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ABSTRACT. Associated with a completely positive contractive map ¢ of a C*-
algebra A is a universal C*-algebra generated by the C*-algebra A along with
a contraction implementing ¢. We prove a dilation theorem: the map ¢ may
be extended to a completely positive contractive map of an augmentation of A.
The associated C*-algebra of the augmented system contains the original uni-
versal C*-algebra as a corner, and the extended completely positive contractive
map is implemented by a partial isometry.

INTRODUCTION

The Cuntz—Pimsner C*-algebras naturally associated with a completely posi-
tive contractive (cpc) map of a C*-algebra are considered. A C*-algebra and cpc
map may be viewed as a dynamical system, and the Cuntz-Pimsner C*-algebra
may be viewed as a crossed product C*-algebra of this system; it is a universal
C*-algebra that is generated by the given C*-algebra along with a contraction
implementing the action of the completely positive map. Such a crossed product
for this general setting is introduced and explored in [11]. We show below that
up to a Morita equivalent crossed product C*-algebra the implementing contrac-
tion may be replaced by a partial isometry. The strategy may be summarized as
follows. The given cpc map of a C*-algebra may be extended to a c¢pc map of
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an ‘augmentation’ of the given C*-algebra. This (extended) cpc map is imple-
mented by a partial isometry in the Cuntz—Pimsner C*-algebra associated with
the augmented dynamical system. The Cuntz—Pimsner C*-algebra of the origi-
nal dynamical system is a corner in the C*-algebra of the augmented dynamical
system, and the two Cuntz—Pimsner C*-algebras are Morita equivalent. The ap-
proach involving the augmented C*-algebra extends to a general setting a process
found in [3]. Various examples involving these results will be collected in a sepa-
rate paper, however we note now that the Morita equivalence result of [4] follows
from the considerations below. Also note ([11] Subsections 3.4, 3.5, Section 4)
that Cuntz—Pimsner algebras arising from systems defined by completely positive
maps include crossed products by endomorphisms ([12]), Exel’s crossed products
([6]), and when A is commutative, correspond to C*-algebras of topological rela-
tions ([2]). It is established in [11] that C*-algebras of many discrete graphs are
included in this context.

The paper is organized as follows. The first section includes preliminaries on
the C*-correspondence and the resultant universal Cuntz—Pimsner C*-algebras
associated with a completely positive contraction ¢ on a C*-algebra A, namely a
dynamical system (A, ¢).

The second section introduces an augmented C*-algebra A,, obtained by ad-
joining a projection to A, and a completely positive contraction ¢ defined on
A, extending a given cpc map ¢ on A. From here on, for technical simplicity,
the C*-algebra A is assumed to be unital, although the augmented C*-algebra is
non-unital. Any representation of the correspondence for this augmented system
implements ¢ through a partial isometry with initial projection given by the unit
of A.

The following sections, Section 3 and Section 4, first involve a restriction, and
then an inducing process, that are used to establish an isomorphism result. A
natural restriction process is described in the Section 3; namely representations of
the correspondence for the augmented dynamical system (A, @) restrict to rep-
resentations of the correspondence for the original system (A, ). Relationships
between the ideals of compact adjointable operators for the two correspondences
and the various coisometry ideals of A and A, defining the relative Cuntz-Pimsner
C*-algebras are explored. This is accomplished by introducing a technically useful
intermediate correspondence. Section 4 proceeds by forming an induced repre-
sentation of the C*-correspondence associated with the augmented dynamical
system from a representation of the original system. The section concludes with
the isomorphism of a Cuntz—Pimsner C*-algebra of the given system (A, ¢) with
a corner of the Cuntz—Pimsner C*-algebra of the augmented system.

Section 5 briefly considers some special cases of a cpc map ¢ on a C*-algebra
A, namely those that map the unit of A to a projection, those that are unital,
and specializing further, those that are x-endomorphisms of A.

In Section 6, given an ideal of coisometry in A, a quotient system (Aj, 1) of the
augmented system is formed. The main result here is that the universal Cuntz—
Pimsner C*-algebra of this quotient system is isomorphic to the Cuntz—Pimsner
C*-algebra of the augmented dynamical system.
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1. PRELIMINARIES

1.1. Cuntz—Pimsner (C*-algebras. The construction of Cuntz—Pimsner C*-
algebras is based on C*-correspondences. We include some notation and back-
ground for Cuntz—Pimsner C*-algebras associated with a correspondence over a
C*-algebra, and refer to [17], [15], [7], [9] and the references therein for further
details. A C*-correspondence from A to B, denoted 4&g, is a Hilbert B-module
Ep along with a specified *-homomorphism ¢ : A — L(Eg). A B — B correspon-
dence g€p is referred to as a ‘C*-correspondence over B’. A C*-algebra C' may be
viewed as a correspondence over itself; the Hilbert C'-module structure is given by
(a,b) = a*b for a,b € C. If g€p is a C*-correspondence over a C*-algebra B then
a representation (7,7) : £ — C of g€p in a C*-algebra C' is a x-homomorphism
7 : B — C along with a linear map T : £ — C which is a bimodule map
and (when viewing C' as correspondence over itself) intertwines the inner prod-
ucts: so the pair (T, 7) satisfies the covariance conditions T'(¢(b)x) = 7(b)T'(z),
T(xb) =T (x)n(b), and T*(x)T(y) (which equals (T'(z),T(y))) = 7({x,y) ) for
b€ B, z,y € £ The C*-subalgebra of C' generated by T'(€) U (B) is denoted
C*(T, ). The representation (7', 7) is called injective if 7 is injective.

Given a C*-correspondence £ over B, L(£) denotes the C*-algebra of ad-
jointable linear operators and K(€) denotes its closed two-sided ideal of ‘com-
pact’ operators generated by {0, ,|z,y € £}, where 05 (2) = z (y,2), (z € &).
A representation (7,7) : € — C in a C*-algebra C' yields a x-homomorphism
Uy 2 K(E) — C determined by 6,,, — T(x)T*(y). Denote the ideal ¢~ (K(E))
of B by J(E). Given an ideal K contained in J(&) we say that a representation
(T,m) : &€ — C is coisometric on K if Up(¢p(b)) = 7(b) for all b € K. Given
a C*-correspondence € over B there is a representation (Tg,7e) of € in a C*-
algebra which is coisometric on K and universal among all such representations
of &; namely if (T, ) is a representation of £ in a C*-algebra C' coisometric on K
then there is a x-homomorphism p : C*(Tg, me) — C with (T, 7) = po (Te, 7e),
where po (Tg, m¢) denotes the representation (poTe, pome) of £. We remark that
if K is an ideal contained in J(&) and (T, 7) a representation of £ coisometric
on K then ideal K N (ker ¢) C ker w. The universal C*-algebra C*(T, m¢), called
the relative Cuntz—Pimsner algebra of £ (determined by K), is denoted O(K, E)
([15], and [7] Proposition 1.3).

For the ideal K = 0 the universal Cuntz-Pimsner algebra of £ is often re-
ferred to as the Toeplitz algebra of the correspondence, and is denoted 7¢. For
the ideal Jg = ¢ 1(K(&)) N (ker ¢)* of B (where for an ideal J of a C*-algebra
A, J*+ denotes the ideal {a € A |ab=0,(b € J)}) the universal Cuntz-Pimsner
C*-algebra O(Jg, &) determined by this ideal is denoted Og. The universal rep-
resentation (Tg,me) : € — O(K, E) coisometric on the ideal K is injective if and
only if K C Jg ([15] Proposition 2.21 and [9] Proposition 3.3).

1.2. Crossed products by completely positive maps. A linear map of C*-
algebras ¢ : A — B is positive if it maps the positive cone A, of A to the positive
cone B, of B, so ¢(a*a) € By for all @ € A. Such a map is necessarily Hermitian
(x-preserving) and bounded. The map is completely positive, abbreviated cp, if
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its amplification to n by n matrices, ¢, : M,,(A) — M, (B) defined by ¢, ([a; ;]) =
[o(a; ;)], is a positive map for all n € N, in which case it is bounded. If the
map has bound 1, in other words a contraction, then ¢ is a completely positive
contraction, abbreviated cpc (see for example, [1], [13], [16]).

