.

Proof. This follows from Proposition 1.3 via easy (but tedious) calculations. [

From Proposition 1.4 it is easily seen that for t € R the representation 7| x4
considered here corresponds to the representation m_; considered in [4, p. 72].

Proposition 1.5. Fort € R
vin(9) = (Fulg) fu fu)2@my (9 €G),

where (7, L*(R™)) is the strongly continuous, irreducible, unitary representation
of G given by
Tu(g) = Fru(g)F" (9 €G),

and where fit is the K-invariant norm 1 vector in L*(R™) given by
fie = Ffu,

where F is the Fourier—Plancherel transform on L*(R™). More specifically,

1

con( Tm) N 2UF Myl m

where K,(z) is the modified Bessel function of the second kind of order v € C in
the variable z € C\ {0} as defined in [10, § 7.2].

In the reference given, K, is called the modified Bessel function of the third kind.
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Proof. The only nontrivial part of the proposition is the explicit formula for fit
which we will now prove. From Proposition 1.3 we know that

ful@) = ca(lzl* +1)7 % (z€R™)

1

T 5 . .
_pm) )2 for notational convenience.
71-71_‘(%)

Unfortunately, f;; € L*(R™)\ L'(R™), so it is not trivial to obtain f;;. To see
that f;; ¢ L*(R™) one can use the substitutions r = ||| and v = r? in

| fielh = Cm/ (||lz||*+ 1)" 2 da

= c’/ (r’ 4+ 1)~ 5™ dr

for t € R, where we write ¢, instead of (

" Jo
C/ o0 m m
= 77”/ (u+1)"2u2 " 'du = oo,
0

where ¢}, is the (strictly positive) constant which equals ¢, times the surface area
of the m — 1 dimensional sphere S™~! in R™. For s = o + it € C we let

fora(@) = ca(llz|? +1)777""%  (zeR™)

be a perturbation of f; by ¢. Using similar calculations as above we find that

/

CnChy (M M . _/m
I foiell2 = 9 B(§’§+20> and H.fa-l—it”1:73<570>

for o > 0, where B(a,b) is the Beta function in two complex variables a, b with
strictly positive real part, as defined in [9, § 1.5]. Since the Beta function is finite,
we conclude that f,,; € L*(R™) N L*(R™) for 0 > 0. We will now show that

lim, o+ || forit — fitll2 = 0, from which it follows that lim, g+ || Fosit — ﬁtHQ =0,
which is our starting point for finding f;;. We find

v = £all} = & [ (el + 1 F((lalP + )7 - 1)’de

= cmc;n/ (r+1)""(1- (" + 1)_")2rm_1dr,
0

where we note that the second term is bounded by 1 and converges point-wise
to 0, when o converges to 0 from the right. We can therefore use Lebesgue’s
dominated convergence theorem to conclude that

m || forae — full2 =0,
oc—0t
since we as integrable dominator can use

T cmc;n(TQ + 1)_m7“m_1 (?" € R+),

CmCh, (m m)
2 272/

whose integral equals
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We now turn our attention to finding fUHt for o > 0, and get

¢ Cm —o—it—"2 —i{x m
fo—l—it(y) :W/]R (l|m||2+1) t 2 e ( 7y)d£l: (yGR ),

where we immediately notice that f,,; only depends on |ly||, since both the
Lebesgue measure and the inner product in R™ are invariant under rotation. We
therefore find (by rotating y into the first coordinate)

N Cm > —ix1 m
forit(y) = W/ hoyit(z1)e 1l 4z, (y € R™),

where

hoqit(21) =

Jgm—s (||m||2'+11)_0_it_% deg---da,, if m>1
(22 +1)77 "2 if m=1.

For m > 1 we find, using first the substitution z} = \/ﬁ fori=2,...,m, then

the substitution r = \/(25)% + - - - («/,,)%, and finally the substitution u = r%:

ho(zy) = (:c§+1)s§/ ((2h)?+ -+ (2),)? + 1) 2 dapy- - dal,
m—1

C/ [e’e}
— (@2 41)"3 ml/ (r? 4+ 1) 2™ 2dr
Cm-1 Jo
c/ o0
= (22 +1)52 m_l/ (u+1)"2u =z 'du
2Cmfl 0
2 L1 Crpq (m 11 )
— 1 L2z
()7 B —gg ts
2 1 ¢ (% = 3) +5)

!
Cm—1

for x1 € R, where we remember that o= Is just the surface area of the m — 2

dimensional sphere S™~2 in R™~!. Before we can put it all together, we need the
following integral equation

K,(z) = dt (z>0)

r (I/—|— %) 21/—1 /oo eizt 4 e—izt
mia 0 (124 1)"2

for Re(v) > —1 (cf. [1, (9.6.25)]). It now easily follows that
r 1 21/—1 oo —izt
K, (2) = (v+3) / ~ S 4t (>0

71'%2'/ oo (t2 + 1)I/+%
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for Re(v) > —1. For m > 1 and Re(s) > 0 we find
m 1 1 1
fly) = - o T(3—3)T(5+s) w2y’
° (2m) % 2¢—1 I(Z+s) I (4+s)251

G I ("5) 2% (HyH)s
= m — Ks
ot o) s (M)

- (ﬂéﬁ”@))éréfs) (1) waw

Ks(llyl)

/ m—1
for y € R™\ {0}, where we in the last line used that zm—‘i = I%’{,nfl) (the surface
m— =
1
area of S™~2) together with ¢, = (%()m)) 2. Redoing this last calculation for
LERNG

m = 1, using hy(z1) = (22 + 1)~°"2, we get precisely the same expression as
substituting m = 1 in the previous expression for f.
Since

lim || fosie — full2 =0
o—07t
we have
lim Hfiﬂ't - fit||2 =0,
n—o0 n
which enables us to find a subsequence which converges point-wise, that is,

i |fo () = fuly) =0

for almost all y € R™. From our calculation of faHt for o > 0 we conclude that

folw) = (w%;%));r e (31) st

for almost all y € R™, which finishes the proof. |
Proposition 1.6. Fort € R and f € L*(R™)
(Fala,) f)(y) = ()2 f(e'y)  (yeR™)

forr € R, and
(Fir(ne) )(y) = e ¥ f(y)  (y eR™)
for x € R™.

