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Abstract. The purpose of the present paper is to study the properties
of the ν-curvature tensor in C-reducible Finsler space and conformal ν-
curvature tensor in C3-like Finsler space Fn of dimension (n ≥ 4), in
which the conformal Cartan torsion tensor Cijk is said to be a conformal
C3-like Finsler space.

1 Preliminaries

Let Fn = (Mn, L) be a Finsler space on a differential manifold M endowed
with a fundamental function L(x,y).

AMS 2000 subject classifications: AMS Subject Classification (2000): 53B40, 53C60
Key words and phrases: Finsler space, C-reducible, C3-like, ν-curvature tensor

101



102 S.K. Narasimhamurthy, S.T. Aveesh, P. Kumar

We use the following notations [2, 6]:

a) gij =
1

2
∂̇i∂̇jL

2, gij = (gij)
−1, ∂̇i =

∂

∂yi
,

b) Cijk =
1

2
∂̇kgij, Ck

ij =
1

2
gkm( ˙∂mgij),

c) hij = gij − lilj, hi
k = δi

k − lilk,

d) mi = bi − βL−1li, (1)

e) Ch
ijlh = 0,

f) hi
kmi = mk,

g) limi = 0,

where li, mi and ni are the unit vectors, and hij is a angular metric tensor.

Definition 1 Let Fn = (Mn, L(x, y)) and F
n

= (Mn, L(x, y)) be two Finsler
spaces on the same underlying manifold Mn. If the angle in Fn is equal to
that in F

n
for any tangent vectors, then Fn is called conformal to F

n
and the

change L → L = eσL of the metric is called a conformal change and σ(x) is a
conformal factor.

Example 1 We consider a Finsler space Fn = (Mn, L(α, β)), where α is a
Riemannian metric, β is a 1-form and a conformal change L(α, β) → L =

eσ(x)L(α, β). Since L(α, β) is assumed to be (1)p-homogeneous in α and β,
we get L = L(α, β), where α = eσ(x)α and β = eσ(x)β. Thus the conformal
change gives rise to the change (α, β) −→ (α, β) = (eσ(x)α, eσ(x)β) of the pair
(α, β) independently of the form of the function L(α, β). Thus we also get
the conformal change α → α = eσ(x)α of the associated Riemannian space
Rn = (Mn, α).

Under the conformal change, we get the following relations [3, 4]:

a) gij = e2σgij, gij = e−2σgij,

b) Cijk = e2σCijk, C
i

jk = Ci
jk, C

i

ik = Ck = Ci
ik = Ck,

c) l
i
= e−σli, li = eσli, yi = e2σyi, (2)

d) hij = e2σhij, h
i

j = hi
j,

e) L = eσL,

f) mk = eσmk.
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Definition 2 ([1]) A Finsler space is said to be C-reducible if it satisfies the
equation

Cijk = (Cihjk + Cjhki + Ckhij)/(n + 1). (3)

Definition 3 A conformal Finsler space F
n

is said to be a semi-C-reducible
conformal Finsler space if Cijk is of the form,

Cijk = e2σ

[

p

(n + 1)
{hijCk + hjkCi + hkiCj} +

q

C2
CiCjCk

]

.

There are three kinds of torsion tensors in Cartan theory of Finsler space Fn.
Two of them are (h)hν-torsion tensor Cijk and (ν)-torsion tensor Pijk, which
are symmetric in all its indices. It is obvious that Fn is Riemannian if the
tensor Cijk vanishes. For a three dimensional Finsler space F3, Cijk is always
written in the form [5]

LCijk = Hmimjmk − JU(ijk){mimjnk} + IU(ijk){minjnk} + Jninjnk, (4)

where U(ijk){} denotes the cyclic permutation of the indices i, j, k and addition
H, I and J are main scalars; we assume that they are invariant under conformal
change and (li, mi, ni) is Moor’s frame. Here li = ∂̇iL is the unit vector along
the element of support, mi is the unit vector along Ci, i.e., mi = Ci/C, where
C2 = gijCiCj and ni is a unit vector orthogonal to the vector li and mi.

