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Gradient estimates and blow-up analysis
for stationary harmonic maps

By FanG-Hua LIN

Abstract

For stationary harmonic maps between Riemannian manifolds, we provide
a necessary and sufficient condition for the uniform interior and boundary
gradient estimates in terms of the total energy of maps. We also show that
if analytic target manifolds do not carry any harmonic S?, then the singular
sets of stationary maps are m < n — 4 rectifiable. Both of these results follow
from a general analysis on the defect measures and energy concentration sets
associated with a weakly converging sequence of stationary harmonic maps.

Introduction

This paper studies some general properties of a sequence of weakly con-
verging stationary harmonic maps between compact Riemannian manifolds.
In this part I of the paper we shall examine mainly two issues, the gradient
estimates and the compactness of stationary maps in the H'-norm. In Part
IT of this paper, we shall study asymptotic behavior at infinity of stationary
harmonic maps from R” into a compact Riemannian manifold with bounded
normalized energies. We shall also discuss there the analogous results as de-
scribed in this paper for the heat flow case. The main results were announced
in [Li].

Let w : M — N be a stationary harmonic map (cf. §1 below for the
precise definition). Here M, N are compact, smooth Riemannian manifolds
(with possible nonempty, smooth boundary OM). We are interested in the
following question:

Under what conditions on the target manifold NV is an estimate of the
form

(0.1) | Vullp=@n < C(M,N,E), where E:/ Vul?(z)dz,
M

valid?
Naturally (0.1) contains both local interior and local near the boundary
estimates. In the latter case, the right-hand side of (0.1) should also depend
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on a certain norm of u |gp. Trivial examples, such as conformal maps be-
tween spheres, or finite energy harmonic maps from R? into S?, show there
are obstructions for (0.1). One of the main results of the present paper is the
following.

THEOREM A.  An interior gradient estimate of the form (0.1) is true
for stationary maps provided that N does not carry any harmonic spheres,
Shi=2,....,n—1,n=dimM > 3.

Here we say N does not carry harmonics S' if there is no smooth, non-
constant harmonic map from S' into N. We note that, for n = 2, the estimate
(0.1) follows rather easily from the proof of the well-known theorem of Sacks-
Uhlenbeck [SaU] provided that N does not carry any harmonic S?.

Theorem A generalizes the earlier results by Schoen-Uhlenbeck [SchU]
and, independently, by Giaquinta-Giusti [GG] for energy minimizing maps.
Note that, for energy minimizing maps, the boundary regularity is always true
(see [SU2]) and this combined with the compactness of energy minimizing maps
in H'-norms imply the uniform boundary regularity for energy minimizing
maps (cf. [M]). Such uniform boundary regularity can easily be seen to fail
for smooth harmonic maps (cf. §4 below). Nevertheless, we have the following
boundary regularity theorem.

THEOREM B. Let M be a smooth, compact Riemannian manifold with
smooth boundary OM, and let ¢ : OM — N be a C*-map. Suppose u: M — N
is a smooth harmonic map with u |gpy= ¢. Then there is a positive con-
stant 69 = 6o(M, N, ¢, E) such that |Vu(z)| < C(M,N,¢,E), for all x € M,
dist(z,0M) < b9, provided that N does not carry any harmonic S*. Here

E:/ |Vul|?dz.
M

As a consequence of Theorems A and B, we have:

COROLLARY. If the universal cover N of N supports a pointwise convex
function, then under the same assumptions as Theorem B,

||Vu||L°°(M) < C(Ma N, o, E)

This latter result implies the well-known theorems of Eells and Sampson
[ES] and of Hamilton [H] for nonpositively curved targets N. It also generalizes
results of [GH] and [Sch] (cf. [DL] for related discussions.)

To prove Theorem A and Theorem B, we have to consider a weakly con-
verging sequence of stationary harmonic maps on a geodesic ball B,(p) C M.
We let {u;}5°; be a sequence of stationary maps from B, (p) into N with

/ Vil ?(2)dz < A.
By (p)
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Suppose u; — u weakly in H'(B,(p), N). Then we define the energy concen-
tration set ¥ (as in [Sch] for smooth maps) as follows:

(0.2) Y =Nrs0 {3: € B,(p): lig(i)glfTQ_"/B o V| (y)dy > 50} .

Here €9 = €o(M,n,N) is a suitable positive constant. We also introduce a
nonnegative Radon measure v such that u = |Vu|?(x)dz + v; here u is the
weak limit of Radon-measures |Vu;|?(x)dxr on B,.(p). We then show that

(0.3) ¥ = sptrUsingy;

(0.4) v(ir) = O(x)H" 2%,

for an H"~2-measurable function ©(z) such that g < O(x), and O(x) is locally
uniformly bounded on B, (p);

(0.5) H" (N By(p)) < C(eo, M, N, A, p),

forany 0 < p < r.

Therefore u; — u strongly in HL _(B,(p),N) if and only if |Vu;|*dz —
|Vu|?dz if and only if v = 0 if and only if H"2(X) = 0.

Next we identify B,(p) (for r small, one can always do that) with a ball
Bi46,(0) in R™ endowed with some nice metric. We let M be the set of all such
Radon measures p described above. That is, there is a sequence of stationary
harmonic maps {u;} (with respect to suitable metrics on Bjis,) from Biis,
into N, such that |Vu;|?dx — p. Note that |Vu;|2dz is the energy density with
respect to a metric (may depend on ¢, but uniformly nice). We then show M
has the following properties.

(0.6) peM,xeB,0<A<by, then p,ye M.
Here f15 1 (A) = p(x + XA), for Borel measurable A C By.4,;

we M,z e By, {\}\.0 there is a subsequence { Ay}
(0.7) such that py»,. —n € M.
Moreover, ng » =7, for all A > 0.

The main result concerning M is the following.

THEOREM C. For any u € M,
p = |Vul*dz+v, and
m(p) = X = (sptrvUsingu),
Y is an H" 2-rectifiable set. Thus v is also H"2-rectifiable.