Proof. With the inversion formula in our minds, we verify the formulas on f in-
stead of f. Using Proposition 1.4 and standard results on the Fourier—Plancherel
transform, we find for f € L*(R™)

(fi(a) )y) = (mular)f) () = ()5 f("y)  (y€R™)
for r € R. Similarly for f € LA(R™)

(Fie(n2) ))(y) = (ru(na) f) (y) = e @V f(y)  (yeR™)
for x € R™. O
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Lemma 1.7. Fort € R
Uy - L*(R™) — L*(R™)
given by
(Unf)(®) =2" ||| " f(x)  (ze€R™)
for f € L*(R™), is unitary. Furthermore, we have
Ui (®) =2""|z|"f(z)  (zeR™)
for f € L2(R™).
Proof. This is obvious. OJ
Proposition 1.8. Fort € R

vir(g) = <7~Tz‘t(g)fit>fit>L2(Rm) (g € G),
where (7, L*(R™)) is the strongly continuous, irreducible, unitary representation

of G given by

Tiu(g) = Unmtu(9) Uy (g €G),

and where fit is the K-invariant norm 1 vector in L*(R™) given by
fit = U f.
More specifically,

S [ T(m) \* 2% .
i) = () T del) @R (o))

Proof. This follows directly from Lemma 1.7 and Proposition 1.5. [
Proposition 1.9. Fort € R and f € L*(R™)

(Fula,) )(@) = e f(e'x)  (x €R™)
forr € R, and

(Far(ny) f)(x) = @@ f(x)  (x € R™)
fory € R™.

Proof. For t € R we verify the formulas on f= (~]Z-t f instead of f. Using Propo-
sition 1.6, we find for f € L?*(R™)

(Fiular) f)(@) = (Uatu(ar) f)(@) = 2|l (") "% f(e'a) = e
for € R™ and r € R. Similarly for f € L2(R™)
(Fie(ny) (@) = (Usa(ny) f)(@) = 2"||z|| e~ f(@) = '@ f(x)
for x € R™ and y € R™. O

I3

"fle'x)

We have now arrived at a formulation, where the representation does not de-
pend on t € R, as long as we only look at elements from N A, which we formulate
in the following corollary.
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Corollary 1.10. Fort € R

Titl Na = Tolna,
why we shall henceforth refer to this restriction as just 7. It follows that (7, L*(R™))
is a strongly continuous, unitary representation of N A.

Proposition 1.11. For s € S,
ps(q) = (7(Q)fe f5) (g€ NA),

where
i) = (s ) T lel @ eR (o
is an element in L*(R™), with
e T(E 0T (E =) (3 40T (3 i)
w FE)ITE)DGE+s)T(5+s)

Proof. We start by finding ¢;:(a,n,) for arbitrary r € R and y € R™. According
to Proposition 1.8 we have

Qpit(arny) - <ﬁit(arny)ﬁt> fit>7
where according to Proposition 1.9

(7ir(arny) fu) (@) = €37 (Tu(ny) fu) (€ @) = e37e 702 fy (")

for & € R™. Using the specific form of f;; from Proposition 1.8 we find

m

772223 T (m)
FE)T(F+9)T (5 —s) Jan

Ko(e [l Ks(lla])e™ @ da

(1.7)
for s = it, since K_,(2) = K,(2), K, (z) = K;(2), and T'(z) = I'(Z). As mentioned
in the introduction s — ¢4(g) is analytic for every ¢ € G, and as such has at
most one analytic continuation to S,,. We will now argue that the right hand side
of (1.7) is in fact analytic as a functions of s € S,, (and therefore equal to ps(a,ny)
for all s € S,,). Since the Gamma function is analytic, it is enough to show that
the integral is analytic. Using Morera’s theorem together with Cauchy’s integral
theorem (and an application of Fubini’s theorem) one easily reduces the problem
to showing continuity of the map

905<ar‘ny) =

s [ K@l Ko lel)e  Weldr (s €8,),
Rm
We will show continuity of this map in the strips
Spu={oc+it€C : |o| <a, t R} CS, (O<a<%),

which in turn will show continuity in the whole strip S,,. Continuity will follow
from the continuity lemma (cf. [26, Theorem 11.4]) once we have demonstrated
the existence of a dominating function, i.e., a positive function g, € L'(R™)
satisfying

Ko( e K (lzl])] < ga@) (@ €R™, 5 € Sy).



210 T. STEENSTRUP

We will show that
go(@) = Ko(e"|z])) Ku(llz]])  (x €R™)

does exactly that (for a fixed 0 < a < %).
According to [1, (9.6.24)]

K,(z) = / e~ cosh(vt)dt (z>0,veC). (1.8)
0

From (1.8) it follows that
vi— K,(z) (v >0)
is a (positive) increasing function for z > 0. It also follows that
|Ky(2)] < Krew)(2) (z>0,veC)
since
| cosh(vt)| < cosh(Re(vt)) = cosh(Re(v)t) (t>0,veC).
Therefore, we conclude that
[Ks(e" DKz )] < Kregs) (" |12]]) Kregs) (l2]]) < Kale"|[2]) Ka(l|2]])

for s € Sy, from which it follows that g, is in fact a dominating function. To
verify that g, € L'(R™) it is enough (using the Cauchy—Schwarz inequality) to
verify that x — K,(e"||z||) and = — K,(||z||) both belong to L*(R™), which is
easily done using

2021 (1 / K, ( rPdr = (1.9)

1 - 14y —p— 1— - l—v—p—
(L ttra ey ey
2 2 2 2
for Re(1+£v+pu—p) > 0 (cf. [10, § 7.14 (36)], where there is a typo in the domain
requirements, which has been corrected here).

Thus, we have shown that

0s(q) = (F(@)fos [-5) (@€ NA, s €Sy),

with fs as claimed in the proposition, and we are left with the task of finding the
norm of f;. Using (1.9) withv =s=0+it, u=5=0—it,and p=1—m we
get

L'(m)

~ 22—m
2 _ _
I = Ty rar / Kl K]

_ 23~ mr 1y
L () r (s !/
F(—+0)F(% (3 —it) I (5 —o)
P (g +9)f
L(E+0)T(3-0)T(3+i)T(§ —it)
FETE)IT(E+s)T(5+5)
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This finished the proof. O

Theorem 1.12. Let (G, K) be the Gelfand pair with G = SOy(1,n) and K =
SO(n) forn > 2 and put m =n — 1. The spherical functions @5 have completely
bounded Fourier multiplier norm given by