Associated with a completely positive map ¢ : A — B, a specialization of the
KSGNS construction ([13]) yields a C*-correspondence 4€p from A to B. For
example, set £ to be the Hilbert B-module A ®, B obtained by completing the
quotient inner-product right B-module (A ®a B)/N where the B-valued inner
product is given on simple tensors in the algebraic tensor product A ®,, B by

(reou,s®@uv) = (u,p((r,s))v)g for r,s € Aand u,v € B,

and where N is the subspace of elements z € A ®,), B with (2, z) = 0. There is a
unital C*-homomorphism ¢, from the multiplier algebra M(A) to the adjointable
operators L(A ®, B) determined by ¢.(a)(r ® u) = ar ® u ([13]). Denoting the
restriction of ¢, to A by ¢, or ¢ if the context is clear, describes a left action
of A on the Hilbert module &g, yielding a C*-correspondence 4€p from A to B.
Note that this correspondence does not require assumptions on A being unital,
or additional continuity properties for .

Definition 1.1. A cp system is a pair (A, ) where ¢ : A — A is a ¢cp map
of a C*-algebra A. For ¢ : A — A a cp map the C*-correspondence A ®, A
over A is denoted &,. To make clear the underlying system denote the universal
C*-algebras Tg, by 7(4,,) and Og, by O(4,).

We note that Theorem 3.13 of [11] provides an alternative description of O )
without the use of correspondences.

We show in Proposition 1.4 below, that for a given ideal K C J(&,) the univer-
sal relative C*-algebra O(K, &,) of the A-A correspondence &, is an isomorphism
invariant for a basic equivalence relation on cp systems described by intertwining
x-isomorphisms.

Definition 1.2. Two cp systems (A, ) and (B,1) are equivalent if there is a
s-isomorphism 7 : A — B with yop =1 0.

Lemma 1.3. Assume cp systems (A, ) and (B,v) are equivalent viay : A — B.
Then J(&,) = v ' (J(&y)) and Je, = v (Je,).

Proof. Assume v o ¢ = 1) oy. We have

Y @y u, 8 ®p v)) = (1(r) @y (u),7(s) @y ¥(v))
so since a *-isomorphism is norm preserving, there is a C-linear isometric isomor-
phism & : £, — &, determined by mapping r ®, u in &, to Y(r) @y y(u) in &.
We have &(ar ®, u) = ¢y(7(a))E(r @, u), so
§odyla) =¢y(v(a)) o for a € A,

and therefore ker(¢,) = 7! (ker(¢y)).

Computations show that {(x-a) = {(x)y(a) and 06, , = O¢p ey 0& for 2,y € &,
and a € A, yielding £oK(E,)0&™! = K(Ey). The conclusions follow by combining
this with the preceding displayed expression. O
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Proposition 1.4. Assume cp systems (A, p) and (B,v) are equivalent via a *-
isomorphism v : A — B. If K < J(E,) then O(K,&,) = O(y 1K), &). In

Y Y

particular the universal C*-algebras T4 o) = T(py) and Oap) = O y).-

Proof. For a representation (T, m) of £, in a C*-algebra C' coisometric on K define
S=To&and o = 7oyt where ¢ : &, — & is the isometric isomorphism of
the previous Lemma. Using the identities in the previous Lemma it is routine to
check that (S, o) is a representation of &, in C' coisometric on 7~ (K). O

If ¢ is such that the homomorphism ¢ implementing the left action of A on
&, is injective then the ideal Jg, = J(&,). We include the following lemma for
completeness although it is generally known (cf. Remark 3.7 [11]).

Lemma 1.5. Let ¢ : A — A be a cp map and consider the associated C*-
correspondence E, over A with its left action homomorphism ¢ : A — L(E,).
Then

kerp ={a € A|p(b*a*ab) =0, (b e A)},

and this ideal s contained in the subspace ker ¢.

Proof. The element ¢(a) € L(E,) is zero if and only if ¢(a)(b ® ¢) € N, the
subspace of elements z € A ®,, A with (z, z) = 0, for all simple tensors b ® ¢ in
A ®a1g A. Therefore ¢(a) = 0 if and only if ¢*¢(b*a*ab)c = 0 for all b,c € A. Now
let ¢ run through an approximate unit of A to obtain p(b*a*ab) =0 for all b € A.
To obtain the second statement, let b run through an approximate identity of A.
It follows that ker ¢ is contained in the left ideal {a € A | ¢(a*a) = 0}, which is
in turn contained in ker ¢ by Kadison’s inequality ([1] p. 129). O

For our purposes we restrict attention to cp maps that are contractive, so cpc
maps ¢ on A.

Definition 1.6. A cpc system is a pair (A, ¢) where ¢ : A — A is a cp contractive
map of a C*-algebra A.

If A is not unital one can consider the multiplier algebra M(A) of A and
assume, for example, that ¢ is a strict cpc map from A to M(A), which is
our standing assumption from now on. Recall that strict means that ¢(ey) is
strictly Cauchy in M(A) for some approximate unit {e, | A € A} of A. As ¢
is contractive, and positive, and the unit ball of M(A) is strictly complete, this
means (e;) converges strictly to a positive element in the unit ball of M(A).
If ¢ is strict then ¢ extends to a cpc map of M(A) ([13]) or, if something less
encompassing is required, of the smallest unital ¢-invariant C*-subalgebra of
M(A) containing A. Beginning in Section 2, the C*-algebra A in the cpc system
(A, p) is assumed unital (with unit element denoted p). Note in that section we
introduce an “augmented” cpc system (A4,, @) associated with a cpc system (A, ¢)
where the C*-algebra A, is not unital, however there the cpc map ¢ is easily seen
to be strict.

A simple illustration of Proposition 1.7 below occurs if A is unital (with unit p).
Let (T, m) : £, — C be a representation of the correspondence &, associated with
the cpc system (A, ) in a C*-algebra C. Setting T'(p ®, p) = T € C it follows,
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using T*(2)T'(y) = 7({z,y),) for z,y € &, that T*T = 7({p Ry p,p @y P) 4) =
m(p(p)) and
T*n(a)T = 7((p ®y p,a ®, p) 4) = 7(p(a)).

Since ||¢]] <1, T is a contraction in C, and T implements the map ¢ in the image
of A in C. Note also that since 7w(p)T = Tw(p) = T we have that 7(p) is the
unit for the C*-algebra C*(T, 7). Since T' is an A bimodule map it is clear that
the C*-algebra C*(T,m) generated by T'(€) U w(B) is the C*-algebra C*('T, )
generated by the contraction T and the C*-algebra A.

In Proposition 1.7 we formalize this observation for general (A, @) with ¢ strict.
Recall that a s-homomorphism 7 : A — C of C*-algebras is nondegenerate if
m: A — L(C) (so viewing C as a module over itself), is nondegenerate: so

m(A)C is dense in C. The argument follows in a similar fashion to Proposition
3.10 of [11].

Proposition 1.7. Let &, be the C*-correspondence over A associated with a cp
system (A, ) where ¢ is strict. There is a one-to-one correspondence between
representations (T, ) : £, — C (with m nondegenerate) and pairs (T, ) (which
can viewed as representations of (A, p)) where T € M(C),

T(a®,b) =n(a)Tn(b), abeA
T=s— klerr]i}}g\lT(e)\ ®ey)

where the left hand side limit is taken in the strict topology, and {ey | X € A} of
A is an approximate unit of A. We have

T"T(a ®, b) = 7(p(a)b) for a,be A.

If T € C then C*(T,m) = C*(T, m), the C*-algebra generated by the contraction
T and the C*-algebra A.