The above theorem follows from the arguments of D. Priess [P], and earlier
contributions by Besicovitch, Federer, Marstrand and Mattila. See references
in [P]. Here we present a self-contained direct proof.
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The next key step towards the proof of Theorem A and Theorem B is
Lemma 3.1 (cf. also Lemma 4.11) that says: If H""2(X) > 0, then there is a
nonconstant, smooth harmonic map from S? into N. We therefore obtain the
following characterization:

Any sequence of weakly converging stationary harmonic maps converges
strongly in the H'-norm if and only if v = 0 for all 4 € M, if and only if
H" (X)) = 0,m(u) = %, for any p € M, if and only if there is no smooth,
nonconstant harmonic map from S? into N.

The above statements lead to the following.

THEOREM D. If there is no smooth, nonconstant harmonic map from S?
into N, then the singular set of any stationary harmonic map has dimension
m < n —4. Moreover, if N is, in addition, analytic, then the singular set of
any stationary harmonic map is m < n — 4 rectifiable.

The proof of Theorem D follows from the work of L. Simon [S3] and our
characterization above.

The paper is organized as follows. In Section 1 we gather together various
facts concerning stationary harmonic maps. In addition, we also establish a
few preliminary results concerning the defect measures v for u € M and the
concentration sets. In particular, we establish the properties of u € M so that
Federer and Almgren’s dimension-reducing principle can be applied.

The rectifiability of ¥ and v are established by three key lemmas in Sec-
tion 2. In Sections 3 and 4 we prove Theorem A and Theorem B, respectively.
The final section contains other discussions and describes some necessary modi-
fications required in order to generalize all proofs in Sections 1 through 4, which
are for the Euclidean domains, to the general Riemannian domains.

1. Preliminaries

Here we gather together some basic facts about stationary harmonic maps
and related notions which are needed for the sequel. For a more detailed
discussion of the facts reviewed here, we refer the reader to various articles
cited below, and also monographs [Sim|, and [J].

First, 2 will denote a bounded smooth domain of R" endowed with the
standard Euclidean metric. We shall briefly discuss in Section 5 the exten-
sion of the results here to the case where €2 is equipped with an arbitrary
smooth Riemannian metric. This extension involves purely routine technical
modifications of the arguments which we develop below for the Euclidean case.

Note that N denotes a smooth compact Riemannian manifold, which,
by Nash’s isometric embedding theorem, we assume is isometrically embed-
ded in some Euclidean space R¥. Also, H'(Q2, N) denotes the set of maps
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u € H'(Q,R¥) such that u(x) € N for a.e. € Q. For a measurable subset
ACQ,

E(u,A) = / \Vu|?da.
A

Now u € HY(Q, N) is said to be energy-minimizing in Q if E(u,Q) < E(v,)
whenever v € H'(2, N) with v = u on 9.

If u € H(Q, N) is energy-minimizing, then u is stationary (cf. [Sch]) in the
sense that

1.1 d

(1) LE(O,u,)
whenever the derivative on the left exists, provided that uwg = u and us; €
HY(Q, N) with us(x) = u(z) for x € 9Q and s € (—¢,¢) for some € > 0. In
particular, by considering a family us = II(u+s¢), where II denotes the nearest
point projection of an R* neighborhood of N onto N, and ¢ € C5e (9, RF), we
obtain the system of equations

=0
s=0

(1.2) Au+ A(u)(Vu, Vu) =0  weakly in Q.

Here A is the usual Laplacian on §2; A(u) denotes the second fundamental form
of N at point u. A map u € H'(Q, N) which satisfies (1.2) is called a weakly
harmonic map.

On the other hand if us(z) = u(x + s&(x)), where £ € C5°(2,R"), then
(1.1) implies the integral identity

/Z 65 Vul? — 2DuDju) Digidr, €= (€', €) € C§ (U R).

3,j=1

Notice that (1.3) implies (for a.e. p such that B,(z) C Q)

(1.4) / 3 (85IVul® — 2D;uDju) D&l da
B,(z)

i,7=1

= / Z 6,]]Du\2 —2D;uD, u) i€
9Bp(z

2]1

for any £ = (¢1,---,£") € C°(B,(2),R"), where v = (z — z)/|z — z| is the
outward pointing unit normal for 0B,(z). In particular {(x) = x — 2z and then
(1.4) implies

(1.5) (n— 2)/ Vul2dz = p/ (19 2/Un. ). acp.
By(2) 0B,(2)

o (2

such that B,(z) C , where
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The latter can be written

d R.Up |2
dp B,(2) 0B,(z) I

whence by integration

2
(1.6) ,02_"/ |Vu|*dz — 02_”/ \Vul|?dz = 2 % dx
B,(2) Bo(2) By(2)/Bs(z) I

for any 0 < o < p with B,(z) C Q. Here R, = |z —z|. An obvious consequence
of (1.6) is that

(1.7) p2_"/ |Vu|?da
Bp(2)
is an increasing function of p so that the limit
(1.8) O,(z) = lim p2_"/ \Vul|?da
p—0 By(z

exists at every point z € Q. Note that ©,(z) is an upper semicontinuous
function of z € € in the sense that

(1.9) Oy (z) > limsup ©,(z).

Z;—2

Letting 0 — 0 in (1.6) we obtain

R.Ug.|?
(1.10) p2_”/ |Vu|?dz — ©4(2) =2 #dw.
By(2) By(z) 1%
By using (1.5) we have the alternative identity
RZU 2 3—n
(1.11) 2 BUr\ P (IVul® = 2|Ug.|?) — Ou(z)
B,(z) R n—2 JaB,(z)

< (n—2)7Lpm /a o |V = 0(2)
(2

For a map u € H'(Q, N), we define the regular and singular sets, regu
and sing u, by
regu = {z€Q:ue C™in aneighborhood of z}
singu = Q\regu.
Notice that by definition reg u is open, and hence sing u is automatically
relatively closed in €2.
An important consequence of the small energy regularity theorem of Bethuel

[B] (cf. also [E]) for stationary harmonic maps is that the regular set, regu, of
u can be characterized in terms of density as follows:

zEeregu < 0Ou(z) <ep(n,N) >0 < 0,(z) =0,
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where g9 = go(n, N) > 0 is independent of u; equivalently,
(1.12) z €singu <= O,(2) > g9 <= Ou(z) > 0.