D3+ (F-o)T (34T (3

OO CEN e

it) (s € Sp),

where s = o +1t, and

m

lesllmpae =1 (s= i;)-

Proof. Since ¢ is the constant function 1 for s = £%, it is trivial that ||| aya@) =
1 in this case. We will now treat the case s € S,,,. From Proposition 1.11 and 1.9
we find

227mT(m)
AL ()T (5 +5) T (5 —5) Jam
for y € R™, or just

0s(ny) = / hs(w)e’“y’@dw (y € R™),

K(||lz])?e @ da

908<ny> =

with
22—mr(m) 2 m
) = T g g ele @ eRm o),
where h, € L'(R™)—we do the actual norm calculation shortly. Remember that
N is isomorphic as a group to R™ and that the dual group R™ of R™ is again
R™ via the exponential map. Because of this, and the uniqueness of the Haar
measure, we can interpret the expression for ¢ (n,) as

QOS|N - }AI'S7

with now h, € L'(N) (here we use the unnormalized Fourier transform, which
does not include the (27)~% factor). From the definition of the norm on the
Fourier—Stieltjes algebra (the abelian case), we have

s vl aavy = l[hsll1, (1.10)
where
(1.11)
22T (m)
Il = e (]2
w2 (5) [T (3 +5)T (5 — )| Jen
237m1"(m) [e%s)

T(3)° [0 (3 +9)T (5 —s)| o
L(§+o)l (30T
L(3)T(5) T (3+s)T (5 —9)]

Here we used (1.9) withv =s=0+it,u=5=0—it,and p=1—m.
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According to Proposition 1.11

ps(q) = () fo [5)  (a€ NA)
for s € S,,, so from the definition of the norm on the Fourier-Stieltjes algebra
(the non-abelian case), we have

leslvallzavay < I fsllallf-sll2-
Using

PG (G (5 -r(g-o) =[r(G+)r (5 -9

we conclude that

I(Z+0)T(2—0)T (2+it) (2 —it)
los|vallpavay < —2=—2 ——2 ——2 (5 € Sm).
L(5)T(5) [T (3+s)T (59|
(1.12)
Clearly,
||<Ps|N||A(N) = ||90s|N||B(N) < ||905|NA||B(NA)~

Hence, by (1.10), (1.11) and (1.12)
F(2+0)0 (2 —0o)l (% +it)T (3 —it)
FE)TE) G+ (5 -5

Recall that N A is solvable (this is part of the properties of the Iwasawa de-
composition), and that solvable groups are amenable (cf. [14, p. 9]). Since ¢y is
K-bi-invariant it now follows from [6, Proposition 1.6 (b)] that ¢, € MyA(G) if

and only if ps|ya € B(NA) and the corresponding norms coincide. This ends
the proof. O

Corollary 1.13. There is no uniform bound on the MyA(SOq(1,n))-norm of the
spherical functions ps on the Gelfand pair (SOg(1,n),SO(n)) for s € S,,.

Proof. This follows from Theorem 1.12 by taking s = o + ¢t with ¢t # 0 and
lo| < %, and observing that

los|nvallBavay = (s €Spn).

lim {|sllaa(c) = +0o0,
a—»ig

since F(% :Fa) converges to +oo when o converges to 7%, while all other I'-terms
behave nicely. O

2. SPHERICAL FUNCTIONS ON REAL RANK ONE LIE GROUPS

In this section G denotes SOq(1,n), SU(1,n), Sp(1,n) (with n > 2) or Fj_).
Let K be the maximal compact subgroup coming from the Iwasawa decompo-
sition, and recall that (G, K) is a Gelfand pair. Also, let m,my € N be given
by (0.3) and (0.4), respectively.

It follows from [7, Proposition 3.5] and [6, Theorem 4.3] that the spherical func-
tions @, on the Gelfand pair (G, K) are completely bounded Fourier multipliers
of G when s € S,,, and according to section 1 there there is no uniform bound
on their MyA(G)-norm when G is SOy(1,n). In this section we focus on what
happens on the border of the strip S,, in the general case. From these results we
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will deduce that, also in the general case, there is no uniform bound on the norm
sl moa(q) for s € Sy, For this, we need the asymptotic behavior of ¢,(a,) for r
going to infinity. The asymptotic behavior has been treated in [16, § 13], but we
give below a simple argument anyway.

Proposition 2.1. For s € C
ws(a,) = cosh(r)s_%F(

Proof. Since

m_ 5 Mo 5 M+ Mo 2)
R LRt ; tanh(r) (reR). (2.1)

z = —sinh(r)? < = tanh(r)?

Z —
and
1 + sinh(r)? = cosh(r)?
we find, using
F(a,b;e;2) = (1 — z)_“F(a,c —b;c; Ll)
Z —_—
(cf. [9, § 2.1 (22)]) and (0.5), that
_ m + myg
Jar) = cosh(r) DR (I 2, Mo 8 mE o
or(ar) = cosh(r) s Ty s md
Now use that ¢p_; = ;. O

; tanh(r)2> (r e R).

To determine the asymptotic behavior of ¢, for Re(s) # 0 it suffice to con-
sider the case Re(s) > 0 since ¢_s = 5. In this case, the arguments of the
Hypergeometric function in (2.1) ensures absolute convergence as a function of
the last variable, when this has absolute value less than or equal to 1. Since
lim, ., tanh(r)? = 1, one therefore concludes that ¢,(a,) behaves asymptotically
like

e(sfg)rzfer%F(T — 57 Mo _ f; m T mo t mo; >’
4 2 4 2 4
when Re(s) > 0 and r goes to plus infinity. According to [9, § 2.8 (46)] this can
be evaluated explicitly, and we find that o,(a,) behaves asymptotically like

c(s)els=2r (r e R) (2.2)
when Re(s) > 0 and r goes to plus infinity, where

(=) I(s)

FE+3)T (e +3)
The function ¢ is usually referred to as Harish-Chandra’s c-function. We note
that (2.2) can be found in [15, (4.7.24)].

c(s) =272

Lemma 2.2. Let (I,)qen be a sequence of intervals I,, = [ay, b,] in R, such that
l, = b, — a, converges to infinity as n converges to infinity. If p is a complez-
valued reqular measure on R, then

: 1 Ty A
mm#m;/wwm
I

n—oo n
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where

ﬂvw=/me%mmxm (r eR).

o0

Proof. Since every complex-valued regular measure is a (complex) linear combi-
nation of at most four positive finite regular measures, we assume that p is a
positive finite regular measure. Using Fubini’s theorem we find that

1 irTo N 1 b = —ir( - )
— | emu(r)dr = T e~ el dp(z)dr

ln Jr,
e’ 1 bn )
_ / L / e~ E=10) el ()

_ /Zh@—xwmux

where . ‘
ie*’b ny_'e*“lny f # O
=9 I —iy Y € R).
fa(y) { ] iy =0 (y €R)
Since

e — e <2 (y )
we have that
lim fuy) = L) (v € R),
where 1o} is the characteristic function on {0}. Furthermore,
ey —eT | < Jyll,  (yER)

implies that we can use the constant function 1 as an integrable dominator in
Lebesgue’s dominated convergence theorem, from which we find

i [ fule—ao)due) = [ ydue) = ufao))

n—oo
—00

O

Lemma 2.3. If ¢ is a continuous symmetric function on R, and there exist

o € R\ {0} and c € C\ {0} such that

lim ¢(r)e"™ =,

T—00

then @ can not be an element in the Fourier—Stieltjes algebra B(R) of R.

