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Abstract. The purpose of the present paper is to study the properties
of the v-curvature tensor in C-reducible Finsler space and conformal v-
curvature tensor in C3-like Finsler space F™ of dimension (n > 4), in
which the conformal Cartan torsion tensor Eijk is said to be a conformal
C3-like Finsler space.

1 Preliminaries

Let F* = (M™ L) be a Finsler space on a differential manifold M endowed
with a fundamental function L(x,y).
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We use the following notations [2, 6]:

T.: 5 ; O . d

a) gy = iala]l— y gl) = (gl)) ) ai = ayi»
1. 1 i

b) Ciyk = iakgij) C]fj = Egkm(amgij)»
c) hi; = gy — Lil, L=0k -,
d)  mi=bi—pL L}, (1)
e) Chlp=0,
f) h,imi = My,
g) lm;=0,

where 1i, mi and n; are the unit vectors, and hy; is a angular metric tensor.

Definition 1 Let F* = (M™, L(x,y)) and F' = (M™, L(x,y)) be two Finsler
spaces on the same underlying manifold M™. If the angle in F™ is equal to
that in F for any tangent vectors, then F™ is called conformal to F" and the
change L — L = e°L of the metric is called a conformal change and o(x) is a
conformal factor.

Example 1 We consider a Finsler space F* = (M™, L(«, B)), where o« is a
Riemannian metric, B is a 1-form and a conformal change L(o, ) — L =
e"™ML(«, B). Since L, B) is assumed to be (1)p-homogeneous in o and P,
we get L = L(&, B), where ® = e°™a and p = e®XpB. Thus the conformal
change gives rise to the change (o, ) — (&, B) = (e M«, e®™B) of the pair
(«, B) independently of the form of the function L(x,B). Thus we also get

the conformal change x — & = e ™« of the associated Riemannian space
R* = (M" «).

Under the conformal change, we get the following relations [3, 4]:

a) gy = e*°gy, g)=e *°gY,

b)  Ciyk = e*Cyx, dk = Ch, Cij = Ci=Cl = Cy,

) T =e°l Li=el, b =e*y, (2)
d  hy=ehy,  Ry=h

e) L=¢e"L,

f) mg = e“my.
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Definition 2 ([1]) A Finsler space is said to be C-reducible if it satisfies the
equation
Cijx = (Cihji + Cjhyq + Cxhyy) /(n +1). (3)

Definition 3 A conformal Finsler space F" is said to be a semi-C-reducible
conformal Finsler space if Cijx is of the form,

Cﬁk = % 7(‘“3_ ”{hﬁCk + hjkCi + hkic)'} + %CiCjCk .
There are three kinds of torsion tensors in Cartan theory of Finsler space F™.
Two of them are (h)hv-torsion tensor Cyy and (v)-torsion tensor Pij, which
are symmetric in all its indices. It is obvious that F™ is Riemannian if the
tensor Cyjx vanishes. For a three dimensional Finsler space F3, Cyjk is always
written in the form [5]

LCiji = Hmimymye — Jgolmimimud + I o imimmad + JTninymy, (4)

where i i5){} denotes the cyclic permutation of the indices i, j, k and addition
H, I and J are main scalars; we assume that they are invariant under conformal
change and (li, mi, ny) is Moor’s frame. Here 1; = a.iL is the unit vector along
the element of support, my is the unit vector along Cj, i.e., my = C;/C, where
CcZ= gﬁCiCj and ny is a unit vector orthogonal to the vector l; and m;.

Example 2 The C-reducible Finsler space (3) it is written for a three dimen-
sional case as
4Cﬁk = hi]-Ck + h,-kCi + hkiCj. (5)

The unit vector my = % is orthogonal to li, because Ciyt = 0. Therefore
equation (5) can be written as

4LCyx = LC [Smimjmk + {mimjnk + minymy + mmjmk}] , (6)

comparing equations (4) and (6) we have, 4H = 3LC, LC = (H + 1) and
] = 0. So we get H = 31. Conversely, H = 31 and LC = H + I lead to

the above. Therefore the necessary and sufficient condition for C-reducible is

H=3I, LC=(H+1) and ] =0.

Under conformal change, equation (4) can be written as,

LCyjx = Hmyimymy — Jo{mimmi) + WMy + Jumme (1)
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Suppose H, I and J are conformal invariants, then equation (7) reduces to
LCijk = e>°LCijy.

The angular metric tensor hyj in F3 can be written as [5]
hy = mymy + nyn;. (8)

Under conformal change, equation (8) can be written as

hy = mymy +nym;,
™ 2
]’L’Lj = e G(mimj + TliTLj).

After simplification, equation (7) can be written as

Cijk = Uiji (hyyax + CiCjby), 9)

where

—
w

10 _
ax = {Imk—I—]nk},

B = — H_ T)my— ﬂﬁ
Kk = 2 3 k3 e
Then — by using (2(e),(f)) — the above equation becomes
_ 1 J
ax = T {Imk + Snk} ,
b = e [(H_ [)myg— ﬂn
T Ler|\3 AL
Substitute @, and by in (9), we get,

ik = ﬂ(ijk)(ezghﬁak+QZGCiCibk)»

gk = e® Ui (hijax + CiCiby). (10)

Ol O

The equation (10) can also be written in the form of

Ci = €™ (hjeal + C;CybY). (11)
A Finsler space F™* (n > 4) is called a C3-like conformal Finsler space if there
exist two vector fields ay and by, which are positively homogenous of degree
-1 and +1, respectively.
The purpose of the present paper is to find the v-curvature tensor of the
conformal Finsler space F when it satisfies (10).
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2 Properties of C3-like conformal Finsler space

Let Cyjx be the indicatory tensor and contract equation (10) with gk, we get
éijkgjk = ezg(hﬁ ax + CiCjbk + hjkai + C)'Ckbi + hkia]- + CkCib]‘)gjk,
Ci = (CiCp+ (n+1)ai+ C%bi+ C'Cy),
Ci — ZCiCb = ((Tl + 1)(11 + Czbi),
Ci(1-2Cp) = (n+1)ay+ C?by, (12)
where Cb = Cibi.
Lemma 1 The three vectors ai, by, Ci are linearly dependent vectors.