2. THE CORRESPONDENCE &3 OF AN AUGMENTATION (A,, )

From now on we assume that the C*-algebra A in our initial cpc system (A, )
is unital, with unit p. With C the C*-algebra of complex numbers consider the
free product ([1]) C*-algebra C = A, denoted A,, a non unital C*-algebra. With ¢
denoting the unit of C the span of finite words ga;qasq...qa;q, where the a; € A,
(throughout the symbol ~ indicates that the designated element may or may
not be present) forms a dense subalgebra of A,. There are %-homomorphisms
t:A—CxAande:CxA— A with eor = Ida, where Id refers to the identity
map on the designated space A, ¢ is the natural inclusion and e is described by
€(qayqasq...qq) = ajas...q; and €(q) = p. The map ¢ will not always be made
explicit.

For A unital and ¢ : A — A a cpc map set ¢ : A, — A, by ¢(¢) = p,
o(qa1qasq...qaiq) = @(ar)p(az)...o(a;) (where ar € A) and extend linearly. The
map ¢ when restricted to the copy of A in A, is equal to ¢. It follows from known
results that ¢ yields a cpc map of A, (cf. [8]). Note that ¢(ga) = ¢(aq) = ¢(a),
o(agb) = @(a)p(b) for a,b € A,, and that the image of ¢ is a subspace of A,
so pp(a) = ¢ (a)p = p(a) for a € A,. The resulting cpc system (A,, ¥) may be
viewed as an augmentation of (A, p).
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Consider the C*-correspondence & = A, ®z A, over A, associated with the
cpc system (A,, @).

Notation 2.1. If (A, p) is a cpc system, with augmented cpc system (Aq, @), the

x-homomorphism ¢z describing the left action of A, on the Hilbert module Eg is
denoted ¢ : Ay — L(E3).

Note that although we assumed that A is unital the augmented C*-algebra
A, is not unital. Although not required for the existence of the correspondence
based on the system (A,, ¢) it follows that the cpc map ¢ : A, — L(A4,) is in fact
strict. For example, if {e), | A € A} is an approximate unit for A,, ge) converges
(in norm) to g. Then, since ¢ is (norm) continuous, and @(e)) = @(gey), @(en)
must converge in A, to p(q) = p, so P(ey) converges strictly.

First note some relations for simple tensors in &;.

Proposition 2.2. Let (A, p) be a cpc system and (A, p) its augmented cpc sys-
tem. Then, for k,m,n € A,

a. mQPzn =mqR®xzpn =mqQzn =m Qg pn

b. kgm @z n =k @z p(m)n.

Proof. Let a ®3 b be a simple tensor in £;. We have

(mq ®z pn,a @z b) = (pn, $(gm*a)b) , = n"pp(m*a)b
=n"p(m*a)b = (n,o(m*a)b) .
which equals (m ®gz n,a @z b) . Similarly (mq ®gz n,a ®z b) and (m ®z pn, a @z b)

also equal (m ®zn,a @3 b) .
For part b

(kgm ®z n,a @z b) = (n, ¢((kgm)*a)b) , = (n, o(m*)o(k*a)b) 4
= n"g(m)" o(k*a)b = (p(m)n, o(k a)b) ,,
= (k®z @(m)n,a @z b) .
Both parts follow after noting that the span of the elements a ®z b is dense in
Es. O
Given a representation (TV ) & — C of the correspondence &5 in a C*-

algebra C there is a partial isometry T in C implementing the augmented cp
system.

Proposition 2.3. Let (T,7) : £ — C be a representation of the correspondence

Ez. Then there is a partial isometry T in C with initial projection m(p), final
projection a subprojection of w(q) and

T7(a)T = 7(3(a)) for a € A,
Proof. Setting T = f(q ®g p) the covariance conditions yield
TF = 7((g @3 p.a @3 p),,) = F(F(0) = F(p)
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and (using Proposition 2.2 a) T*7 (a)T = 7({q ®p p,aq ®zp) ,, ) = 7(p(a)). Since
7(p) is a projection T is a partial isometry in C' with initial projection 7(p)
implementing the map © on the image of A, in C. Also ’/T((])T(q Rz p) = ’T,
implying T has final projection TT* < 7(q). OJ

Remark 2.4. The element T is the same element identified in Proposition 1.7
for a given representation (T, 7) : & — C, when 7 is nondegenerate. Namely
given {e) | A € A} an approximate unit for A, we have (e) ®ze,,a ®zb) =
(e, G(eja)b)A for @ ®z b a simple tensor in £;. Since the A,-valued inner prod-
uct and ¢ are norm continuous, we see the latter has limit ¢(a)b. However,
(q®zp,a®zb), = (p,P(qa)b),, is also equal to @(a)b, and it follows that
eA ®g eu converges in norm to ¢ @ P in £;. Norm continuity of the linear map

: & — C implies the element T identified in Proposition 1.7 is actually in C
and T =T(q ®z D).

3. RESTRICTING REPRESENTATIONS OF &3

We introduce maps involving an intermediate correspondence &, ®, A, in order
to investigate relationships between the correspondences £, over A, and &; over
A,

Proposition 3.1. The map j : £, — £,®, A, defined by j(m) =m®,p (m € &,)

s an inner product preserving map of C*-correspondences.

Proof. Viewing A, as a correspondence over itself, so A, is viewed via left multi-
plication as C(A,), the map ¢ : A — A, may be interpreted as a *-homomorphism
t:A— L(A,). The map ¢ is clearly injective.

Consider the (inner) tensor product £, ®, A,, an A-A, correspondence with an
A,-valued inner product (and left action again given by ¢) determined by

(r®yu)®,a,(s®,v) ®,b) = <a, L((r @, u, s @, U>A)b>A
= a"u(u p(r*s)v)b

q

for r,s,u,v € Aand a,b € A,. With a, b the unit p we obtain the inner product
in &,. 0

Additionally, introduce a map of correspondences V' : £, ®, A; — & by setting
V((r ®,u) ®, a) =r &z ua (strictly speaking this is «(r) ®3 t(u)a) for r,u € A
and a € A,, and extending linearly. For r,s,u,v € A and a,b € A,

(V(r @, 1) ®, a), V((s 8, v) ©, b)) = (r 8 ua, s @ vb)
= (ua, p(r*s)vb) ,,
= a*u p(r*s)vb
which is the above described A,-valued inner product in &£, ®, A,. Therefore

V' extends to an inner product preserving map, also denoted V, of the two A,-
Hilbert modules &, ®, A, and £z. The range of V' must therefore be a closed
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Hilbert submodule of £5. The map V' also intertwines the two left actions of A;
namely

Vo ¢(a) = ¢(i(a)) oV for a € A.

Noting that a(p) € L(&p) is an adjointable idempotent (here in fact a projec-
tion) it follows that its range is closed and an orthogonally complemented Hilbert
submodule of &5 (Corollary 3.3 [13]). We show that this submodule is the range
of V.

Proposition 3.2. The map V is adjointable, so V € L(E, ®, Ay, E3), and is an
isometry with complemented range; VV* = ¢(p).

Proof. For r,u € A and a € A, notice o(p)V ((r Ry u) ®, a) = pr Qz ua =

V((r®y,u)®,a), soran(V') is contained in ran(¢(p)). To show that ran(1") contains

ran(¢(p)) consider an element ¢(p)(m ®z n) = pm ®z n where m,n € A, and
m = gmyqasq...qmuq where the my € A. If m = gmqqasq...qgm;q then Proposition
2.2 implies

pm @z n = pgmiqasq...qnyq @z n
= p ®z p(m1)p(ma)...p(my)n
= V((p ® (p(m1)p(m2)...0(my))) ®, n)

while if m = myqasq...qm;q then

pm @ n = pmigmaq...qnyg A n
=my ®z P(ma)...o(my)n
= V((ml P 6(m2)6(ml)) ., n)

Continuity of gg(p) implies the span of elements pm ®zn is dense in ran(gg(p)),
and since ran(V') is closed, the desired containment holds, and ran(V') = ran(¢(p)).

