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SECOND HANKEL DETERMINANT PROBLEM FOR SOME
ANALYTIC FUNCTION CLASSES WITH CONNECTED
K-FIBONACCI NUMBERS

H. OzLEM GUNEY, J. SOKOL, S. ILHAN

ABSTRACT. In this paper, we determine upper bound for the second Hankel
determinant in some classes of analytic functions in the open unit disc connected
with k-Fibonacci numbers Fj, (k > 0). For this purpose we apply properties of
k-Fibonacci numbers to consider second Hankel determinant problem for the class
SLF and KSLF. The results presented in this paper have been shown to generalize
and improve some recent work of Sokét et al. [18].
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1. INTRODUCTION
Let D = {z : |z| < 1} be the unit disc in the complex plane. The class of all analytic
o0

functions f(z) = z+ > a,z" in the open unit disc D with normalization f(0) =0,
n=2

f'(0) = 1is denoted by A and the class S C A is the class which consists of univalent
functions in . We say that f is subordinate to F' in D, written as f < F, if and
only if f(z) = F(w(z)) for some analytic function w, |w(z)| < |z|, z € D.

Recently, N. Yilmaz Ozgiir and J. Sokét [12] introduced the class SLF of starlike
functions connected with k—Fibonacci numbers as the set of functions f € A which
is described in the following definition.

Definition 1. Let k be any positive real number. The function f € A belongs to the
class SLF if it satisfies the condition that

2f'(z)  _
f(Z) <pk(2), ZE]D, (1)
where - .
i) = e EEVEE e @)

2,27

:1—]€TkZ—Tk 2
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Now we define the class KSLF as follows:

Definition 2. Let k be any positive real number. The function f € A belongs to the
class KSLE if it satisfies the condition that

2f"(2)
f'(z)

where the function py is defined in (2).

1+ < pr(z), 2 €D, (3)

For k = 1, the classes SLF and KSLF become the classes SL and KSL of shell-
like functions defined in [15], see also [16].

It was proved in [12] that functions in the class S£F are univalent in . Moreover,
the class SLF is a subclass of the class of starlike functions S*, even more, starlike
of order k(k? +4)~1/2/2. The name attributed to the class SL¥ is motivated by the
shape of the curve

C = {p(e") : te0,2m)\{r}}.

The curve C has a shell-like shape and it is symmetric with respect to the real axis.
Its graphic shape, for k = 1, is given below in Fig.1.

A

Jm

. ~ —2x z—1)2
Fig. 1. pl(et):y2:%.

For k < 2, note that we have
ﬁk <eiiarccos(k2/4)> _ k(k?2 _}_4)—1/2’

and so the curve C intersects itself on the real axis at the point w; = k(k? +4)~1/2,

Thus C has a loop intersecting the real axis also at the point wy = (k% + 4)/(2k).
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For k > 2, the curve C has no loops and it is like a conchoid, see for details [12].
Moreover, the coefficients of py are connected with k-Fibonacci numbers.

For any positive real number k, the k-Fibonacci number sequence {Fy,} °  is
defined recursively by

Fk,O =0, Fk71 =1 and Fk,nJ’,l = ka,n + Fk,nfl forn > 1. (4)

When k = 1, we obtain the well-known Fibonacci numbers F;,. It is known that the
n'"? k-Fibonacci number is given by

g ko) T

k,n \/m I
where 7, = (k — VA2 +4)/2. If pr(z) = 1+ D02 | Dk.nz", then we have
5}6,11 = (Fk,nfl + Fk‘,nJrl)TI?: n= 17 27 37 ceey (6)

()

see also [12].

o0
Lemma 1. [12] If f(2) = 2+ 3. an2™ belongs to the class SLF, then we have
n=2

lan| < 7" Frm (7)

where i, = (k — Vk? +4)/2. Equality holds in (7) for the function

(k= VR Dk ,

B +1
5 + (k*+1)

(8)