Contracting (12) with C!, we get

(1—2Cy)CiCY = (n+ 1)a;Ct+ C%b;CH,

(1—2Cp)C? = (M+1)Cq+ C2Cy,
(1—2Cp)C2—C?C, = (n+1)Cq,

(1—3Cp)C? = (n+1)Ca

Lemma 2 If C; is perpendicular to by, then Cq = (ncij), and if Cy is perpen-

dicular to ai, then Cy = %
Now equation (12) can be written as

(1-2Cp)Ci  (n+1ay
b; = o2 o o2 L. (13)

Substitute (13) in equation (10), we get

Cyx = €™ Ui {hyak + CiCibyl,

= 2 (1—2Cb)Ck (n—l—])ak
Cijk = e Gﬂ(ijk) |:hija—k+ CiCj { c2 — c2 ,
= n+1 3(1—-2C
Cyx = ezcu(ijk) {hi)'ak — (Cz)cicjak} + ezc’(czb) CiC;Cx.
If a; is parallel to Cj, i.e. a; = 77121 Ci, where p is some scalar, then Eijk
reduces to
20
= p e“°3P
Cyx = 6267(11 7 ){hijck + hCi + hyi G5 — ?CiC]-Ck +

203(1 - 2C
L e ( b)

2 CiC;Cy,
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3626(:1(:]' Ck

Ciyx = QZGL{hﬁCk + hyCi 4+ i G + oz (1—-2Cp—P),

n+1)

Cije = e (np%”{hijck + hjCi + i G} + %CiCjCk )

where ¢ = 3(1 — 2Cy, — p). Hence we state:

Theorem 1 A C3-like conformal Finsler space reduce to a semi-C-reducible
conformal Finsler space if the vectors a; and by are parallel to Cj.

3 The v-curvature tensor of C-redusible Finsler space

The v-curvature tensor Sy;jk of F™* is given by
Shijk = ChirCij — Cjr Gl (14)
Using (3), the above equation can be written as
Shijk = [CiCihnk + CrCihij — CiCxhpj — CpCihud/(n+1)2 (15)
Therefore equation (15) reduces to,
Shijk = Ci[Cihnk — Chpgl/(n + 1)2 4 CplCyhy; — Cihyd /(n + 1)2. (16)
Contracting (16) with respect to yt, and after some simplification, we get

0 = CrlCry;— Cjurl/(n+ 1),
Cwy; = Gy (17)

Theorem 2 The C-reducible Finsler space and v-curvature tensor Snijk sa-
tisfies the symmetric property and it holds (17).

Corollary 1 Under conformal change, the C-reducible condition and v-curvature
tensor also satisfy property (17).

Example 3 Let Ty be a tensor of (0,2)-type of a two dimensional Finsler
space and Ty be scalar components of Ty with respect to the Berwald frame:

Ty = Tl + Toolimy + Toymgly + Toomym,.

If Ty is symmetric, we have T2 = T2y, and if Ty is skew-symmetric, then
To; = 0, Ty = O; therefore, by this condition, the v-curvature tensor Syik of
CT' of any two dimensional Finsler space vanishes identically.
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4 The v-curvature tensor of C3-like conformal Finsler
space

Under conformal change, equation (14) can be written as,

ghijk = ezo-[cher{j_ChjrC{k]a

using (10), (11), the above equation becomes

Shijk = €2 [{(hnkar + ChCiby + hyran + CrCrby + hynay + CrCrby} x
{hya" + CiCjb" + hja; + C;C™b; + hia; + C'Cibj} —
{hnjar + CrCjby + hyjran + C5Crbn + hynaj + CrCrbj) x
{hyxa" + C;Cyb" + hﬁai + CxC™b; + h{ak + C'CibyJl.

After some simplification and rearrangement, we get the following equation:

- 2
Shijk = 62(y |:{hhk (C;hij + aia,- + CiC]-arbr + (Cib]' + C]-bi)Ca) } X

2
hy; <(;hhk + apag + ChCrarb" + (Cyxby + Chbk)Ca> } —

2
{hhj <azhik + ajax + CiCra,b" + (Cybi + Cibk)Ca> } X

2
hik <(;hhj + anaj + CtharbT + (Cjbh+ Chbj)ca> } +
C2(Cibp — Cby) (Cyb; — cjbk)] .

The above equation can be rewritten in the form:

Shijk = €*“ThukBi; + hijBrkl — hpBix — hixBij
+C%(Cibp — Cnbi)(Cxb; — Ciby)], (18)

where Bi]' = %Zhij + aiq; + CiC]’arbT + (Cibj + C]-bi)Ca.

Theorem 3 The conformal v-curvature tensor Spijx on a C3-like conformal
Finsler space reduces to equation (18).
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