Since ran(¢(p)) is an orthogonally complemented Hilbert submodule of &,
ran(V) must be complemented. It follows (Proposition. 3.6, [13]) that V €
L(E, ®, Ag;E) and V*V = Idg g, a,-

The map V o j: &, — &5 is the natural inner product preserving map with

Voijlr®,u) =r®zuforruec A

Definition 3.3. For (T,7) : &z — C a representation of £ in a C*-algebra C
define a restricted pair of maps on the correspondence &,

(T,,7,) : £, — C
by%r:%OLandi:TVOVOj; SO
7o(a) = T(v(a)) and Tp(r @, u) = T(r @3 u)
fora € Aand r ®, u € &,.
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Remark 3.4. For an element pm ®zn € 5(})) (€3), where m,n € A,, the computa-
tions in the proof of Proposition 3.2 show that (pm®gzn) = V(z®,n) = V(j(z))n
for some = € &,. Therefore

7(p)T(m ®g n) =T (pm @z n) = T(V(j(z))n) = T(V(j(z)))7(n) = T,(z)7(n).
It follows that T(p)T(E,) C T,(E,)7(A,).

The following result shows that the covariance conditions for (f, 7) yield covari-
ance conditions for (7,7, ), justifying use of the term restricted representation.

Proposition 3.5. If (T, 7) : € — C is a representation of 5 in a C*-algebra C
the restricted pair (T,,7,) : £, — C is a representation of E, with image in the
corner C*-algebra 7(p)C7(p).

Proof. For a,b € A and r ®, u, s ®,v € £, we have

T (a)T(r @, u)m,(b) = T(a)T(r ®z uw)m(b) = T(ar ®z ub) = T, (ar ®,, ub).
Also

T (r @, WTi(s @, v) = T*(r 0 w)T(s ®5 v) = 7((r @z u,s @ v)
= %((7‘ ®90 u,s ®<,0 U>) = %r(<r ®¢ u, s ®¢ ’U>),
where the third equality follows from V o j preserving the inner product.

Since T, (r Rpu) = T.(pr Ry up) = 7(p)T(r ®gzu)7(p) (and similarly for 7, ) the
last assertion follows. O

Investigating the ideal of compact operators in the C*-algebra of adjointable
operators of a correspondence is crucial for understanding the structure of the
Cuntz—Pimsner algebras associated with a correspondence. We next describe
relationships between the ideals K(&,) and K(€z) and the *-homomorphisms Wz

and W arising from representations (7', 7) of the correspondence £z over A,.

Consider the induced map ¢, @ L(&,) — L(&, ®, A,) (described on simple
tensors of &, by t.(t)(m ®, a) = tm ®, a for t € L(E,)), which is injective since
v A — L(A,) is injective. It is known by general properties of the (inner)
tensor product that ¢, (KC(&,)) € K(&, ®, A,) (Proposition 4.7, [13]), although
here, using the assumption that A is unital, it is straightforward to check this;
L (Omn) = Oj(m).j(n) = Omepnep for m,n € &,.

The isometry V' defines the canonical *-homomorphism ¢ : L(&, ®, A;) —
L(E3) mapping t — VtV*, so necessarily the ideal of compacts (&, ®, A,) must
be mapped to the compacts K(Ez) of L(E3);

B(K(E, 2, A,) CK(E)
In fact ®(0,) = Ovim,vn. Since ¢, : L(E,) — L(E, ®, Ay) also maps the ideal
K(E,) of L(E,) to K(E, ®, A,), the sx-homomorphism ® o ¢, : L(E,) — L(Ey)
maps K(E,) to K(Ez), and the composition Uz o @ o ¢, is defined. It follows

from V*V' = Idg,g, 4, that @ is injective, and so the *-homomorphism ® o ¢, a
composition of injections, must be injective.
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Recall that the *-homomorphism Uy : () — C arising from any represen-
tation (7', ) of a correspondence £ in a C*-algebra C' is determined by mapping

Ory — T(x)T"(y)

Proposition 3.6. If (f, 7)1 £ — C is a representation in a C*-algebra C then
Do (K(&,)) € K(Ep), and the x-homomorphisms Vzo®or, and Vz : K(E,) — C
are equal.

Proof. The preceding paragraphs show that ® o ¢, (0,,..) = Oy jm),vjm) for m,n €
E,, so

U0 P 0 1u((Onn)) = T(Vj(m))T*(Vj(n)) = T(m)T; (n) = Uz, (Omn)-

T

0J
Proposition 3.7. Let (A,¢) be a cpc system and (A,, @) the associated aug-

mented cpc system. The x-homomorphisms ® o 1. o ¢ and ¢ o v which map A o
L(E3) are equal, and ker ¢ =ker ¢ N A.

Proof. For a € A we show that ® o t,(¢(a)) = ¢(a). Since V : E, @, Ay — &5
satisfies VV* = ¢(p) (Proposition 3.2) and ¢(a)¢p(p) = ¢(a) it is enough to show

that Vi.(¢(a)) = ¢(a)V. However, for a simple tensor (r ®, u) ®, n € &, ®, A,

V{(te(d(a))((r @ u) @, n) = V((ar ®, u) @, n) = ar @z un
= ¢(a)(r ®gzun) = )V ((r Ry U) ®, ).

The last statement follows from the injectivity of ® o ,. 0
Corollary 3.8. Let (A, ) be a cpc system and (A, p) the associated augmented
cpe system. The ideal o~ (K(E,)) = J(E,) of A is contained in ¢~ (K(EF)) N A,
0 1(J(E,)) C J(Ep)

Proof. If a € J(&,) then ¢(a) € K(€,) is mapped by ® o, to K(Ez) (Proposition
3.6). Since J(Ez) = ¢~ (K(E5)) Proposition 3.7 implies ¢(a) € J(Ez). O

Let I be an ideal contained in the ideal J(&3) = 5‘1(IC(5¢)) of A, and (T,7) :
&z — C*(T',7) a representation of £ coisometric on I. The above results imply
coisometric conditions for its associated restricted representation (7,,7,) : &, —

#(p)CH(T, 7)7(p)-
Corollary 3.9. Let (A, ) be a cpc system and (A, ¢) the associated augmented
cpe system. Let I be an ideal in J(E3) = ¢~ (K(E3)) and (T, 7) : E5 — C*(T,7)
a representation of £ coisometric on I. The restricted representation

(T, ) € — 7(p)C™(T. 77 (p)
is a representation of €, which is coisometric on v (1) N J(E,).
Proof. Fora € . (I)NJ(E,), Proposition 3.6 implies g ($(a)) = VzoPor.(d(a))

while Proposition 3.7 shows that this = Uz(¢(c(a))). Since ¢(a) € I, this in turn
is equal to 7(c(a)) = 7.(a). O



282 B. BRENKEN
Lemma 3.10. If a,b € A, then dlagh*) = Ouwspiosp € K(Ep). In particular

o(q) = 0q®¢p,q®¢pa and g € J(&).
Proof. For m ®zn € &5,

Oaspsosp(M @z n) = a ®p p (b Qg p,m @ n) = a @z p(p, p(b"m)n) 4
=a®z p(b"m)n = agb™m @z n
= ¢lagh")(m @ n)
where the last equality follows by Proposition 2.2. Il

q

Proposition 3.11. Let I be an ideal in J(Ez) containing the idempotent ¢ and
(I',7) : & — C a representation in a C*-algebra C' which is coisometric on I.
Then the partial isometry T = T(q ®z p) with initial projection 7(p) has final
projection T(q), and both these projections are full in the C*-subalgebra C*(T', )
of C.