~

Proof. If ¢ € B(R), then there exists a measure p € M(R) = M(R) such that
@ = f1. Since @ is symmetric we have u = fi, where
E) =p-E)  (EeBR)).

For n € N put [, = [n,2n], and notice that [, = n converges to infinity as n
converges to infinity. Since

lim gp('f’)emo =,

T—00
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we find )
lim l_/ o(r)e™dr = c,

r—00
n JI,

which by Lemma 2.2 implies that u({x¢}) = ¢. Since i = p we must have
uw({—x0}) = ¢. We will show that this is not the case, and hence arrive at a
contradiction.

Given € > 0 we find n € N such that

|g0(r)eim° —cl<e (r >mn),

or equivalently . A
lo(r)e™ ™ — cem 20| < ¢ (r >mn),
and therefore

1 . 1 ,
—/ o(r)e " odr — —/ ce 2o dr| < e.
b J1, b J1,
But the last integral can easily be evaluated as
Y o
l ce_QZTa;Odr _ E e NI —‘ & 1T
ln Jr, I, —2ixg

which converges to 0 as n tends to infinity. Using this and Lemma 2.2 we find
that

u({~z0}) = lim / o(r)e " dr = 0,

r—00 ln I,

which is the desired contradiction. O

Theorem 2.4. Let G be SOy(1,n), SU(1,n), Sp(1,n) (for n > 2) or Fy_s),
then o, € MyA(G) if and only if |Re(s)| < & or s = £%.

Proof. According to [7, Proposition 3.5] the spherical function ¢g on SOy(1,n)
is a completely bounded Fourier multiplier of SOy(1,n) when |Re(s)| < % (this
also comes out of Theorem 1.12). If [Re(s)| > %, then ¢, is unbounded and
therefore not a completely bounded Fourier multiplier of SOgy(1,n). The same
analysis holds for SU(1,n), Sp(1,n) (for n > 2) and Fy(_s) using [6, Theorem 4.3]
instead of [7, Proposition 3.5].

We are left with dealing with the case |Re(s)| = F. Since p_, = @, it is
enough to consider ¢, for s = % + it where t # 0 (for t = 0, ¢, = 1 and
therefore a completely bounded Fourier multiplier of G). If ¢, € MyA(G), then
s|la € MyA(A), but since A is abelian MyA(A) equals B(A) (cf. [7, Corollary 1.8
and Proposition 1.12]). Since G has real rank one, A is isomorphic to R, so we
can use the the asymptotic behavior of ¢, together with Lemma 2.3 to conclude
that ¢s ¢ MyA(G). Specifically, we use that ¢, is bounded together with (2.2)

to conclude that

m+m m .
lim ¢(a,)e i =27 I ( flt 0) r ( >+ Zt),t
a O i) T (i

£ 0.

OJ

Theorem 2.5. Let G be SOy(1,n), SU(1,n), Sp(1,n) (for n > 2) or Fy_),
then ||s||moa(c) is not uniformly bounded on the strip S,,.
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Proof. We will show that if ||¢s||aea(c) < ¢ for s € Sy, for a fixed ¢ > 0, then also
sl moacq < cfor s e Sy, which contradicts Theorem 2.4.

Recall that s — ¢4(g) is analytic and therefore continuous for every fixed g € G
and that [|ps]|ec = 1 for s € S,,. Let (5,)nen € Sy be a sequence converging
to s € S,,. It follows from Lebesgue’s dominated convergence theorem that
lim, oo (f, 05, ) = (f,@s) for any f € LY(G) and therefore that ¢, converges
to @, in the o(L®(G), L*(G)) topology. But according to [7, Lemma 1.9] the
unit ball of MyA(G) is o(L>*(G), L' (G))-closed. Therefore, if we assume that
sl moae < cfor every s € S,,, we get that ||¢s|[apae) < ¢ for every s € Sims
which gives the desired contradiction. O

3. COEFFICIENTS OF UNIFORMLY BOUNDED REPRESENTATIONS

Let G be a locally compact, unimodular group. Denote by uq a fixed left- and
right-invariant Haar measure on G. Recall that convolution on L'(G) is given by

/f Wy 'g)dualg) (4 €G)

for f,h € L'(G), and that we have a bilinear form

/f 9)dua(g)

for f € L'(G) and ¢ € L>(G) or f € C.(G) and ¢ € C(G).

For a > 1 we let S, denote the set of functions ¢ : G — C for which there
exists a strongly continuous, uniformly bounded representation (7, 7)) of G and
vectors £, € S such that

olg) = (m(9),m)  (9€q),
with [|7]| <« and [|€], [|n]] < 1.

Lemma 3.1. For a > 1 and f € L'(G) put
I/l = sup{[{f, @) : ¥ € Sa}.

Then || - || is a Banach algebra semi-norm on the Banach convolution algebra

LY(G).
Proof. The only non-trivial part is to show

If s hlla < I fNalltlle (F,h € LY(G)).
Assume that

o(g) = (r(g9)&,m)  (g€q)

for some strongly continuous, uniformly bounded representation (7, .7¢) of G with
|7|| < a and vectors £,n € S with ||€]], [|n]| < 1, i.e., assume that ¢ € S,. It
follows that

/ F(9)e(9)duc(g / F(9)x(9)e, mduclg) = (x(F)En)

for f € L'(G). From this and
lx (NIl = sup{[{m(£)&,m] = &me A, el Il <1} (f € LY(G))
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it follows that || f||. is the supremum of || (f)|| taken over all strongly continuous,
uniformly bounded representations (7, %) of G with ||7|| < a. The Banach
algebra property now follows readily, since

w(fxh)=n(f)n(h)  (f.heLNG)). O

Lemma 3.2. Fora > 1, S, is a MyA(G)-norm closed convez subset of MyA(G)
with ||| aeae) < o for ¢ € S,.