For energy minimizing maps, (1.12) was shown in the earlier work of Schoen-
Uhlenbeck [SU] (cf. also [GG]). In fact, Schoen-Uhlenbeck proved a much
stronger statement that can be described as follows.

Suppose u : B,(z) — N is an energy-minimizing map with

p27"/ |Vul?dz <A and inf p" lu — \?*dz < e.
By(z) AERF By(z)
Then if € < e(n, N, A) then B, /5(2) C regu and
(1.13) S pFIDFu < Cye'?, k> 0.
Bp/Q(Z)

One of the crucial consequences of the above theorem of Schoen-Uhlenbeck is
that any weakly converging sequence of energy-minimizing maps u; € H*(Q, N),
u; — u weakly in H'(2, N), converges strongly in H (2, N); cf. [SU]. The
limit w is also an energy-minimizing map. This latter fact was shown by Luck-
haus [Lu] (cf. also [HL]). It is easy to see from examples below that the same
statement cannot be true in general for stationary harmonic maps.

Ezample 1.1. Let v be a conformal map from S? into S?. Then v gives
rise to a finite energy harmonic map u from R? into S? by composing with the
inverse of the stereographic projection of S? onto R?. Note that the converse
is also true by Sacks-Uhlenbeck’s theorem [SaU]. Let uy(z) = u(A\z), x € R?;
then uy — constant = u(co) weakly in H'(R?,S?) as A — oco. Moreover,
|Vuy|2dz — 87 Néy as Radon measures. Here N = |degv| > 0.

Now if we view wu,u) as smooth harmonic maps from R” into S? (thus
u,uy are independent of variables z3,- - -, xy), then uy — constant as A — oo
and |Vuy|?dz — 8t NH"2[{0} x R"2. Here H"2[{0} x R"~? denotes the
(n — 2) dimensional Hausdorff measure restricted to the (n — 2)-dimensional
plane {0} x R"~2 in R™.

Ezample 1.2. In [HLP], we constructed examples of smooth stationary,
axially symmetric harmonic maps u from B? into S§? with isolated singularities
of degree zero. For such u, we let the origin 0 € sing u, and sing uNB.(0) = {0}
for some ¢ > 0. Then the degree u : dB,(0) — S? is zero, for all r € (0,¢).
Moreover, for uy — constant, uy(z) = u(\z), and |Vuy|*dz — 167 H[{0} x
R, as A — 07,

Ezample 1.3. In [Po], Poon constructed examples of stationary harmonic
maps u from B3 into S? such that U|ygs(x) = =, and that u is smooth ev-
erywhere except at one point on the boundary of B2. On the other hand,
Riviere [R] constructed finite energy weakly harmonic maps u from B? into S?
such that u is discontinuous everywhere on B3.
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From now on, we should assume By CC €2, and let Hy be the set of
stationary harmonic maps u from 2 into N such that F(u,Q) < A, for some
A > 0. The following result was shown in [Sch] for smooth harmonic maps
(instead of stationary harmonic maps).

PROPOSITION 1.4.  Any map u in the weak H'(Q, N) closure of Hy is
smooth and harmonic outside a relatively closed subset of 0 with locally finite
Hausdorff (n — 2)-dimensional measure.

Proof. The proof given in [Sch] uses only the energy monotonicity and
“small energy regularity theorem.” Since both of these statements are true
for stationary harmonic maps, the proof can be directly carried over here. In
fact, the following lemma is essentially equivalent to Proposition 1.4. For the
reader’s convenience we provide a proof below.

LEMMA 1.5.  Let {u;} be a sequence of maps in Hp, and suppose u; — u
weakly in H'(Q, N). Let

Y =Nysof{z € By : liminf 7“2_”/ \Vui|*dy > eo}.
1—00 BT(I)

Then X is closed in By and
H" (%) < C(eo, A, N, 80) where 6y = dist(By, Q) > 0.

Proof. Suppose xo € B1/3; then there is g > 0 such that

1— 00

lim inf rg_"/ V| *dy < eo.
Bry (zo
That is, there is a sequence n; — oo such that
2—n 2
sup g / |V, |“dy < ep.
ng o (20)
Via the small energy regularity theorem of Bethuel [B] (cf. also [E]), one has

sup  sup |V, (2)] < Cov/eory ',
ni x€B, /5(x0)

for some constant Cy = Cy(n, N). In particular,

€0

sup  sup 2T / Vit ()| dy <
(z0) Br(z) 2

Uz :BEBTO/4
whenever r < r1(r, €0, IV), for some 71 > 0. Therefore B, /4(70) C B1/%, and
3} is closed.

Next, for any 69 > 6 > 0, we may find a finite collection of balls { B, ()}
that cover ¥ so that r; < 6, that the collection { B, /o(z;)} is disjoint and that



STATIONARY HARMONIC MAPS 793

x; € X. For i sufficiently large we then have

1 2—n
(gﬁ') / Vu;|2dy > go  for all .

BTj/Q(Ij)

Hence c C
J

It follows that c

-2z < C0 ) O

€0

Let u; € Hy be such that u; — w in H'(€2, N), and let ¥ be as in Lemma,
1.5. Consider a sequence of Radon measure u; = |Vu;|[?dz, i = 1,2,...;
without loss of generality, we may assume p; — p weakly as Radon measures.
By Fatou’s lemma, we may write

(1.14) p=|Vul*dz +v
for some nonnegative Radon measure v on €.
LEMMA 1.6. On the closed ball By, C €2,
(i) ¥ = spt(r) Usingu;

(i) v(z) = O(x)H" 2%, 2 € By where g9 < O(x) < 65 "A2"~2, for H"2-
a.e. T € X.