Proof. By definition ([1]) we need to show that the ideals

J, = C*(T, 77 (p)C*(T, %) and J, = C*(T, 7)7(q)C*(T, %)

generated by the projections 7 (p) and 7 (¢) are all of C*(T', 7). It is enough to show
that the generators T'(Ez) U m(A,) of C*(T,7) are in these ideals. Proposition

2.3 showed that T has initial projection 7(p), so 'T‘%(p) = T, while the final
projection TT* < 7(q) and so 7(¢)T = T. Therefore T is contained in both
ideals, and therefore its initial projection 7(p), and its final projection lie in both
ideals. Since 7(p) is the unit of 7(A), T(A) must be contained in both ideals.
Since T#(p) = T and T(m ®z n) = 7(m)T(q ®g p)7(n) it follows that the
image T(Sg,;) is contained in both ideals. To show that 7(A4,) is in these ideals it
remains to show that 7(q) is the final projection of T. However, the hypothesis

and coisometric condition imply 7(q¢) = ¥5(4(q)), while the latter is equal to
V7 (Oysopawsp) = T(q @5 p)T*(q ® p) = TT* by Lemma 3.10. O

Given a representation (T, )& — C* (f ,m) of &5 coisometric on I, apply
Corollary 3.9 to its restricted representation (7, 7,) : &, — (p)C* (T, 7)7(p); it
is a representation of the correspondence &, coisometric on ¢~*(I) N J(&,). Let
(T,,m,) denote the universal representation of &, coisometric on ¢~!(I) N J(E,)
in the relative Cuntz-Pimsner C*-algebra O(¢~*(I) N J(E,),E,). The universal

property (for representations of &, coisometric on (1) N J(&,)) yields a x*-

homomorphism v (depending on the chosen initial representation (7', 7) of £3)

v O NI N J(E,),E,) — 7(p)C (T, 7)7(p)
to a corner of the C*-algebra C*(7T',7) with

(T, 70,) =vo(T,,m,).
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Proposition 3.12. Let I be an ideal in J(Ez) containing q and (T,7) : Es —
C*(T,7) a representation of &5 coisometric on I. The x-homomorphism

v O () NJ(E,),E,) — T(p)CH(T, 7)7 (p)
defined by the universal property is surjective.

Proof. By definition the C*-algebra C*(T', %) is generated by f(é’g} Um(A,). Since

(T,,7,) = vo (T, m,) it is enough to show that the algebra generated by 7. (€,) U
7,(A) contains 7(p) T(E5)7(p) U F(p)F(A,)F(p).

For the C*-subalgebra A of A,, 7,.(A) = 7(p)7(A)7(p), so to show that the alge-
bra generated by 7, (€,) U, (A) contains 7(p)7(A,)7(p) it is enough to show that
the element 7(p)7(q)7(p) is contained in this algebra. First note that (Proposi-

tion 2.2)

T(p®pp) = T(p ®zp) = T(pa @ p) = 7(p)T(q 5 p)-

Setting T= f(q ®zp), and T, = Tvr(p ®, p), we have

T,T; = 7 () TT7(p) = 7(p)7(0)7(7)
by Proposition 3.11. N N

By Remark 3.4, 7(p)T'(z) C T,(€,)7(A,). However, the latter is equal to

(T-(€,)m(p))T(A,), and therefore

A()T(E)7(p) C T (EL)T(p)F(A)T(p)
which is contained in the algebra generated by T, (Ey) U (A). O

4. AN AUGMENTED REPRESENTATION
Given a representation (T',7) : £, — C of the A-A correspondence &, in a C*-
algebra C, with 7(p) = Id¢, there is an augmented, or induced, representation
(T4, mq) - €5 — Ma(C)
of the A;-A, correspondence &;.

To define this representation first consider the element T, € My(C') formed
from the contraction T = T(p ®, p) € C (as in [1]):

T 0
T, — .
e { V7(p) — T*T }
Since T;T, is a projection in My(C'), T, is a partial isometry. Next define a
s-representation m, : A, — My(C') by setting

ro(a) = {W(a) 8 ] fora € A, and

Tq(qa1qa2q...qiq) = T Timy(a1) Ty Tymy(az) T Ty .. T Tomy(a)) T, T;

*

on words in A, so m,(q) = T,T;, and T, is a partial isometry with initial pro-
jection m,(p) and final projection m,(q). Extend 7, linearly to a dense subalgebra
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of A,. The norm on A, ensures this is a representation bounded by 1, and 7,
extends to a representation, also denoted 7, of A, in My(C).
Note that

TT" T\/7(p) — T*T
w(p) —T*T)T*  =w(p) —T*T

The following shows that the partial isometry T, implements the pair (A4,, @)
under the representation 7.

Lemma 4.1. With T, € My(C) and 7, : A, — Ma(C) defined as above,
Tzﬂ-q(m)Tq = my(p(m))

71-q(Q> = (

form e A,.

Proof. A computation shows that

Tom,(a)T, = [ Ta(a)T 8} _ {”@O(a)) 8] — r(p(a)) for a € A,

Given a word m = gaiqasq...qa;q in A, we have

Tymy(m)T, = T, T Timy(a1)TyTymy(az) T T;.. Ty Tomy(a;) T T

q

= (Tzﬂ'q (al)Tq) (Tzﬂq(GZ)Tq) P (Tzﬂq(aﬂTq)

= mg(@lar))..mg(olar)) = mg(p(m)).
Density of the linear span of words in A, and continuity finish the claim. [

Proposition 4.2. If (T, 7) : £, — C is a representation in a C*-algebra C' there
is a representation (T,,m,) : €5 — Ma(C) of the augmented correspondence £z
with T,(q ®z p) the partial isometry T, € My(C).

Proof. The previous paragraphs describe a *-representation 7, : A, — Mz(C') and
an element T, € My(C'). Define a linear map S : A;®a, A; — Mo(C') by mapping
a®b to my(a)T,my(b). Note S(¢®zp) = m4(q)Tyme(p) = T,. The previous Lemma
implies

(S(m@mn), S(a®b))y,c) = Tq(n")Tyme(m”)my(a)Tqmy(b)
T, (n*)me(P(m*a))my(b)

T((m @z n,a @z b)).
Therefore S determines a linear map (bounded), denoted by 7}, : £5 — My(C),
and (T, m,) is clearly a covariant representation of £ with T,(q ®3 p) the partial
isometry T,. O

Definition 4.3. For K an ideal of A set K, to be the ideal of A, generated by
(K) U{q}.

It follows from Lemma 3.10 and Corollary 3.8 that if K C J(&,) then K, C
J(Ez). If K =0 then K, is the singly generated ideal of A, generated by g.
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Proposition 4.4. Let (T,7) : &, — C be a representation in a C*-algebra C and
(Ty,mq) + €5 — Ma(C) its associated augmented representation of Ez. If (T, )
is coisometric on an ideal K C J(E,) then (T, m,) is coisometric on the ideal
K, C J(&).

Proof. The comment after Definition 4.3 shows that K, C J(&3).
Lemma 3.10 yields

¥r,(0(0)) = ¥r, gz pasz) = Tola ©5 )T (4 @5 p)
= TqTZ = Wq(q),
o (T,,m,) is coisometric on the ideal of A, generated by g¢.