Proof. That S, is a subset of MyA(G) with ||¢|lpya) < o for ¢ € S, can be
found in [7, Theorem 2.2] (it also follows from Proposition 0.1). The convex part
is straight forward: Assume we have strongly continuous, uniformly bounded
representations (m;, #;) of G and vectors §;,n; € 7, such that

vilg) = (mi(9)&, m)m (9 €G),
with ||m|| < « and ||&], [|[7:]] < 1 for i =1,2. For 0 <t < 1 we find
(1 =1)e1(g) +tpa(g) = (m(g)€.mw (9 €G),
where (7, 7€) is the strongly continuous, uniformly bounded representation of G
given by m = m @ my and = A O S, while
E=(1-1)26 126,

n=(1—1)m &t
It is easily verified that ||7]|| < a and ||£]],||n]] < 1, which finishes the convex
part.
The closure part is proved using ultraproducts of Hilbert spaces. Let ¢ belong
to the closure of S,, and choose a sequence (¢,)nen from S, such that

Tim {lon = ¢llanae = 0.
This implies that
lim |pn(g) —¢(g)| =0 (9 €G),
since || - ||oo < || - [[Moa(e)- For each n € N choose strongly continuous, uniformly
bounded representations (m,, 7,) of G and vectors &,,n, € 4, such that

n(9) = (Tn(9)6ns M), (9 € G),

with ||7,|| < « and ||&,][, [|[7.]] < 1. Let % be an ultrafilter on N containing all
sets {n € N : n > ng} for every ng € N, that is, % is a free ultrafilter. Let
¢ denote the corresponding ultraproduct of the Hilbert spaces (7, ),en. The
elements of .7 are represented by bounded families ((, )nen, where ¢, € 72;,, and
where two families ((,)nen and (¢} )nen defines the same element in 2 if

. . / —
lim (|G, — G| = 0.
The inner product on .77 is given by
<(Cn)n€Na (CL)nEN)? = hqr/n<Cn7 C;l>,%”n ((Cn)nEN: (Cylz)nEN € %)

Put
f = (fn)nENa n= (nn>n€Na
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regarded as elements in .7, and let (7, ) be the representation of G defined by

7(9)(Ca)nen = (Tn(9)Cn)nen (9 € G, (Co)nen € ).
Then

p(g) = N (m5.(9)&n, 1) o, = W0 (9)En 1) i, = (T (9)E, M) e

for ¢ € G. Furthermore, ||7|| = sup,ey ||7nl| < a and [[£]],||n]] < 1. Unfortu-
nately, 7 is not necessarily strongly continuous, which we will now remedy.
Let 2" be the subspace of 7 given by
A" =span{r(g)§ : g € G},
or just ' = [1(G)&] for short. Since #” is w(G)-invariant, we can define a new
representation (7', 7”") of G by letting
m(g) =m(@)lw  (9€G)
Put
=& and 7' = Pym,
where Py is the orthogonal projection of 5 onto s#’. We find that
o(g) = (m(9)& nyoe = (w(9)&", 11 )oer = (7 ()&, 1) (9 € G),
since 7(g)§ € A for every g € G. Furthermore, ||7|| < ||7|| < «, ||€|| < 1,
7'l <1 and [7/(G)¢'] = [7(G)E] = A
Let 27" be the subspace of 7" given by
' — [7T,<G)*77/]-
Since " is 7'(G)*-invariant, we can define a new representation (7", ") of G
by letting
m(g)" =7(9) e (9€G).
Put
" — ny//&/ and 77// — 77/7
where Py is the orthogonal projection of 7#” onto ##”. We find that
plg9) = (79 ) oer = (&7 (9) 0 )
— < " 7_‘_/('g)>(<17//>%// — < //’7[—//(9)*77”>%// — <7r//<g)£//’/r]//>%”
for g € G, since 7'(g)*n" € #". Furthermore, ||7"| < ||7'|| < o, |I€"|| < 1,
"] <1 and [#"(G)*n"] = [W’(G) 'l = 2", Finally,
m(9)Pwr = Porr'(g) (9 € G),
considered as bounded operators from 7 to ", since
T(g)Pon = (7"(9)") Poer = (x'(9) | en) P (g € G),
and for arbitrary ' € " and (" € ",
(7' (9)" )" Poen ' (") e =

PoenC' 7' (9)*C") er
¢, 7' (g ) ") e
7 (9)C", ¢") e
Pynt'(9)¢, C") e

{
{
{
{
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where we used that 7'(¢)*¢” € #". It now follows that
[T//(G>£”] — ijﬂ [W/(G>£/] — Pygﬂ//%l — %//'
Since ¢ € MyA(G) is continuous, the function

g (g1992) = (7"(9)7"(92)€", 7" (91) ") oerr (9 € G)
is also continuous for all ¢;,9o € G. Using this together with ||7”]] < a,
" (G)*n] = A" and [7"(G)E"] = A" we find that 7" is weakly continuous,
i.e., continuous with respect to the weak operator topology on B(.#"). Since 7
is also uniformly bounded, strong continuity follows automatically by the follow-
ing argument:

Since (7", #") is a weakly continuous uniformly bounded representation of G,
we can extend it to a representation of the involutive Banach convolution algebra
L'(G) (this representation will also be called (7, "), letting the context clarify
which one we mean) by setting

- /cf(g)ﬂ”(g)duc(g) (f € LYG)),

where the integral converges in the weak operator topology. It is readily checked
that

I=" (O < allfllh - (f € LYG)),

and

™ (g)7"(f) =7"(Ng)f) (g€ G, feLYQ)),
where \ : G — B(LY(G)) is the left reqular representation given by

Mg)Ng) = flg7'9) (9.9 €G, feLI(G)).
For f € LY(G), ¢ € 2" and gy, g € G we have that

17" (g)7" (f)¢ = 7" (g0)m" (F)CII < allMg).f = Algo) fI11 <,

which converges to zero as g converges to gg by strong continuity of the left regular
representation. We put