Proof. Suppose xy € B;1/%; then the proof of Lemma 1.5 and higher order
estimates (1.13) imply that there is a subsequence {uy, } such that u,, — u(z)
in Cl’a(BrO/Q(azo)), for some 0 < r9 < §p. Thus

2 .
Hn; |Br0/2($0)4 [Vl ’Bro/z(wo) as 1 — 00,

and u € Cl’a(Bro/Q(xo)). The latter implies xg ¢ singu and xy & sptv as
v =0 on B, /5(z0))-
Suppose now zp € X, then for any r € (0, ),
pa(By(ao)) _ 20
rn=2 = 2

for a sequence of i — oco. Hence

#(Br(x0)) €0
7-’/1——2 > 5 for a.e. r € (0,60)

If xg & singu, then u is smooth near xg, and hence

TQ_”/ |Vu|?dz < 6—0,
B (z0) 4
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for all » > 0 sufficiently small. Thus, by the definition of v, one has

v(Br(20)) _ €0
rn—2

for all positive small . That is xg € spt v. This completes the proof of (i).

To show (ii), we observe first the following facts.

(a) > "u(B,(z)) is a monotone increasing function of r € (0, dist(x, 90Q)),
for & € €; thus the density

O(u,z) = lim r*~"u(B, ()

exists for every z € (.
(b) x € ¥ < O(u,x) > ¢ep, x € By;
(c) for H" 2 ae. x € Q, O,(x) = 0; here

1 2—n 2
Oy (z) = 11{1(1)7“ /Br(az) |Vul“dy.

Indeed, (a) follows from the energy monotonicity (1.7). For the statement (b),
if z € By and O(u,z) > £o, then for any r € (0,6), 2 "u(B.(z)) > g by
(a); thus x € ¥ by the definition of ¥. On the other hand, if z € ¥, then, for
any r € (0,80), > " u(B,(x)) > eo; thus, by letting 7 \, 0, O(u,x) > 9. The
statement (c) is a well-known fact proved by Federer-Ziemer (see [FZ]).

It is obvious, via the monotonicity of energy, that

T (B () < 657" () < 657",

for z € By. Thus u |5 is absolutely continuous with respect to H"2|X. In
other words, by the Radon-Nikodym theorem, one has

ple=O(x)H" (%,

for H" 2-a.e. € ¥. Since ©,(z) = 0 for H" 2-a.e. € ¥, we obtain (note
that sptv C X):
v(z) = O(z) H"*|%,

for H" 2- a.e. £ € ¥. The conclusion of Lemma 1.6 follows from the above
density estimates, and also, for H"2- a.e. x € ¥, that

H"2(2N B, H" (2N B,
(1.15) 921 < Jim inf ( i ) < Yim sup ( i (@) <4,
™\.0 rh ™0 rn

See [Sim2] for examples. O
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To explore further properties of X and p, we assume By C Bjis, = 2. Let
M denote the set of all those Radon measures p on By such that p is a weak
limit of Radon measures p;, i; = |Vu;|?dr defined on By, where u; € Hy, for
i=1,2,... and A = A(u) is a positive number. We also define F to be the
set which consists of all whose compact subset E of By such that £ C X for
some % as defined in Lemma 1.5. We note that, for u € M, u = |Vu|*dz + v,
for some nonnegative v as in Lemma 1.6, and for some u which is smooth
and harmonic away from ¥ € F. For F € F,y € By with |y| < 1 and for
0<A<1-—|y|, we define

_E-y

Ey N Bj.

Similarly, for y € M we define a scaled Radon measure p, x by
py A (A) = ply + A2,

for lyf <land 0 <A <1—|y|

Lemma 1.7. (i) If lyl <1 and 0 < A < 1 —|y|, and if p € M, then
Ky A e M.

(i) If {\e} \, 0 and if p € M, then there is a subsequence {\;.} and n € M
such that pu, , — n; here |y| < 1. Moreover, ng x =n for each A > 0.

(iii) M is closed with respect to weak-convergence of measures.

(iv) We define a map © : M — F as follows: If p = |Vul?dz +v € M so
that v(z) = O(z)H"2|X (c¢f. Lemma 1.6), then m(p) = . Ifv = 0,
then w(p) = sing u. The map m has the following properties.

(a) If |y <1—=X0< A <1, then
P(y2) = AN (m() — y) for p€ M.

(b) If p, g € M with py, — w, then for each € > 0 there is k(e) such
that

By N7(pr) C {x € Biys, : dist(m(p),x) < e} for all k > k(e).

Similarly we have the following lemma concerning F.

LEMMA 1.8. 1. IfE € F,|ly| <1,0 <A <1—|y|, then E,» € F.

2. If {\} 0 < |ly| < 1,E € F, then there is a subsequence {\'} such
that Ey »,, — F € F in the Hausdorff metric as Ay — 0. Moreover, F' C ¥,
for some X, as defined in Lemma 1.5; and X, is a cone.
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Remark 1.9. Letting p € M and ¥ = 7(u), we consider Fy, the clo-
sure of
{E€F:ECX,) forsome |y <1,0 <A< 1—|y[}

under the Hausdorff metric. Note that Fy is a compact subset of F. Indeed, if
F € Fy then there are a sequence of yg, |yx| < 1, a sequence 0 < A\, < 1 — |y
and a sequence Ej C X, ), such that E; — F in the Hausdorff metric.
Suppose p is the weak limit of ju;; here y; = |Vu;|>dz such that E(u;, Biis,)
< A, for some A > 0. Define v; ;, by

V(%) = wi(yk + Akx), T € Biys,.