It remains to show that (7, m,) is coisometric on ¢(K), i.e., that ¢Tq(

my(t(a)) for a € K. First consider the restricted linear map (T )rt €, — Ma(C).
For s,v € A compute that

(Ty)r(s ®@p v) = Ty(s @z v) = my(s)Tymy(v)

[ 8] v

_ {W(S)T(pébp)ﬁ(v) 8 } - [T(s g% v) 0 } |

)
—
~
—
)
S—
N—
I

It follows that
Uty (Orepuse,0) = (L) (r @p u)(Ty); (s @y v)
_ {T(r% ) o} [T*(s@)(p v) 0}
0
0

0
— |: ¢T( T®(pu s®¢v :|
Therefore ¢ z,), = mq0¢r on K(&,), so U, (¢(a)) = mq(Yr(d(a))) for a € K.
By assumption (7, 7) is coisometric on K, so ¥p(¢p(a)) = w(a) for a € K.
Hence, for a € K,

Ur, (6(1(a) = ¥, ( 0 1 0 $(a)) = Uz, (6(a) = my(1(a)),

where Propositions 3.7 and 3.6 are used for the first two equalities. 0

Establishing the isomorphism statement of next theorem involves the following
constructed x-homomorphism 4. Starting with the universal representation

(T, mp) 1 Ep — C*(Te,me) = O(K, 550)

of £, coisometric on K C J(&,), form its associated augmented representation

(Ty,mq) : €5 — Ma(O(K, E,)) of £ coisometric on K, (Proposition 4.4). Let
(Tz,75) : €5 — C* (T, mp) = O(Ky, &)

denote the universal representation of £; coisometric on K. The universal prop-

erty for representations of £ coisometric on K, yields a *-homomorphism

(5/ . O(Kq,gfp‘) — MQ(O(Kv ggo))
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with

(Ty mq) = &' o (T, 7).
Consider the cut down by the projection 7z(p) of ¢’ on its domain O(K,, £5) and
by m4(p) on its codomain My(O(K, E,)) to obtain a unital *-homomorphism

5 ma(p)O(K,, E5)m(p) — O(K,E,).
We will see that ¢ is a *-isomorphism, which leads to the following Theorem.

Theorem 4.5. Let ¢ : A — A be a completely positive contractive map of a unital
C*-algebra A. For K an ideal in J(E,) the Cuntz-Pimsner C*-algebra O(K, E,)
is isomorphic to a full corner of O(K,,E3) and these relative Cuntz—Pimsner
C*-algebras are Morita equivalent.

Proof. Recall K, is the ideal in J(&3) generated by «(K) U ¢ (Definition 4.3).
Consider the universal representation (13,73) @ &5 — O(K,,E5) of &5 coiso-
metric on K,. Proposition 3.11 states 73(p)O(K,, E5)mz(p) is a full corner of
O(K,, E3), so the Morita equivalence follows once an isomorphism O(K,E,) =
75(p)O(Ky, E5)m(p) is established.

Since there are representations of A, where the C*-subalgebra generated by
words involving ¢ has zero intersection with ¢(A), and since ¢ is an injective
homomorphism, the ideal ™1 (K,)NJ(E,) of Ais ™ ((K))NJ(E,) = KNJ(E,) =
K. The remarks preceding Proposition 3.12 (setting the ideal I to be K,) yield, for
the universal representation (13, 75) of £5 coisometric on K, a *-homomorphism

7 (’)(K, 530) - W@(p)O(ng@)W@(p)

satisfying (1, m3r) = v o (T, m,), where (T, 7,) is the universal representation
of &€, coisometric on K.

Consider the composition § oy : O(K,&,) — O(K,E,). For a € A compute
that § o y(m,(a)) = d(mpr(a)) = d(mz(a)) which is equal to the cut down of
mg(a) = (0’ omy)(a) by my(p), namely m,(a). Also 0 oy o T, = 6 o T which is the
cut down of T, = §' o T by m,(p), namely T,,. Thus doy = Idp(k.e,) and therefore
7 is injective. Since 7 is surjective (Proposition 3.12) it is an isomorphism. [

Remark 4.6. If the C*-algebra A is separable then O(K,, £) is separable, and by
Brown’s theorem ([5]) the full corner C*-subalgebra m3(p)O(K,, £5)mz(p) and
O(K,,Ez) are stably isomorphic. Therefore, in this situation, O(K,&,) and
O(K,, Ez) are stably isomorphic.

The proof of Theorem 4.5 implies that the *-homomorphism
6 m5(p)O(Ky, E5)mz(p) — O(K, &)

is an isomorphism, so the cut down of the universal representation of £; coiso-
metric on K, is, under the map J, the universal representation (7, m,) of &,
coisometric on K.

Corollary 4.7. Assume K C Jg, and let (T3, 75) be the universal representation
of Es. Then ker(mz) C {a € Ay | ¢(a*a) = 0}.
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Proof. Assume a € ker(mz), equivalently a*a € ker(mz). Then 0 = Tirg(a*a) Ty =
m5(p)ms(p(a*a))ms(p) where Ty denotes, as usual, the partial isometry T5(¢®zp)
with initial projection 7z(p). Using the notation in the above theorem, 0 =
(0omz)(p(a*a)), which is the cut down of 7y (¢(a*a)) by m,(p), namely 7,(p(a*a)).
Since K C Je,, T, 18 injective on A and the statement follows. O

5. THE PARTIAL ISOMETRY CASE

The following briefly considers the case where the given cpc system (A, ) maps
the unit p of A to a projection p(p) of A; this is the case for example if ¢ is a
x-endomorphism of A, or if ¢ is a retraction from A to a C*-subalgebra of A ([13]
p. 55). If ¢(p) is a projection the implementing contraction T = T'(p®,p) for any
representation (T',m) of the correspondence &, is necessarily a partial isometry
with initial projection T*T = 7(p(p)). It is shown that the augmented system
(Ag, @) reflects some structure of the original system. Such systems (A, ¢) also
provide basic examples where representations of the augmented correspondence
&z over A, which are coisometric on K, cannot be injective.

Lemma 5.1. Consider (A, ) where ¢(p) = e is a projection of A. Then
o(r) =ep(r)e for all r € A.

Proof. (cf. [13], Proposition 5.10) If 0 < r with [|r|| < 1 then 0 < ¢(r) < p(p) =
e,s00 < (p—e)p(r)(p—e) < (p—e)e(p—e) = 0. Decomposing p(r) with respect
to e and viewing it as the square of an element in A it follows that the equality
follows for » > 0. By linearity the result holds for all r € A. O

Lemma 5.2. Consider (A, ) where p(p) = e is a projection of A. If (Ay, @) is

the augmented cpc system then @(pa) = ¢(p)p(a) = @(a)p(p) = @(ap) for all
a € A, (sop is in the multiplicative domain of ¢).

Proof. It is enough to check this when a = ¢ and when a = qaiqasq...quq € A,
where the a; € A. Since ¢(g) = p the unit of A, the first case when a = ¢ follows
from the definition of @. The previous lemma implies ¢(r) = ep(r) = @(r)e for
all r € A, therefore in the second case,

pla) = plar)p(az)...o(a) = ©(p)@(a) = oa)p(p),
showing that the possible values for ¢(pa) and @(ap) are all equal. O

Lemma 5.3. Let (A, p) be the augmented cpc system associated with (A, ). If
a,be A, with ga — bq € ker(¢) then

pla*)pla) — pla®)p(b) — e(b")p(a) + ¢(b°b) = 0.

If ga — aq € ker(¢) then p(a*)p(a) = p(a*a).

Proof. The proof of Lemma 1.5 shows that ker(¢) is contained in the left ideal
{c € A, | p(c*c) = 0}. With ¢ = ga — bq the first identity is @(c*c) = 0. The
second one follows by setting a = b. O
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Proposition 5.4. For (A,¢) a cpc system, let ¢ : A, — L(Ez) be the x-
homomorphism defining the left action of A, on the correspondence 5. Then

a. p(p) = e is a projection of A if and only if a(pq) = 5(qp).
b. ¢(p) = p if and only if ¢(q) = d(pa).

Proof. The identity g(pq) = ¢(gp) holds if and only if (pgr ®zu,s @z v) =
(qpr ®g u, s ®z v) for all simple tensors r ®z u and s ®z v in &;. If p(p) = e
is a projection of A then by Lemma 5.2 the left hand side

(pgr ®z u, s @z v) = (u, p(r*qps)v) 4 = (u, B(r)" G (ps)v)
= (u, @(r)"(p)@(s)v) -

This, however, is also equal to (gpr ®z u, s ®zv) . If ¢(p) = p the above right
hand side further simplifies to (u, ¢(r)*@(s)v) which is equal to (¢gr ®z u, s ®z v) ,
s0 ¢(q) = ¢(pq). _

Conversely, if ¢(gp — pg) = 0 then the second statement of Lemma 5.3 implies
e(p)e(p) = ¢(p), and ¢(p) is a projection. This Lemma also implies (after setting
a = q and b = p) that if ¢(q — pq) = 0 then ¢(p) = p. O

Theorem 5.5. Let (A, ) be a cpc system and K an ideal of A contained in
Je, = ¢7HK(E)) N (ker¢)t. Let (Tz,75) : €5 — O(Ky,E5) be the universal

representation of £ coisometric on K.
a. ¢(p) = e is a projection if and only if the projections nz(p) = 7z(q) commute.
b. ¢ is unital if and only if m3(A,) is unital and w3(p) is the unit in w3(A,).