Example 2 The C-reducible Finsler space (3) it is written for a three dimen-
sional case as

4Cijk = hijCk + hjkCi + hkiCj. (5)

The unit vector mi = Ci

C
is orthogonal to li, because Ciy

i = 0. Therefore
equation (5) can be written as

4LCijk = LC [3mimjmk + {mimjnk + minjmk + nimjmk}] , (6)

comparing equations (4) and (6) we have, 4H = 3LC, LC = (H + I) and
J = 0. So we get H = 3I. Conversely, H = 3I and LC = H + I lead to
the above. Therefore the necessary and sufficient condition for C-reducible is
H = 3I, LC = (H + I) and J = 0.

Under conformal change, equation (4) can be written as,

LCijk = Hmimjmk − JU(ijk){mimjnk} + IU(ijk){minjnk} + Jninjnk (7)
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Suppose H, I and J are conformal invariants, then equation (7) reduces to

LCijk = e3σLCijk.

The angular metric tensor hij in F3 can be written as [5]

hij = mimj + ninj. (8)

Under conformal change, equation (8) can be written as

hij = mimj + ninj,

hij = e2σ(mimj + ninj).

After simplification, equation (7) can be written as

Cijk = U(ijk)(hijak + CiCjbk), (9)

where

ak =
1

L

{

Imk +
J

3
nk

}

,

bk =
1

LC
2

{(

H

3
− I

)

mk −
4J

3
nk

}

.

Then – by using (2(e),(f)) – the above equation becomes

ak =
1

L

{

Imk +
J

3
nk

}

,

bk =
e2σ

LC2

[(

H

3
− I

)

mk −
4J

3
nk

]

.

Substitute ak and bk in (9), we get,

Cijk = U(ijk)(e
2σhijak + e2σCiCjbk),

Cijk = e2σU(ijk)(hijak + CiCjbk). (10)

The equation (10) can also be written in the form of

C
i

jk = e2σU(ijk)(hjkai + CjCkbi). (11)

A Finsler space Fn (n ≥ 4) is called a C3-like conformal Finsler space if there
exist two vector fields ak and bk, which are positively homogenous of degree
-1 and +1, respectively.
The purpose of the present paper is to find the ν-curvature tensor of the
conformal Finsler space F

n
when it satisfies (10).



On ν-curvature tensor of C3-like conformal Finsler space 105

2 Properties of C3-like conformal Finsler space

Let Cijk be the indicatory tensor and contract equation (10) with gjk, we get

Cijkgjk = e2σ(hijak + CiCjbk + hjkai + CjCkbi + hkiaj + CkCibj)g
jk,

Ci = (CiCb + (n + 1)ai + C2bi + CiCb),

Ci − 2CiCb = ((n + 1)ai + C2bi),

Ci(1 − 2Cb) = (n + 1)ai + C2bi, (12)

where Cb = Cib
i.

Lemma 1 The three vectors ai, bi, Ci are linearly dependent vectors.

Contracting (12) with Ci, we get

(1 − 2Cb)CiC
i = (n + 1)aiC

i + C2biC
i,

(1 − 2Cb)C2 = (n + 1)Ca + C2Cb,

(1 − 2Cb)C2 − C2Cb = (n + 1)Ca,

(1 − 3Cb)C2 = (n + 1)Ca.

Lemma 2 If Ci is perpendicular to bi, then Ca = C2

(n+1)
, and if Ci is perpen-

dicular to ai, then Cb = 1
3
.

Now equation (12) can be written as

bi =
(1 − 2Cb)Ci

C2
−

(n + 1)ai

C2
. (13)

Substitute (13) in equation (10), we get

Cijk = e2σU(ijk) {hijak + CiCjbk} ,

Cijk = e2σU(ijk)

[

hijak + CiCj

{
(1 − 2Cb)Ck

C2
−

(n + 1)ak

C2

}]

,

Cijk = e2σU(ijk)

{

hijak −
(n + 1)

C2
CiCjak

}

+ e2σ3(1 − 2Cb)

C2
CiCjCk.