A = span{n"(f)¢ : f € LYNG), ¢ € A"},
and conclude that the mapping
g—1"(9)6 (G € )

is continuous on G. We will now show that 7" is norm dense in J#". Let (f;);cs
be an approximate unit in L'(G) (considered as a Banach convolution algebra),
that is, (f;);es is a net of non-negative norm 1 functions in L*(G), such that for
every neighborhood V' of e, there exists jy € J with supp(f;) C V for all j > jy.
Using weak continuity of the representation (7”,.7”) of G it is easily seen that
(7"(f;))jes converges to the identity operator I € B(.#") in the weak operator

topology. Using that
{="(f) : feLY(G)}

is a convex subset of B("), and therefore has identical closure in the weak- and
strong operator topologies, we find a net (f;);es in L'(G), such that (7”(f;));er
converges to I in the strong operator topology. From this we conclude that J¢)’
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is norm dense in . Strong continuity of the representation (7", .7") of G now
follows from its uniform boundedness. OJ

The following realization of the predual of MyA(G) is found in [7, Proposi-
tion 1.10 a)]. If 25(G) denotes the completion of L'(G) with respect to the
Zo(G)-norm given by

11l 25y = sup{[{f.0)] = ¢ € MoA(G), ll¢lma <1} (f € LYG)),

then the dual space of Zy(G) is MpA(G), and the MyA(G)-norm is the corre-
sponding dual norm. Note that |¢|le < |||l apa(q) for ¢ € MyA(G) so it follows

that [|fll2c) < [If]l1 for f € LY(G).

Proposition 3.3. If all completely bounded Fourier multipliers of G are coeffi-
cients of strongly continuous, uniformly bounded representations, then the Zy(G)-
norm is equivalent to the Banach algebra semi-norm || - ||o for some o > 1. In
particular, there exists a constant ¢ > 0 such that

1+ h Pllane — (fh e LYG)).

Proof. The assumption can be reformulated as
MAG) = | mS,.
n,meN

But, by Lemma 3.2, S, is a MyA(G)-norm closed subset of MyA(G) for a > 1.
Hence, by the Baire theorem one of the sets mS,, (and hence S,,) for some n,m € N
must contain an inner point. But according to Lemma 3.2 S, is convex, and since
also S,, = =5, it follows that 0 is an inner point of S,, and therefore that there
exists a & > 0 such that

{v € MyA(G) : llollaa <6} S Sh.
According to Lemma 3.2

Sn € {e € MyA(G) : |lellsoa) < n’}

206) < |l fll 2o

so it follows that

N fllzne) < Wflln < 0?1 flone)  (F € L)),

and therefore that the two norms are equivalent. The remaining conclusion follows

. . 4 .
easily with ¢ = %, since

If o 2lle < WfMall2ll (Fi 2 € LY(G))

according to Lemma 3.1. 0

We wish to arrive at a way to disprove the existence of such a ¢ > 0 through
knowledge of spherical functions, so from now on we assume that G is part of a
Gelfand pair (G, K). Let pgx denote the left and right invariant Haar measure
on K, normalized such that ux(K) = 1. For f € LY(GQ) and ki, ky € K let 4, fr,
denote the translate of f in the sense that

mfe(9) = f(ki'gke) (9 € G).
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Note that i, fr, € L'(G) with ||, fx,|l1 = || f]|1 and that the map
(k1 ko) = oy foy (K1 k2 € K)

is norm continuous. Since L'(G) is a Banach space and L' (G)* separate the points
(even Cy(@) separate the points) one can use standard vector-valued integration
techniques to define

LNG) > ff = / o S (e © 1) (v, K2))

KxK

for f € L'(@), and find that

£ < /K KIIklszllld(MK®MK)((k1,k2)) = /1 (3.1)

We will refer to f* as the radialization of f. Similarly, one wishes to define a
radialization ¢ of ¢ € MyA(G) (cf. [6, Proposition 1.6 (a)]). A collection of
“tricks”, including this “bi-invariance trick”, can be found in Appendix B of [22],
but we include the proof here since this material was not available to us at
the time of writing. To this end, we need to know that x, o, € MyA(G) with
k1 Prs || Mo a(c) = 1@l moaca) for ki, ko € K, where i, ¢y, is the translate of ¢. But
this follows easily using Proposition 0.1. Note that

|(fr ko) = (s )| < Nl figr = e e kel s ace)

for f € LY(G) and ky, ko, k), Kk € K. Since 25(G)* = MyA(G) and L'(G) is a
dense subset of Z((G) one now finds that the map

(k1, k2) ¥ ks Py (k1, ks € K)

is w* continuous. Since ||x, ¥k, || moac) = |@]|moaa) for ki, ke € K it follows that
{kyPr, : k1,k2 € K} is a norm bounded subset of MyA(G), and therefore that
0¥ {1, Ony ¢ k1, ko € K} (the w* closed convex hull) is a w* closed, norm bounded
subset of MyA(G). From Alaoglu’s theorem it finally follows that co% {y,or, :
ki,ke € K} is w* compact. Using this together with the fact that MyA(G),
equipped with the w* topology, is a topological vector space whose dual separates
the points (the dual with respect to the w* topology is Z(G)) one can use [25,
Theorem 3.27] to define

MyA(G) 3 ¢ = / kP (i @ pure) (K, ko))

KxK

for p € MyA(G), from which it follows by standard arguments that

Il < [

[k ke It Ay d (b @ pir ) (R, k2)) = [[llasoae- (3:2)
KxK

Actually, it follows from [25, Theorem 3.27] that % € &% {4, ¢k, : k1,ks € K} from which
the desired result also follows, since we have already shown that this set is bounded in norm

by |l¢ll vea(a)-
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One can easily show that (f% o) = (f,¢") for f € LY(G) and ¢ € L>®(G) (recall
that G is unimodular). Since obviously (¢%)" = ¢* one gets the following relations
between the two types of radialization:

(ff 0) = (. 6F) = (£, 4. (33)
Lemma 3.4. I/ f € LX(G), then |56 < I/ lncc-
Proof. The lemma follows from (3.3) and (4) since MyA(G) is the dual of Z,(G).

O
Proposition 3.5. If there is a constant ¢ > 0 such that
1f = k2o < clfllaaeMlzne  (fih € C(G) (3.4)

u)7
then any spherical function ¢ in MoA(G) will satisfy ||¢| ma) < c.