((k—\/l;2+4)k+1> E

Let P(53), 0 < 8 < 1, denote the class of analytic functions p in D with p(0) =1
and Re{p(z)} > (. Especially, we use P(0) =P as 8 = 0.
In [12], they proved the following theorem:

Theorem 2. Let {F},,} be the sequence of k-Fibonacci numbers defined in . If

~ 1 +7’,§z2 >
z) = =1+ zn’ 9
Ph(z) = T — ;pn 9)

— 2
where 7, = £ é“ 4 2 e D, then we have

Pn = (Fen-1+ Fent1) T, n=123,.... (10)
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We will use the following lemma for proving our main result.
Lemma 3. [13] Let p € P with p(z) = 1+ c12 + o2 + - - -, then
len] < 2, for n > 1. (11)

If le1| = 2, then p(z) = p1(2) = (1 4+ 22)/(1 — x2) with v = F. Conversely, if
p(2) = p1(z) for some |x| =1, then ¢; = 2x. Furthermore, we have

2 2
o |c1]
- =<2 - —. 12
2= 5| < 5 (12)
2
If |e1] < 2, and ‘02 - %1‘ =2- %, then p(2) = pa2(2), where
1+ 2wz + z(wz + x)
p2(2) = ——= :
1+ 2wz — z(wz + x)
_? 2
and z =%, w= ii{"lcf‘; and |co — 3| =2 — %
Lemma 4. ([9]) Let p € P with coefficients ¢, as above, then
lc3 — 2¢1c0 + 3] < 2. (13)

In 1976, Noonan and Thomas [10] stated the s Hankel determinant for s > 1
and ¢ > 1 as

aq aq+1 e aq+5_1
a Qa .
— q+1 q+2
Ho(q)=| A , (14)
Ag4-s5—1 e e aq+2(s,1)

where a1 = 1.

This determinant has also been considered by several authors. For example,
Noor [11] determined the rate of growth of Hs(q) as ¢ — oo for functions f in
S with bounded boundary. Ehrenborg in [3] studied the Hankel determinant of
exponential polynomials. The Hankel transform of an integer sequence and some of
its properties were discussed by Layman in [8]. Also, several authors considered the
case s = 2. Especially, Ho(1) = az — a3 is known as Fekete-Szegd functional and this
functional is generalized to ag — a3 where j is some real number [4]. Estimating for
an upper bound of |Hz(1)| is known as the Fekete-Szegd problem. Raina and Sokét
considered Fekete-Szegd problem for the class S£ in [14] and for the class SL£* in
[17]. In 1969, Keogh and Merkes [7] solved this problem for the classes S* and C.

164



H. Ozlem Giiney, J. Sokét, S. Tlhan — Second Hankel determinant problem . ..

The second Hankel determinant is Hz(2) = asay — a3. Janteng [5] found the sharp
upper bound for |H3(2)| for univalent functions whose derivative has positive real
part. In [6] Janteng et al. obtained the bounds for |H2(2)| for the classes S* and C.
Also, Sokét et al. considered second Hankel determinant problem for the classes SL

and KSL in [18].

2. THE SECOND HANKEL DETERMINANT PROBLEM

Let we prove the coefficient bound of the function in the class KSLF as follows:

Theorem 5. If f(z) = z+ 3. a,2" belongs to the class KSLF, then we have

n=2

n—1
F;
(0] < [T Fln ke

where i, = (k — Vk? +4)/2. Equality holds in (7) for the function

1 1+ 2

= lo .
1—1—713 gl—ﬁfz

fr(2)

Proof. A function f is in the class KSL" if and only if the function

9(2) = 2f'(2)

is in the class SL*. The relations (17) follows (3). Therefore, if

2f'(2) =z + Znanz” (z e D)
n=2

(15)

(16)

(17)

(18)

belongs to the class SL¥, then from Lemma (1), we can write |na,| < |7x|" "' Fj, .,
which implies (15). The equation (16) is such that z f/(z) = gi(z) where the function
gk is given in (8), and so from (17), it follows that f, € KSLF. Also, by (8) we have

= |7 F,
felz) =2+ " (z€D).
n=2

Consequently, the result (7) is sharp.