If ai is parallel to Ci, i.e. ai = p
n+1

Ci, where p is some scalar, then Cijk

reduces to

Cijk = e2σ p

(n + 1)
{hijCk + hjkCi + hkiCj} −

e2σ3P

C2
CiCjCk +

+
e2σ3(1 − 2Cb)

C2
CiCjCk,
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Cijk = e2σ p

(n + 1)
{hijCk + hjkCi + hkiCj} +

3e2σCiCjCk

C2
(1 − 2Cb − P),

Cijk = e2σ

[

p

(n + 1)
{hijCk + hjkCi + hkiCj} +

q

C2
CiCjCk

]

,

where q = 3(1 − 2Cb − p). Hence we state:

Theorem 1 A C3-like conformal Finsler space reduce to a semi-C-reducible
conformal Finsler space if the vectors ai and bi are parallel to Ci.

3 The ν-curvature tensor of C-redusible Finsler space

The ν-curvature tensor Shijk of Fn is given by

Shijk = ChkrC
r
ij − ChjrC

r
ik. (14)

Using (3), the above equation can be written as

Shijk = [CiCjhhk + ChCkhij − CiCkhhj − ChCjhik]/(n + 1)2. (15)

Therefore equation (15) reduces to,

Shijk = Ci[Cjhhk − Ckhhj]/(n + 1)2 + Ch[Ckhij − Cjhik]/(n + 1)2. (16)

Contracting (16) with respect to yi, and after some simplification, we get

0 = Ch[Ckyj − Cjyk]/(n + 1)2,

Ckyj = Cjyk. (17)

Theorem 2 The C-reducible Finsler space and ν-curvature tensor Shijk sa-
tisfies the symmetric property and it holds (17).

Corollary 1 Under conformal change, the C-reducible condition and υ-curvature
tensor also satisfy property (17).

Example 3 Let Tij be a tensor of (0,2)-type of a two dimensional Finsler
space and Tαβ be scalar components of Tij with respect to the Berwald frame:

Tij = T11lilj + T12limj + T21milj + T22mimj.

If Tij is symmetric, we have T12 = T21, and if Tij is skew-symmetric, then
T0j = 0, Tij = 0; therefore, by this condition, the υ-curvature tensor Shijk of
CΓ of any two dimensional Finsler space vanishes identically.
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4 The ν-curvature tensor of C3-like conformal Finsler

space

Under conformal change, equation (14) can be written as,

Shijk = e2σ[ChkrC
r
ij − ChjrC

r
ik],

using (10), (11), the above equation becomes

Shijk = e2σ [{hhkar + ChCkbr + hkrah + CkCrbh + hrhak + CrChbk} ×

{hija
r + CiCjb

r + hr
jai + CjC

rbi + hr
iaj + CrCibj} −

{hhjar + ChCjbr + hjrah + CjCrbh + hrhaj + CrChbj} ×

{hikar + CiCkbr + hr
kai + CkCrbi + hr

iak + CrCibk}] .

After some simplification and rearrangement, we get the following equation:

Shijk = e2σ

[{

hhk

(

a2

2
hij + aiaj + CiCjarb

r + (Cibj + Cjbi)Ca

)}

×

{

hij

(

a2

2
hhk + ahak + ChCkarb

r + (Ckbh + Chbk)Ca

)}

−

{

hhj

(

a2

2
hik + aiak + CiCkarb

r + (Ckbi + Cibk)Ca

)}

×

{

hik

(

a2

2
hhj + ahaj + ChCjarb

r + (Cjbh + Chbj)Ca

)}

+

C2(Cibh − Chbi)(Ckbj − Cjbk)
]

.

The above equation can be rewritten in the form:

Shijk = e2σ[hhkBij + hijBhkl − hhjBik − hikBhj

+C2(Cibh − Chbi)(Ckbj − Cjbk)], (18)

where Bij = a2

2
hij + aiaj + CiCjarb

r + (Cibj + Cjbi)Ca.

Theorem 3 The conformal ν-curvature tensor Shijk on a C3-like conformal
Finsler space reduces to equation (18).
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