Proof. Since the ideal K is also contained in J(&,) then, as noted after Definition
4.3, K, is contained in J(&). Also, the coisometric hypothesis on K, implies the

ideal K, N (ker ¢) C ker 7z. Since both pg—¢p € K, and ¢ —gp € K, Proposition
5.4 implies that the condition ¢(p) = e is a projection of A is equivalent to
pq — qp € K, N (ker ¢), while the condition ¢(p) = p is equivalent to ¢ — ¢p €
K, N (ker ¢). Therefore the conditions imply these elements are in ker 7z, and
both forward implications follow.

For the converse implications note that the hypothesis on K implies, by Corol-
lary 4.7, that ker 73 is contained in {a € A, | ¢(a*a) = 0}. Calculating p(a*a) =0
for a = qp—pq € ker 73 yields ¢(p) — ¢(p)? = 0. The hypothesis for part b implies
the hypothesis of part a, so ¢(p) is a projection in A. Then calculating p(a*a) = 0
for a = g — pq € ker mz yields p — ¢(p) = 0. OJ

This illustrates that there are ready examples where a representation of the
augmented correspondence £z which is coisometric on the ideal K, of A; may
not be injective, even though its restriction to &, coisometric on K may be
injective. For example the universal coisometric representation of &, is injective
when K C Jg,. One may interpret ker 7z as reflecting a lack of ‘freeness’ in the
original system (A, ¢).

We remark that the proof of Theorem 5.5 shows that the two forward implica-
tions hold if the ideal K C J(&,).
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Corollary 5.6. Let (A, @) be a cpc system and K an ideal of A contained in
J(&,). If ¢ is unital then the Cuntz—Pimsner C*-algebra O(K, E,) is isomorphic
to the Cuntz—Pimsner algebra O(K,, E5) of the augmented correspondence Es.

Proof. By Theorem 4.5 the relative Cuntz—Pimsner C*-algebra O(K,¢&,) is iso-
morphic to the corner 75(p)O(Ky, E5)ms(p). The remark following Theorem 5.5
shows 73(p) is the identity of mz(A,). Since O(K,,E5) = C*(Ty,mp) (where
Tz = T5(q ®z p)) and the final projection of Ty = 7m3(¢q) < 73(p), we have that
(T3 is an isometry and) 7z(p) is the unit of O(K,, &3). O

Consider now the further special case of ¢ equal to a x-endomorphism 3 of A.
The following observation appears standard (cf. [11] Lemma 3.25).

Lemma 5.7. Let (A, ) be the cpc system where ¢ is a x-endomorphism [ of A.
Then p @ B(r)u =r @ u in the A-A correspondence Eg. The ideal J(Ez) = A.

Proof. Let r,u,s,v € A. The first equality follows by noting, since 3 is an endo-
morphism, that

(r®@gu,s®pv) = (u, B(r's)v) , = uwB(r*)B(s)v
while
(p ®p B(r)u, s @gv) = (B(r)u, B(ps)v) 4 = u* B(r*)B(s)v.

It follows that Ope,p pep maps (1 ®p u) to

PRpp(PRsp, T Rpu) =pRP(rju=reu.

and therefore 0,55 p5 ., = ¢(p), the identity map in £(€3). Thus p € J(£5) and
J(Es) = A. O

For a representation (T',7) : £ — C*(T,7) of £ Lemma 5.7 (cf. [11] Proposi-
tion 3.26) implies that

TT* = Yr(Opepppem) = Vr(6(p)),

for T = T(p ®g p). If in addition the representation (7',7) is coisometric on
J(E3) = A then TT" = 7(p).

If 3 is an injective x-endomorphism of A then the ideal Je, = J(&3) = A,
so if a representation (7, 7) is coisometric on the ideal Jg, then TT* = 7(p)
and the partial isometry T must be a coisometry in C*(7, 7). It follows from
Theorem 5.5 that if 3 is a unital injective *-endomorphism then the coisometry
T implementing ( is also an isometry, so is necessarily a unitary in C*(T, ).

Consider the augmented system (A,, 3) if ¢ is a *-endomorphism 3 of A. First
note that [ is then also a *-endomorphism of A, with 3(q) = p.

Lemma 5.8. Let (A, ) be a cpe system with ¢ a x-endomorphism B of A. Then

¢(q) 1s the identity of L(E7).

Proof. 1t is sufficient to show that m ®zn = qgm @;n in 55 for m,n € A,. For

a®5b a simple tensor in Sg calculate <m ®zn,a®j b> = <n, g(m*a)b> . Using
A

q
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that B is a x-endomorphism this is equal to
(n. Bm)*Ba)p)

which in turn is equal to
<B(m)n, B(a)b>A = <q ®3 B(m)n, a®j b> )

Now apply part b of Proposition 2.2 which shows that ¢ ®j B(m)n = gm®zn in

& O

Proposition 5.9. Consider (A, ) where ¢ is an injective x-endomorphism 0 of
A. Let K = Jg,. Then K, = Aq, and if (T, 7) : E—CH(T,7)isa representatzon

of &5 coisometric on K, then T =T(q®p) is a coisometry in C*(T, 7).

Furthermore, if B is unital, then 7(p) = 7(q) and T = T(q® p) is a unitary in
CH(T, 7).
Proof. By Definition 4.3 and the remark following it we have K, C J (55) for K
any ideal of J(&3). Since 3 is an injective *-endomorphism of A, Je, = J(Ep) = A
and K, must be all of A, so in partlcular must contain §2

Since ¢(q) = Idg gy by Lemma 5.8, o(p) = ¢(qp) = ¢(pq). Therefore if (T, 7)

is coisometric on K, s0 9z o ¢ =7 on A,, then w(p) = 7(p)7(q) = 7(¢)7(p).
Thus 7(p) < 7(q). To see that T is a coisometry it is enough, using Proposition
3.11, to check that 7(q) is the identity of C*(T', 7). However 7(q) is the identity

for m(A,), also a left unit for T, and a right unit for T since 7(p) is.
If 3(p) = p, then

B(m*pa) = B(m)"B(p)B(a) = B(m)*pB(a) = B(m)"H(a)
for m,a € A,. A computation similar to that in first part of Lemma 5.8 shows
that pm ®3 n = m ®3 n, showing that o(p) = Id[:(gg). Thus ¢(q) = ¢(p), which

implies 7(p) = 7(q) by the coisometric condition, and T is unitary. O

6. A QUOTIENT SYSTEM (Aj, 1)

This section considers natural quotient systems (that depend on the coisometry
ideal K of A) of the augmented cpc system (A,, @). These systems modify the
free aspects of the algebra A, to reflect properties of the original system.

First recall that for g€p a C*-correspondence over a C*-algebra B an ideal I
of B is said to be E-invariant if ¢(I)€ C EI, where EI = {zb |z € E,b € [} is a
correspondence over /. Note that £ = {z | (z,y)5z € [ for all y € £} ([7]). We
include the following proof for completeness although it is generally known (cf.
[10] Lemma 5.10(i)).

Lemma 6.1. Let (T, ) be a representation of the C*-correspondence £, over A
associated with a cpc system (A, ). The ideal I = kerm of A is invariant under
@, and is E,-invariant.
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Proof. Let a € I. Then w(p(a)) = T*n(a)T =0, so p(I) C I.