Note that
lyr + Aex| < Jyk| + Akl
< yrl + (1 = Jye|)(1 + b0)
S 1 +6O7

and thus the v; ;’s are well-defined. Moreover,
BloBres) < A [ Vuifda
B1s0)x, (W)

< () (a0 [ Vi do
B(1155) M (k)

< (14 60)"2827™A by the energy monotonicity (1.7).
Thus for each fixed k,
pik = Vi gPdz — py, 5,
as 1 — 0o. By taking subsequences as necessary, we may also assume
My N, — M+ as k — oo,

Then, by the diagonal sequence method, we may obtain a sequence {ix} — oo
such that
Miy k — [s as k — oo.

As in Lemma 1.6, we may write pt, = |V |?dz 4 vs. Moreover, F' C ¥, by the
definition. That is F' € F. We define a subset of R} by

(1.16) O={seRy:HF)=0 for every F' € Fx}.
Then O is an open subset of Ry (cf. [W]).

Proof of Lemma 1.7. Part (i) of the lemma is obvious. Indeed, if
{pi} € Hp such that
i = ]Vui\de — M,
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then u; () = ui(y + Ax), for every ¢ € Biys, = Q, 1 =1,2,..., |y| <1,
0 <A< 1-—|y|l. Note that

ly 4+ Ax| < |y[ + (1 — |y[)(1 + do) < 1+ bo;

thus u; 4\ is well-defined. Since

1 (5 n—2
[ Vugabde = [ Vaifde < (F50) A
Bits, Bx(1+89) (%) b0

we have u; 4\ € Hy,
_ 1 Ky n—2
() e
o

for each 1 = 1,2,.... Since
(Vi yade — iy
by definition, we thus have p, \ € M.

To prove part (ii), let {u;} € Hy be such that |Vu;|*dz — p € M. For
any sequence {A;} \, 0, and for |y| < 1, one has

Jim g1y 5, (Br) < R"7?0(1,y)

(cf. the proof of Lemma 1.6), for every R > 0. Hence we obtain a subsequence
{Ak’} so that

/’Ly)\;c -0
as Radon measures on R". Note that if 7 is restricted to Bjs,, then n € M.

Indeed, since
27 .
\Vui,y)\d dx My @S i — 00,

and N, 7 as k — oo, we may obtain (by the diagonal sequence method)
a sequence i — oo such that

Vi o [P — 1.
By the monotonicity of 727" u(B,(y)), for 0 < r < &, we see that
r27"n(B,(0)) = O(u,y) for all r > 0.
Let vy = u;, 4\, — v so that
n=|Volde +v, v(z)=0(z)H"?|Z.
Applying (1.6) to vy, we get for a.e. 0 <7 < R < 00,

Oy
dp

2

(1.17) p* "dx — R* "n(Bg) — r* "n(B,) = 0.

/BR(O)/ B,(0)
Thus, in particular, dv/dp = 0.
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Let ¢ : S"~! — R, be a smooth function, and let 1 € C§°(0,1) be such
that

/11/1(t)d1‘ =1, and ¢ >0.
0

We consider, for 0 < a < 00, 0 < ¢ < a, the functions

(1.18) E(vk, ¢,a,¢) / / lr—}—a avk
Sn— 1

or
here

L9
00" "

2
] (r+a,0)-Ododr;

1 r
0=60)-ver), vl = v (1),
Then a direct computation using the identity
Div[6; ;| Vug|? — 2D;vDjug] = 0

in the sense of distributions (cf. (1.3) or more precisely the equivalent version
of it in the polar coordinates system), we obtain

d
%E(Ukv ¢7 a, 5)

:2£L[w4n$w+@2J52w+aﬁy¢wy¢4mwm~

+2(n—2) /0°°/S“<r+a>
[T 2 e+ 0,0) S 0(0) v (o

Integrating both sides of (1.19) with respect to a € (p, R), we then get
(1.20)

(1.19)

2
- | (r+a,0)- $(0)¢(r)dodr

(Uk7¢7R 3 (Ulw(bapv )

//5"1 r+a
—i—/ //Sn1 (n—2) r—l—a)a

- /O /p /S"*l QEUIC%U’C(T +a, 9)¢9(7’)¢5(T)d9dadr.

Now letting ¢ — 07, we obtain for a.e. 0 < p < R < oo, that

oy, |2
2| Ovk
(1.21) jgn_llfz L

. [pQ

a=R

(r +a,0) - ¢(0) - e(r)dodr

a=p

B+ a,0) - $(8) - e (r)dfdadr

vy, |2

00
8’Uk 2

or

(R, 9)] ¢»(6)do

v
00

(p,0) +

(; 9)] ¢(6)do
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0
=2 2
/sn—l R or

2
(R, 0)¢(0)d6

a 2
=2 [ P 5 k| (0, 0)6(0)do
Sn—1 r
2
+/R /Sn 1 2(n —2)r (r,8)p(0)dr

o ov 096
//S 20, K (r,0) C o) dr.

_vk

2

Note that

du*
00

6’Uk 2

V| ?de = <r2 5

) (r,0)r"3d0dr = r"3doy(r, 0)dr;

then the above identity yields
(1.22) /S  9(O)dow(R.0) / 0(0)do(p.0)

is equal to the right-hand side of (1.21).
Now when k — oo, (1.22) goes to zero by (1.17) and (1.21), in the sense
of distributions on (0, 00). Since |Vuy|?dz — dn, one has

37 V| 2de — 3 "dn
n (0,00) x S*~1. That is,
doy,(r, 0)dr — 3~ "dn(r, 0).
On the other hand, (1.22) yields also
doy,(r + a,0)dr = doy((r + a)0)d(r + a) — r* "dn(r,0)

for any a > 0. That is, r3~"dn(r,0) is translation invariant in r. We thus
obtain
r37"dn(r,0) = do(8)dr,

or equivalently
dn(r,0) = r3"drdo ()

for some Radon measure do () on S"~!. Note that do(f) can also be obtained
from the weak-limit of doy(r, ), for some suitable r}.s, when k — oo.