Proof. Assume the existence of a ¢ > 0 satisfying (3.4). Consider the algebra
C.(G)* of finitely supported radial functions on G with multiplication given by
convolution. This is a commutative algebra and it follows from the assumption
that the completion of C.(G)" under the 25(G)-norm is a commutative Banach
algebra with respect to the norm c|| - || 2;(e)- Let ¢ be a spherical function which
is also a completely bounded Fourier multiplier of G. On the one hand, since ¢
is a spherical function we have that

felfo)  (feClG)) (3.5)

is a character (cf. [13, Lemma 1.5]). On the other hand, since ¢ € MyA(G), we
have by duality that

(o) < Nlelloae [ flzne (€ CG),

so we can extend (3.5) to a character on C’C(G)“HA”%(G). But since every character

on an (abelian) Banach algebra has norm less than or equal to 1, we have that

(fo)l <clfllone — (f € CelG)).
Notice that C..(G) is dense in L'(G) with respect to the L!(G)-norm and therefore
with respect to the Zy(G)-norm and therefore also dense in Z,(G). Using this
together with duality, Lemma 3.4 and (3.3) (recall that ¢* = ¢) we find that
lellanaey = sup{l{f, @) : f e ClG), 20 <1}

= Sup{|<fua90>’ : f S OC(G)7 ”f 20(G) < 1}

< sup{|(h,¢)| : h € C(G), M) 2y < 1}

< c

O

Theorem 3.6. Let G be a group of the form SOy(1,n), SU(1,n), Sp(1,n) (with
n > 2), Fy_s0) or PGLy(Qq) (with q a prime number). There is a completely
bounded Fourier multiplier of G which is not the coefficient of a strongly contin-
wous, uniformly bounded representation of G.
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Proof. When G is SOy(1,n), SU(1,n), Sp(1,n) (with n > 2) or Fy_s) the the-
orem follows from Theorem 2.5 and Proposition 3.3 and 3.5. The case G =
PGLy(Q,) follows by replacing Theorem 2.5 with [20, Theorem 5.8], which states
that there is no uniform bound on the MyA(G)-norm among the spherical func-
tions on PG Ly(Q,) which are completely bounded Fourier multipliers of PG L2 (Q,)
(the norms are explicitly calculated). O

Remark 3.7. Actually, using the techniques of the proof of Lemma 3.2, one can
verify that strong continuity can be omitted in Theorem 3.6.

Let I" be a group of the form
I = (+M_,7/27) x (+_,7), (3.6)

n=1
where M, N € Ny with M 4+ 2N > 3. In particular, this includes the groups
«M_7/22 (3< M < o0)
and the (non-abelian) free groups

Fy=x+\.,Z (2< N < ).

n=1
Let e denote the identity element in T" and put ¢ = M + 2N — 1. By [12, p. 16—
18] the Cayley graph of I' is a homogeneous tree of degree ¢ + 1. We now work
toward obtaining the following result, stating that the conclusion of Theorem 3.6
also holds for I'. The proof follows the methods from an unpublished manuscript
of U. Haagerup for the case I' = Fy. A different proof for the case I' = Fy was
later found by Pisier (cf. [24]).

Theorem 3.8. Consider a group T' of the form (3.6). There is a completely
bounded Fourier multiplier of I' which is not the coefficient of a uniformly bounded
representation of T.

The proof of Theorem 3.6 (in the case when G is SOy (1,n), SU(1,n), Sp(1,n)
(with n > 2) or Fy_a)) followed from Theorem 2.5 and Proposition 3.3 and 3.5.
We will show that these three results are still true, when one replaces G with T'.
Obtaining these three results for I' was the approach taken by U. Haagerup in
his unpublished manuscript. We will now go through the argumentation needed
to verify these three results for I". Proposition 3.3 was proved for locally com-
pact groups, so this still holds true for I' (the proof of Lemma 3.2 for I' is in
fact considerably easier, since the part about strong continuity can be omitted).
The analogue of Theorem 2.5 for I' follows from [20, Theorem 4.4] in which the
actual MyA(T")-norm of the spherical functions on I" are calculated (the spherical
functions on I' are not given in terms of Gelfand pairs, but this will be taken up
shortly). What remains in order to prove Theorem 3.8, is to prove Proposition 3.5
for I'. To do this, we recall the definition of the spherical functions on I'.

Let d : I' x I' — Ny be the graph distance on the Cayley graph of I' (note that
d is invariant under left multiplication). A function f : ' — C is called radial if

there exists a function f : Ny — C such that

f(x) = fld(z,e))  (zel)
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Since d(z, e) is the reduced word length of a x € ', we will often write || instead
of d(z,e). Let C.(I')* denote the finitely supported functions on I' which are
radial (we let the superscripts § on a set of functions on I' denote the subset
consisting of the radial functions). It is well known that C.(I')" is commutative
with respect to convolution (cf. [13, Ch. 3 Lemma 1.1]). Analogously to the case
of Gelfand pairs, a function ¢ € C(T')% is called a spherical function on I if

o lfo) =Y f@ele)  (f € CTP)
zel’
is a non-zero character (cf. [13, Ch. 3 Lemma 1.5]). The bounded spherical
functions are exactly those which extend to characters of £1(T')%. By going through
the proof of Proposition 3.5 (and Lemma 3.4) it is seen that everything works
out in the case of I' if we can establish a radialization f +— f* of functions on I’
satisfying the following formulas corresponding to (3.1), (4) and (3.3):

£ <l (f € (D)), (3.7)
1ol ssoar) < lellamacy (v € MoA(L)) (3.8)

and
(ffoo) = (L) = (f,¢")  (fe (D), pe (D)) (3.9)

Put
E,={zel : |z| =n} (n € Np) (3.10)

and
o= Eu—{yel :ly=lsl} (veD) (3.11)

For h: T — C define h* : T' — C by

B)= =Y hy) (zel), (3.12)

where | E| denotes the number of elements in a set E. It is obvious that A% is radial
and the reader may verify (3.9) using the same technique as for verifying (3.3).
Let f € ¢}(T") and note that

10 =D fwl < > > 1wl = I fll,

neNyg yeE, neNg yeEn,

which verifies (3.7). Establishing (3.8) requires more effort and is postponed until
Proposition 3.12.

Let K be the group of isometries of the Cayley graph of I' leaving invariant
the identity element e € I'. Then K is a subgroup of the infinite product

[TsE

of the permutation groups S(E,) of E,. Each S(E,,) is finite and hence compact
in the discrete topology. By the Tychonoff theorem, [, S(E,) is compact in
the product topology. Since the product topology on [ S(E,) coincide with
the topology of pointwise convergence, one easily gets that K is a closed (and
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hence compact) subgroup. Let ux denote the normalized left and right invariant
Haar measure on K.