Let r®,u be a simple tensor in £,. To show that I is £ -invariant it is enough to
show that (¢, (a)(r ®, u), s ®,v) € I for all s®,,v simple tensors in &,. However
this inner product is u*p(r*a*s)v, which is contained in I since ¢(I) C I. O

In general an E-invariant ideal I of B defines a correspondence £/EI over B/I
where the right Hilbert module structure (cf. [7]) is given by (where [ | denotes
the appropriate quotient class)

[z][a] = [za] for a € B,z € &,

<[€]7 [f])B/I = [<67f>B] fOI‘ eaf S g
and where the left action ¢p,; on £/E1 is given by

¢p1([b])([2]) = [¢(b)z] for be B,z € €.

Let K C J(&,) be an ideal and (T3, 75) : £5 — C* (I, 75) = O(Ky, E5) the
universal representation of £ coisometric on K. The previous section provides
some basic examples where ker 75 is nonzero for various choices of K. Lemma 6.1
shows that the ideal ker 75 is invariant under ¢ and is £z-invariant. The following

cpe system (Ag, 1)k (denoted (Ajq, 1) if the ideal K is understood) is therefore
well defined.

Definition 6.2. Denote the ideal ker 75 of A, by I,,. Define a quotient cpc system
(A1, 1)k as follows: A is the quotient C*-algebra A,/I, with x : A, — A; the
natural quotient map, and ¢4 is given by ¢;(x(m)) = x(@(m)) for m € A,. Set
&1 to be the correspondence &,, = A; ®,, A; associated with the the cpc system
(A1, ¢1) with the left action denoted by ¢;.

It is clear that ¢y is a cpc map on A;. The cpe system (Aq, 1) depends on the
ideal K of A initially specified for the coisometric relation. By construction the
representation 75 drops to an injective representation m : A; — O(K,, &;).

Note that in certain natural cases A is injectively included in A; via the natural
*-homomorphism. For example, if K C Jg then the universal representation
(T,,m,) : €, — O(K, E,) is injective. Now recall from the proof of Theorem 4.5
that there is an isomorphism v : O(K,&,) — m3(p)O(K,, E5)mz(p) so that the
restriction of the universal representation (T, 75.) = vo (T,, 7). It follows that
the restricted representation 7z, of A is injective, and therefore A N ker 75 = 0.

Notation 6.3. There is a well defined contractive linear map L : E5 — &,
described on simple tensors by m @z n — x(m) ®,, x(n), which satisfies

(L(m ®gn), L(a ®50)),, = x((m @z n,a ®50), ).

Proposition 6.4. The correspondence £5/Ez1, over Ay formed via the Ez-invariant
ideal 1, is isomorphic to the correspondence £ over Ay associated with the cpc
system (Aq, ¢1).
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Proof. The pair (L,x) : & — & is a morphism of correspondences (cf. [10]
Definition 2.3), and therefore the relations

L(¢(a)(m @z n)) = ¢1(x(a))L(m ®z n)
L(m ®zn)x(a) = L(m @z na).
hold for a,b,m,n € A,.

Let z € &;. Since the image of L contains the dense subspace A; ®,, A; of &,
it follows that the vector L(z) = 0 if and only if (L(z), L(y)),, = 0 for all y € &;.
Using the first relation above this is equivalent to x((z,y), ) = 0, or since 7 is
injective, m5((z,y), ) = m(x (z,y),,) = 0 for all y € &. This is equivalent to
(z,y) € kermz = I, for all y € &, or equivalently, € £;1,. Thus the kernel of L
is gc;glq.

The first equality above implies that the linear map U : £5/E51, — & defined
on the quotient £5/E51, via L is an isometry of Hilbert modules. Since L and
therefore U has dense range, it (and therefore also L) is surjective. Therefore U
is a unitary of correspondences. Il

Remark 6.5. We thank the referee for pointing out that this amounts to an ex-
ample of a general process which applies to a correspondence £ and a given ideal
K C J(&,) ([12] Section 5.1); here this process can be applied to the correspon-
dence £z over A,. Proposition 6.4 above along with Theorem 5.4 of [12] imply
that the ideal I, is the ‘reduction ideal’ (K) of [12], a recursively defined ideal
equalling the smallest Ez-invariant ideal in A, satisfying an additional condition.
We point out that this additional condition (for a correspondence £ and the ideal
Jg) appears in [141] as the definition of a E-saturated ideal.

Define ¥y, : K(Ez) — K(&1) by Yi(02y) = OL@),L@y) for z,y € E5. The surjec-
tivity of L implies ¥, is surjective. It follows from the morphism properties of L
(Proposition 6.4), and by verifying on the simple tensors in £z, that

U (k)oL= Lok for ke K(&;).

This identity, along with L o ¢(a) = ¢1(x(a)) o L for a € A, (from Proposition
6.4) yields

\IILO(b:(blOXOH Ktb
and therefore x(K,) C J(&).
Definition 6.6. For K C J(&,) an ideal and (T3,73) : &5 — O(K,,E5) the
universal representation of £; coisometric on K, set K = x(K,), an ideal of A,
contained in J(&).

The universal representation (1, 73) of £5 coisometric on K, determines a rep-
resentation (74, ) of & with image in C*(T5, 7). First set m : 4y — O(K,, E3)
as above, so 3 = 7y o ), and define T : & — O(K,, ) by

TyoL ="1T;.
This is a well defined linear map on &,, since

Ts(m @z n) = n3(m)T5(q @z p)mz(n) = m(x(m))T5(q @z p)m(x(n)).
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It is straightforward to check that (T1,m) : &, — C*(T3,75) = O(K,, &) is
a representation of £ coisometric on the ideal K.

Proposition 6.7. Let (A, ) be a cpc system and (Ay, 1) its associated cpc
system. For an ideal K C J(&,) then Ky C Jg,.

Proof. Let (T, 73) : €5 — O(K,, Ez) denote the universal representation of £z
coisometric on K,. It is enough to show that K; C ker((jﬁl)L since, as already
noted, x(K,) C J(&). For x(a) € K; where a € K;, and x(b) € ker ¢; where
b € A, it suffices to show that x(a)x(b) = 0, i.e., that ab € ker 7. However x(b) is
in the ideal ker ¢y, so x(ab) € ker ¢; and 0 = U, (¢1(x(ab)). The above identities
show that this is equal to

Uy (Vr(o(ab))) = Yror((@(ad)) = Y, ((#(ad)) = m5(ab)
the latter equality following from ab € K|, the ideal of coisometry for (15, 73). O

Theorem 6.8. Let (A, ) be a cpe system, (Ay, @) its augmented cpe system, K C
J(&,) an ideal, and (Aq, 1) the associated quotient cpc system. The universal
C*-algebra O(K,, E5) for representations of E coisometric on K, is isomorphic
to the universal C*-algebra O(K1,&) for representations of the correspondence
& coisometric on Ky, and O(K,E,) and O(Ky, &) are Morita equivalent C*-
algebras.

Proof. By Theorem 4.5 Morita equivalence follows once O(K,, £3) is shown to be
isomorphic to O(K1, & ).

Let (T3, m3) denote the universal representation (15, 73) : €5 — O(K,y, &) of
&5 coisometric on K. Since I, is the kernel of 73, the ideal in O(K, £5) generated
by m3(1,) is zero, and therefore the quotient of O(K,, £5) by this 0 ideal must be
O(Ky, E3). Applying the isomorphism part of Theorem 3.1 of [7], this quotient
algebra is isomorphic to O(K7, &;). O

The cpc system (Ay, 1) may be viewed as a natural extension of the initial cpc
system (A, ¢) which minimizes the extraneous free aspects of cpc system (A4, @).
There are many natural questions concerning the relationships of the cpc system
(A1, ¢1) to the cpc system (A, ), including, for example, conditions determining
it uniquely up to equivalence, that will be explored elsewhere.
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