Another way to see this is to integrate (1.22) again, and then let k — oo
to obtain

(1.23) / $2(0)r® " dn(r, 0) — / $2(0)r " diy(r, 9),
Brys/Br—s o+6/Bp—s
for 0 < p < R < o0, and for a.e. § € (0, R). Note that
n(Br)

2 = @(:u’ y)v
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for all r > 0, implies in particular that

n(Br+s) — n(Br—s)

5 < CoO(p,y)
for all 0 < 6 < r < oo. This combines with (1.23) to imply that
n(Ars) _ 1(Ape)
(1.24) T3 = pnfS + 0(8%),

for a.e. ¢ such that 0 < 6 < p < R < co. When
Ars={tA:r—6<t<r+56é}

and A is a Borel subset of S”7!, it is easy to derive nox = 1, for A > 0. This
completes the proof of (ii).

Part (iii) simply follows from the diagonal sequence method. To prove
(iv), we observe that (a) is a direct consequence of the definitions. For the
statement (b), we let k; — oo be any sequence; then by Blaschike’s selection
principle, we may assume

m(pk;) — F,
for some closed subset F' of By, in the Hausdorff metric. It is then clear that
m(pr;) N B1 C {w € Biys, « dist(z, F) < e}

whenever k; is sufficiently large. It is therefore sufficient to verify that F' C
m(p). Let x € F; then there is xy;, € m(ug,) such that limxy, = x. Since
wk; € m(py,) if and only if ©(uy,, x;) > 0 if and only if ©(uk;, zx;) > €0 (cf.
(1.12)) and since pu,(By(2y;))r*~™ is monotone in 7, we obtain, via the fact
P, — i, that

pu(Bay (x))r* ™" > lim ik, (Br ()" > e,
J

for every r > 0. Thus ©(u,z) > 0, and since
O(p,x) >0 < O(u,z) >eg <= z € m(p),
we obtain the conclusion. O

The proof of Lemma 1.8 is identical to the proof of (i) and (ii) of Lemma 1.7.

We would like now to state two important consequences of Lemma 1.7.
The first one is Federer’s dimension reducing principle which follows (cf. [Sim2,
Appendix A)).

COROLLARY 1.10.  Subject to the same notations as in Lemma 1.7, we
have

(1.25) dimm(p) <n—2, forallpue M.
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Here “dim” is Hausdorff dimension, so that (1.25) means
H" 2 % (n(p)) =0 for all a > 0.

In fact, either w(u) = ¢ for every p € M or there is an integer d € [0,n — 2]
such that

dim7(u)) <d for all p € M,
and such that there is some p € M and a d dimensional subspace L C R™ with
(1.26) pyr=p forallye L, X>0 and 7(p)) = L.
If d =0, then m(n)) is a finite set for each p € M.

Remark 1.11. The statement (1.25) is a trivial consequence of Lemma
1.5. If d = n — 2 in the above statement, then for some u € M, H" (%) > 0
and v > 0. If d < n — 3, then v = 0 for any p € M, and 7(u) = sing u. In
such a case, we have, for any sequence u; € Hp,u; — u, that u; — u strongly
in HL (9, N). In other words, Hy is pre-compact in H}. (€, N) if and only if
d<n-3.

We also note that if dimn(u) < n — 3, for every u € M, the above
statement can be proved as in [SU].

Let © € M and let  be a tangent measure of u at y in the sense that
n = w — limpy, »,, for some Ay, — 0. Then ©(n,0) = O(u,y), 01 = 7. As a
consequence of the monotonicity of energy, hence the upper-semi continuity of
O(u,y) as a function of y, we obtain

©(n,0) = max{O(n,z) : x € R"}.

Let
L,={z€R":0(n,0) =0(2)}.

Then L, is a linear subspace of R™ (possibly the trivial subspace {0}) and
N.1 =1, for z € L,.

The last fact follows from the similar arguments as in the proof of (ii) of
Lemma 1.7. (Cf. also [Sim3, Lemma 1.26].) Indeed, the following refinement
of Lemma 1.7 follows from the stratification theorem of Almgren [Alm].

COROLLARY 1.12. Let p € M and ¥ = w(p). Then ¥ has the decompo-
sition

for some d < n — 2, where x € XN Y, if for any tangent measure n of p at x,
dim L,, < j, and if there is a tangent measure 7 of pu at x such that dim L = j.
Moreover, dim(X;) < j, for j =0,1,...,d (cf. [Sim]).
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Finally we have the following H'-compactness theorem for energy min-
imizing maps due to Schoen-Uhlenbeck, discussed at the beginning of this
section.

PROPOSITION 1.13.  Let {u;} € Hp be a sequence of energy-minimizing
maps such that u; — w in H'(S,N). Then u; — u in H} (2, N).
Proof. Suppose not; then there would be a sequence of energy-minimizing
maps {u;} such that
|Vug|?de — p = |Vul>dz +v € M

with v # 0, and hence H"2(m(p)) > 0. Let M. be the subset of M which
consists of all weak limits of the sequence |Vu;|2dz with u; minimizing energy
in . Then, one can check easily that Lemma 1.7 remains true for M,. In
particular, there is

s = |Vu|?dz + CLH" 2 |R"2 x [0] € M,

by Corollary 1.10. Since fiyy x = ji«, for all y € R"2 x {0} and all A > 0, u,
must be a harmonic map from {0} x R? into N with finite energy; also wu, is
homogeneous of degree zero and thus is constant.