In [17], Sokol et. al proved the following coefficient bounds:
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Theorem 6. If p(z) = 1+ p1z +p2z? + -+ and

(2) < Ful2) = 1+ 7722 k—VEk2+4 D
p# pkz_l—kaz—ngTTk_ 2 ' ’
then we have
(\/k2+4—k:)k:
il < s (20)
and
k—VE2+4)k
|p2\g(k2+2){( 5 )+1}. (21)

The above estimations are sharp.

Now, our first main result (Theorem 7 below) gives an upper bound for the
coefficient ps.

Theorem 7. If p(z) =1+ p1z +p22* + -+ and

(2) < 7 (2) 1+ 7722 E—VEZ+4
z z = }7’ :7’
P Ph 1 — krz — 7722 F 2

zeD,

then we have

3
@_k} : (22)

ps| < (k° + 3k) {

The above estimation is sharp.

Proof. If p < D, then there exists an analytic function w such that |w(z)| < |z| in
D and p(z) = pr(w(z)). Therefore, the function

1
h(z) = JZE?; =1l4+cz+cz+--- (2€D)
is in the class P. It follows that
2 2
w(z)—C;Z+<CQ—C21>Z2+--- (23)
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and

o) =145 {4 (=) 2 Vg, {a2 (- a) 2,
z — i - = J— i Co — — JE—
brlw Pk,1 B C2 B B Pk,2 5 2 9 5
+Prsd = )2, AL
C — — c—cc —_— — .« .. .« ..
Prs\ 25 )5 st )
Pk1c1 1 c?
=14+—=— = _a Dk,1 + C1pk2 2
2 2
1 3 c] c3
+{2<63—C1C2+4>Z3k1+2c1<c2—2>pk2+8pk3}23+"‘

— p(2). (24)

From (6), we find the coefficients py, ,, of the function pj given by

Pk = (Fron—1+ Flnt1)7h

This shows the relevant connection p; with the sequence of k-Fibonacci numbers

[e.9]
2)=1+ Zﬁkmz"
n=1

=1+ (Fo+ Fe2)kz + (Fip + Fra)mez? + -+
=1+ krpz + (k2 +2)122% + (B> + 3k)r2 2% 4+ -+ . (25)

If p(2) =1+ p1z + paz? + - -+, then by (24) and (25), we have

k
P1= 73617 (26)
kg c? (k% +2)
P2 = 7 (CQ — 21> + TC%T]? (27)
and
ke c (k*+2) c (k3 + 3k)

p3 = 5 <03 —cieg + 41> + Tcl co — 51 7‘,3 + TC?T]?. (28)

We know that
7 (k — 1) = —1, (29)
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where 7, = k—vk=+4 V2k2+4.
Now taking absolute value of (28) and using (29), we can write

k 3 k2 42 2 k3 + 3K) .
lps| = %<0376102+%>+( 2+ )61 <627%1 Ter('%)cfﬁz
kT c3 k2 42 c? k3 + 3k
= 7k<03—6102+f)+( 3 )01 02—?1 (k7k+1)+%0?((k2+1)7k+k)

1 3 (k® + 2K3 — 4k) c2 (K5 + 4k3 + 2k)
= — (e3 — 2¢q1c0 + ¢ k— — ¢ cg—— |+ ——————cjc T
‘{2(3 1¢2 1) 4 1 2 2 1 1¢€2 k

k2 42 2 k(K3 + 3k
+{gq < _ :1) LGS ONNE
2 2 8

From (2) and (5), we find that

T Frn . Frna
VRneEN, o= =2 — 2, Tpn =, lim 2 = |7 (30)
Fk,n Fk,n n—co Fk,n

Therefore, we have

1 (k® 4 2k3 — 4k) c? (k% + 4k3 + 2k) T
_ = R 3 _ o\ e R _ 1 AL k
|p3| = H 2 (Cs 2cyec2 + Cl) k 1 c1 |2 3 + " ciecg From