Remark 3.9. We mention that K is part of a Gelfand pair (G, K), for which I is
isomorphic (as a set) to G/K and the spherical functions on I" are in one-to-one
correspondence with the spherical functions on (G, K). In fact, G is given by the
isometries of the Cayley graph of I, cf. [13, Ch. 3 § V] and [8].

Note that K acts transitively on the sets E, for n € Ny. Hence, for z,y € F,
the measure under pg of
{ke K : k(z) =y}
is independent of y (for fixed x) and therefore

ik € K ¢ k() =) = §n|
From this, it follows that
B () = /K W(k@)dux(k)  (zeT).

Lemma 3.10. If s € E, and t € E, satisfy t ‘s € Ey-1, for x,y € T, then there
exists k € K such that k(z) = s and k(y) = t.

Proof. Put m = |z|, n = |y| and | = }(m + n — d(z,y)). Then | € Ny and the
reduced word of y~'x is obtained by canceling the last [ letters in y~' and the
first [ letters in x. Therefore,

(x,y € E,).

r=ur' and y=uy,
where |u| = [, |2| = m—1 and |y'| = n—1, and where 3/~ '2’ is reduced. Similarly,
s=wvs and t=ot,

where |v| =, |s'| = m—1 and |t/| = n—1, and where ¢’ is reduced. See Figure
1 for an illustration of the shortest routes between points (e, x,y) and (e, s,t).

m — I

® S

Figure 1: Shortest route between the points (e, z,y) and (e, s, t).
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Particularly, the three shortest routes from u to e, x and y starts on three different

edges from u, and the same holds for the three routes from v to e, s and t. Since
the Cayley graph of I' is a homogeneous tree, there exists k € K such that

k(u)=v, k(z)=s and k(y)=t,

which proves the lemma. In the above argument it was implicitly assumed that
[>1,m—1>1and n—1[ > 1, but it is easy to see that a modified argument
can be used if this is not the case. (]

Lemma 3.11. For every function h: I' — C
Wl a) = [ (k) k@)e(t) (zy € )
K

Proof. Consider two fixed elements x,y € I". Notice that
d(k(z), k(y)) = d(z,y) (k€ K)
and therefore
k(y) " k(2) = [y~'a| (k€ K),
which by (3.11) can be expressed as
k(y) 'k(z) € By, (k € K).
Put
A, ={ke K : k(y) 'k(z) = 2} (z € Ey-1y).
Then K is equal to the disjoint union
K= || A. (3.13)
ZEEy—lx
Hence,
/ hk(y) " k(@) duk (k) = Y h(z)ur(A.). (3.14)
K Z2€E 1,

Thus, in order to prove Lemma 3.11 we must show that

prc(Az) !

S PSP

Put now
B={(s,t) €T xT : |s| = |zl, [t| = |y|, [t"'s| = [y ~"=]}.
Then B is a finite subset of I' x I', which is invariant under the action of K on
I' x I' given by
(5,8) = (k(s). k() (ke K. s,teD).

Moreover, by Lemma 3.10 this action is transitive on B. Therefore, each of the
sets

Ags={ke K : k(x)=s, k(y) =t} ((s,t) € B)
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has the same Haar measure in K, and since K is the disjoint union of all the sets

As,ta

i) = (80 € B) (3.15)
Put
B,={(s,t)€B : t's=2z} (z € Ey-1y).
Then
A= | Av (EBw),
(st)EB:
so by (3.15)

B,
MK(AZ) = ‘|B“ (2 € Eyfla:)'

Let 1g, and 1g, denote the characteristic functions of E, and E,, respectively.
Then for z € E-1,,

|Bz| = |{(S,t) - Ex X Ey : t_lg = Z}|
= {tel : tekE, tz € B}
= > 1g,()1g,(t2)
tell

= (1g, *1g,)(2),

where we have used that E, ' = E,. Since the set C¢(T')* of radial functions with
finite support on I' form an abelian algebra with respect to convolution, 1, * 1,
is radial, and hence |B,| is independent of z € E,-1,. Thus, by (3.13) we have

1
,UK(AZ) = — (Z €k —11,),
|Ey—1x’ !
which together with (3.14) proofs Lemma 3.11. O

Proposition 3.12. If p € MyA(T'), then ¢ € MyA(T) and

1% [ aroay < [l aroac.

Proof. Assume that ¢ € MyA(I') and use Proposition 0.1 to find a Hilbert space
¢ and bounded maps P, : ' — ¢ such that

ply~'z) = (P(z),Qy)»  (r,yel)
and
[P0 || Qo0 = [[ollnoar)-
Put # = L2(K, , ug) and define P,Q : T — A by
(P(2))(k) = P(k(x)) (v €T, k€ K)

and

Q) (k) =Q(k(y)) (yeTl, keK).
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For fixed z,y € I the maps P(z) and Q(y) are continuous and therefore measur-

able. Moreover, the norms of P(x) and Q(y) satisfy

1P(x)]* = /K IP(k(2) % dpr (k) < |P|5,  (zel)
and

10)|? = /K 10k duxc(k) < |12 (y€D).

According to Lemma 3.11,

Py~ le) = / (P(k(2)), Q(k(y)) sedux (k) = (P(2),Qy) 7 (w,y € D),
K
from which we conclude, using Proposition 0.1, that ¢* € MyA(T") with

1ty < IPllcll@llso < [1PlloollQllse = llellasyaw-
0

We have now established (3.7)-(3.9) and therefore finished the proof of Theo-
rem 3.8.

Corollary 3.13. Consider a countable discrete group I'" which has a subgroup T’
of the form (3.6). There is a completely bounded Fourier multiplier of T" which
is not the coefficient of a uniformly bounded representation of T".

Proof. Let ¢ be a completely bounded Fourier multiplier of I' which is not the
coefficients of any uniformly bounded representation of I'. Let ¢’ be the extension
of ¢ to IV by zero outside I'. According to Bozejko and Fendler (cf. [3, Lemma 1.2])
¢’ is a completely bounded Fourier multiplier of IV. If ' was the coefficient of
a uniformly bounded representation (7, #”) of I, then the restriction of this

representation to I' would give a contradiction with the choice of . O

Remark 3.14. From Corollary 3.13 it follows in particular that there is a com-
pletely bounded Fourier multiplier of F,, which is not the coefficient of a uni-
formly bounded representation of F.,, where F., is the free group on infinitely
many generators.
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