In other words,

e = CLH" 2| (R x {0}) € M,

for some 0 < C, < oo. Let {u;} be a sequence of energy-minimizing maps in
BY2(0) x B2(0) = B such that

V| (z)dz — pu.
as Radon measures in B. Since
u; — ¢ = constant, strongly in H} .(B/R"™% x {0}),

one may easily construct a comparison map @; such that 4; = u; on 0B, and
that @; = c on By 2(0) x B2 4(0) and 4; minimizes the energy on

(B3 2(0)\B5=3(0)) x B3(0) U By ~2(0) x (B3(0)\B3_5(0))

subject to its Dirichlet boundary conditions. A direct computation then yields
/ Vi ?de < C(n)5C..
B
By choosing 6 suitably small, we obtain a contradiction as

/B\V&i|2da: > /B Vil ?de — Cy(n)C.. .
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2. Rectifiability of defect measures

In the previous section we showed that, for any pu € M,

n=|Vul*dz + v, where v(z) = O(z)H" 2|2, 0 < O(z) < C(n) < oo,
for H" %-ae. z € X,

where v is a smooth harmonic map into N away from the concentration set 3.
We shall call v the defect measure associated with p € M. The purpose of this
section is to show that v is H" 2-rectifiable. Thus ¥ is an H" 2-rectifiable set
of finite H"2-measure. The proof of this result is divided into three steps.

Step 1. Emistence of weak tangent planes. We first observe that v = p| 3.
Indeed, one notices that for H" 2-a.e. x € ,0,(z) = 0, and for any H" 2-
measurable subset E of ¥ with H""2(E) = 0, u(E) = 0. The last fact follows
from the monotonicity of r>~(B,(z)), 0 < r < &y, and r*"u(B,(z)) < C(u),
for x € 3,0 < r < o, for some positive constant C'(u) depending only on pu.
Therefore,

|Vu?dz|2 =0, and v=pu|%

follows.

Next we note that the function ©(u,x),x € ¥ is Borel measurable (cf.
[Sim2]), in particular, H"2-measurable on . Thus O(u, ) is H" 2 approxi-
mate continuous H" 2 almost everywhere on ¥ (cf. [F]). That is, for H" 2-a.e.
x € 3, and for every € > 0,

i E 2y € Br(@) N2 1 [0, y) — O(p, 2)| > £})

r™\,0 rn—2 =0

LEMMA 2.1 (existence of weak-tangent planes). For H" 2-a.e. x € %,
and for 6 > 0, there is a positive number r, > 0 such that if 0 < r < ry, then
there exists a (n — 2)-plane

V=V(z,r) € GL(n,n —2)
such that
spt(u|Br(z) NXE) C Vs, or equivalently, v(B,(z)\Vs) = 0.
Here Vs is the ér-neighborhood of V in R™.

COROLLARY 2.2. For any 61,62 € (0,1), there are a positive number r*
and a subset E* of ¥ with the following properties:

(a) H" 2(Z\E*) < é;.
(b) Ifx € E*,0 <r <7r*, then there is V =V (z,r) € GL(n,n—2) such that
v(Br()\Ve,) = 0.
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Proof of Corollary 2.2. 1t is clear that if r, in Lemma 2.1 is the largest such
number that the conclusion of Lemma 2.1 remains true for the given =z € X,
then r, is a H" 2-measurable function of ¥. The statement of Corollary 2.2
follows from the standard facts in measure theory.

Before proving Lemma 2.1, we note that Corollary 1.12 (from dimension
reducing arguments) implies that for H" 2-a.e. x € X, there is a tangent
measure 1 of u such that n, , = 7, for all z € L, and A > 0. Here L, is
an (n — 2) dimensional subspace of R™. It is clear that the defect measure
associated with 7 has to be supported in L,. For otherwise the support of this
defect measure would contain an (n—1)-dimensional half-space and that would
contradict Lemma 1.5. Thus we derive from Corollary 1.12 the following:

(2.3) For H"2 a.e. x € X, there is a sequence r; — 0 (this sequence may
depend on x) such that

v(By,(2)\V5) = 0

for all sufficiently large i. Here Vs is a ér;-neighborhood of some (n — 2)
dimensional plane V in R™,1 > § > 0.

The conclusion of Lemma 2.1 is an improvement of (2.3) which says the
above is true for any sequence of {r;} \, 0 even though V' may depend on the
sequence.

To prove Lemma 2.1 we need the following;:

LEMMA 2.4 (Geometric Lemma). Let x € ¥ be such that O(u,x) > eg
and ©(u,y) is H"~2 approzimate continuous at x, for y € ¥.. Then there exists
a positive number r, such that, for each 0 < r < r,, there are n — 2 points
Xly...,Tp_o inside B.(x) N'Y such that

(i) O(p, ;) > O, x) —ep; for j=1,2,...,n—2, heree, — 0 asr — 0F;

(ii) |z1| > sr, and for any k € {2,...,n — 2}, dist(zg, z + Vi_1) > sr, where
Vi1 is the linear space spanned by {x1 — x,...,x_1 — x},

where s € (0,1/2) depending only on n.

Proof. Since O(u,y),y € ¥ is H" 2-approximate continuous at x, there is
a positive function e(r) defined for all r,0 < r < r, such that

H"2({y € XN By (x) : 01, y) — O, z)| > (r)}) <) 1

(2.1) 2 5 <3
where s(n) is a positive number to be determined later, and where £(r) — 07"
asr — 0T,

We want to show there are n — 2 points x1,...,x,_2 inside the set

{y € XN B(x) : 10(u, y) — O(p, x)| < e(r)}
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such that they satisfy the geometrical condition (ii) of Lemma 2.4.
Suppose the above were not true; then there would be sufficiently small
r’s such that one could not find n — 2 points inside the set

(2.2) lye XN B () :10(1,y) — O(u, )| <e(r)}.