1 . —k* — k% 4+ 4) + (K® + 2k3 — 4k)z c?
+ {*5 (63 —2cien +C‘13) kzg,n + ( (4 ATLIPSY (o ;1

k(K3 4 3k) — (K° + 4k + 2k)zk
+ 1 —cCc1CQ

1 5 (k® 4 2k3 — 4k) e? (k5 + 4K3 + 2k) |75 |™
<|q—-(ez —2cieca+cj)b————c1 |2 — — | + ————ci1c —_—
_Hz(s 1¢2 1) 1 1|c2 > " 1c2 o

(=k* — k2 +4) + (K° +25% —dk)ay ( c%)
cy | e — ;

1
3
2(63 20102+61)"«‘Ek,n+ n
k(K3 4 3k) — (K° + 4k 4 2k)z
—cie2
4
1 5 (k% + 2K3 — 4k) c2 (K® + 4k3 + 2k) |75 ™
<|q—-(ez—2cieca+c¢cj)b— ————c1 |2 — = | + ————ci1c _—
= ’{2 ( 3 1¢€2 1) 4 1 2 2 1 1¢€2 m
k [(—k* — k2 +4) 4+ (K° + 2k — 4k)zy, | c2
+5\C3—2c162+c?\x;€m+ 1 ey | c’z*;1

le1llez2]

N [k(k3 + 3k) — (k® + 4Kk3 + 2k)xy, |
4

By (30), for sufficiently large n we have
Vk, |k(k3 4 3k) — (K° + 4k3 4 2k)2p | = (K° + 463 + 2k) g, — k(K3 4 3k)

and

VE, [(—k* — k% +4) 4+ (K° + 2k3 — 4k)zy | = (—k* — k? +4) + (K5 + 2K — dk)ay, .
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Therefore, from (11), (12) and (13) we can write for sufficiently large n

1 . kS + 2k% — 4k 2 K5 + 4k® 4 2k
{E(CS,QCIQNQM%Q <C2,%1 +%C1C2

|75 ™

Fi,n

Ipa| <

le1]

N {kmk N [(—k* — k2 4+ 4) + (K° + 2k3 — 4k)zy, | + [k(KS + 3k) — (K° + 4k + 2K)zy, 4|
’ 2

[(—k* — k2 +4) + (k° + 2k3 — 4k)zp | e ‘3}
- 1
8

_ % 63*2C1C2+Cl k—<kd+2}z374k)c1 <627§>+(k5+4i3+2k)6102} %
+{ —k* — k2 4 4) + (K5 4 2k — dk)ay ., + (KD + 4k3 4 2k) g, ,, — k(KD +3k)‘ "
2
(= —k2+4)+(k"+2k3—4k)zkn‘ I3}
8
_ {%(63_20102_’_6?)]6_ (k5+2/z3_41€)c1 (@—%) N (k5+41;3+2k)6102} %

(—2k* — 4k? 4 4) + (2k® 4 6K3 — 2k)zy,.
+{k1'k,n+ By

2

(—k* — k2 4+ 4) + (kK° + 283 — dk)ay, e lg}
_ LS
8

Denote

—2k* — 4k + 4) + (2% + 6K® — 2k)ay
le1] = v, f(y):{kq:kar( ) 2( )Tk, )

(—k* — k2 +4) + (K5 + 2k — 4k) 2y, 3}
Y

0,2].
g , y€l0,2]

It is easy to check that f'(y) > 0 for y € [0,2] and for sufficiently large n. Since
then, for sufficiently large n, we have

max {f(y)} = (K° + 4Kk® + 3k)xp, — k(K> + 3k) at y = 2.
ye

Therefore, we have

lim max {f(y)} = (k° + 4k> + 3k)| 7| — k(K> + 3k)
n—o0 yg[o 2]

(k% 4+ 1) |7 — k)(k> + 3k)

(
= (K* + 1)(K® 4 3K) || — k(K® + 3k)
= (
= (K + 3k) ||
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Hence, we get

) |k® + 2K3 — 4k| + k® + 4k + 2k
lim k +

n—oco

|k° + 2% — 4k g\ I7sl™
B le1] — 8 le1] T
<, M
[(—k* — k2 4+ 4) + (k° + 2k% — dk)zy | + [k(KS + 3k) — (K° + 4k® + 2K)zy, | |
c1
2

+{k93k,n + |

[(—k* — k2 +4) + (k° + 2k% — 4k)zp p | e ‘3}]
- 1
8

= (k® + 3K) |73, |°

x/k2+4—k}3

P S
= (k +3k){ .

which shows that

3
Vk2+4—-Fk

|p3\§(k3+3k){z }

If we take

14z

hz) 1-=2

=1+22+222+...,

3
then putting ¢; = c2 = c3 = 2 in (28) gives p3 = (k3 + 3k) {7”“22“7’“} and it shows

that (22) is sharp. It completes the proof.
Conjecture. If p(z) =1+ p1z +p2z? +---, and p < p, then

|pn| S (Fk,n—l + Fk,n+1)|7—k’n7 n = 172737 ey

where Fj, o =0, Fi1 =1 and Fj 41 = kFjp + Fj p—1 for n > 1 is the k-Fibonacci

sequence. This bound would be sharp for the function (25).

This conjecture has been just verified for n = 3 in last Theorem (7), while for

n = 1,2 it was proved in [17].
Theorem 8. If f(z) = z + apz® + ... belongs to SLF, then

|azay — a3| <

4
2k4+6k2+3{\/k2+4—k}
3 2 '

Proof. For given f € SL¥, define p(z) = 14 p1z +p3z% +---, by

2f'(2)
f(2)

= p(2)
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where p < p. Hence

2f'(2)

15 =14 agz + (2a3 — a3)2® + (3a4 — 3asaz +a3)23 + - =1+ prz+paz? +---
z
and )
_ P+ Dpe P+ 3pip2 + 2p3
a2 =p1, a3 = —F7, A4 = .
2 6
Therefore,
2 1 4 2
asay — az = ﬁ(—pl + 4p1p3 — 3p3). (32)
Using Theorem (6) and Theorem (7), we obtain
2 1 4 2
lagay — a3| = E(_pl + 4p1ps — 3p3)
1
<5 (Ipal* + 4lp1llps| + 3lp2/?)
([ (VR Ak (VP+a-k)k vETi-1’
< — 4 v TATh
=12 2 + 2 (k" + 3k) 2
2
k—VkZ+4)k
+3((k:2+2)2{( i +1}
4
2k 4 6k*+3 [ VEP+4—k
- 3 5 .
Conjecture. If f(z) = z 4 agz? + ... belongs to SL¥, then
4
VE2+4 -k
lagay — a3] < {—;} . (33)

The bound is sharp.

Theorem 9. If f(z) = z + azz® + ... belongs to KSLF, then

|azay — a3| <

36 2
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Proof. For given f € KSLF, define p(z) =1+ p1z + p322 +---, by

zf"(z) 2.2
1 = =1
+ f,(Z) p(’z) +p12+p22 + I
where p < p in U. Hence
zf"(2) _ 42Y.2 _ 3y,3 _ 2.2

1+ ) 14-2a22+(6az—4a3)z“+(12a4—18aza3+8ay)2°+- - - = 14+p1z+py2°+- - -
and ) 5

i Py D2 Pyt 3pip2 + 2p3

ag = — a3 = ay = .

2’ 6 = 24
Therefore, using Theorem (6) and Theorem (7), we obtain

4
%#+%?+4{«M+4k}
36 9 '

|azas — aj| <

Especially, if we take £ = 1 in Theorem (8) and Theorem (9), we obtain the
results of Sokdl et al. in [18]as follows:

Corollary 10. If f(2) = 2z + a2z + ... belongs to SL, then

4
11 —1
lagay — a3| < 3 { \/52 } . (34)
Corollary 11. If f(z) = z + a2z + ... belongs to KSL, then
s (v5-1)"
y@M—aagg{ ;‘}. (35)
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