Therefore, the set (2.2) is contained in an sr-neighborhood of some (n—3)-
dimensional plane L through z of R"™. Note that x belongs to the set (2.2).
In other words, for any y € By, (z) N X, one has either

1O(1, y) — O, )| > &(r;)

or y belongs to the sr; neighborhood of L; N B, (), for a sequence of r; — 07,
and some (n — 3)-dimensional planes L; through x.
Now we wish to estimate u(B,,(x) NX). It is obvious, for r; small, that

@(/;7 x) 7’?_2

by the definition of density. On the other hand, the upper-semicontinuity of

p(Br,(z) N ) >

O(p,y) implies for all r; small enough that
O(u,y) < 20(p,x), fory € By, (z).
We thus have, in particular, that
(2.3) O(u,y) < 20(pu,z) for H" *ae. y € XN B, (z).
Thus

(24) p({y € XN Br(z) : 10k, y) — Op, x)| = e(ri)}
< 20(p, ) H"*({y € BN By, (2) : [O(1,y) = O(u, )| > £(ri)})
< 20(p, x)(s(n)/2)r7
= 5(n)O(p, x)ry 2.
Next we may cover an srs-neighborhood of L; N B, (z) by C(n)/s"~3 balls

of radius less than or equal to sr; because L; is an (n — 3)-dimensional plane
through z. Let {Bj}év:l be such a cover with N < C(n)/s"3 and

Bj = Bris(yj)v (S Bn(x)
Then
N
p1(sr; neighborhood of L; N By, (z)) < Y u(B;).
j=1
To estimate the last term, we observe that there is 6, > 0 such that

3

P (By(x)) < SO(p. )
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for0 <r <é,. If r, <r=20,, then

n—2  MBris(yi) n—2 M(Br—r. (i)

w(Bj) = (ris) (s < (ris) r—r)n2
T r n—2
< (Tis)n_Qlu(ff_(g )) (r — Ti) < Q(Tis)n_g@(u,{t).
Therefore,
C(n)

(2.5) p((sr; neighborhood of L; N By, (z)) < i 2(r, 8)" 20 (u, x)

= 2C(n)s(n)r?20(u, z).

By combining (2.4), (2.5) we get
p(Bri(z) NX) < s(n)(2C(n) + 1)O(u, x)ry' ™2 < 1/20(p, 2)r} >
if s(n) < (4C(n) +2)~1. The last conclusion is contrary to

(B, (z) %) > %w—z'

K3
This proves Lemma 2.4. O

Proof of Lemma 2.1. Let x € ¥ be such that ©,(x) = 0, O(u, x) > g, and
that O(u,y) is H"~2 approximate continuous at x. Suppose, for some § > 0,
that there is a sequence {r;} \, 0 such that

v(B,(2)\Vs) > 0,

for i =1,2,..., and for any n — 2 dimensional plane V*? through x. Here V;
is the ér;-neighborhood of V.

For each i sufficiently large, we may find, by Lemma 2.4, (n — 2) points
xi,... 2! _, inside ¥ N B,,(x) such that

@(u,azé) >0O(u,z)—¢ep forj=1,...,n—2andi=1,2,...,
and such that

|zt | > sry, dist(xé,z: + Vji_l) >sr; forj=2,...,n—2.

Here
Vi, =span{z] —x,...,25_4 —x}.
Let
R
§ = d=Len-2 and == Vg, |*(y)dy + v

Then, by taking a subsequence if needed, we have E; — &, i — s, and v; —
v, as i — oo. Note that v, = . as O, (z) = 0 implies that |Vug,., (y)|*dy — 0.
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Since 5} € m(pa,r; ), and since for any € > 0, there is i(¢) such that i > i(e)
implies, by Lemma 1.7, m(jg,,) € e-neighborhood of m(u.), we have &; €
7(ps). We also note that

@(:uvxé') 2 @(Na .CC) — Erys
implying that
TQ_”M(BT(JU;)) > O(p,x) —epy, forallr>0.

Thus
2" (Br(€5)) > O(p,z)  for all 7 > 0.

In particular,
O(p«, &5) = O(p, ).
Finally,
(2.6) O (4, 0) = O(p, ) = max{O(p, y) : y € R"}.
Indeed, for any y € R™, choose r > 0 such that
T (Bu(w) = > lim (B ().
Since

P ui(Br(y) = (rra)* T u(Bror(z +iy)) < 7" u(By(a + riy))

2—n
< (p+mily))* ( ptrily) (2 ) (p+n|y’> .

Here p > 0 is any fixed number such that p > rr;. When ¢ — oo, — 0,
rily| — 0, then monotonicity implies

2"y (B, (y) < O(p, ), for all y € R, r > 0.
On the other hand, © (4, 0) = ©(u, ) follows from the definitions. We remark:

(2.7) For H"2a.e.y € m(1x), O (s, y) = O(p, )
and
(28) (i) — (1)

in the Hausdorff metric.

We shall postpone the proofs of (2.7) and (2.8) as these statements alone
do not imply that 7(u,) is an n—2 dimensional plane (cf. [P]). In the following
part of the proof of Lemma 2.1 we do not use (2.7) and (2.8).

Since s = v, € M, there is a sequence of maps u; € Hy, for some A such
that

]Vui\zdx — by = Vs

Thus u; converges strongly to a constant in H} (Q\7(4)).
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By an argument similar to the proof of (2.6),

7"y (Br(0)) = O (s, 0) = O(ps, &) = ° " (Br(&5))

forr>0and j =1,...,n—2. We apply the monotonicity formula (1.6) to u;
at 0,&,7=1,...,n— 2, to obtain

(2.9)
2
p2indl‘ — Ran/

Br(0)

ap

V| *da — 027”/ |Vug|?dx
B, (0)

Br(0)\Bs(0)

o

tends, as ¢ — oo, to
R*"1u.(BR(0)) — 0° " 1(B5(0)) = 0,

for a.e. 0 < 0 < R < o0, and that
| Re;uire, |

(2.10) 2 L
By(¢)\Bo(&;) | REj|?

dxr — 0,

as i — oo, for j=1,...,n—2, and for a.e. 0 <o < p < 0.

The geometrical property of &1, ...,§,—2 as described in (ii) of Lemma 2.4
implies that span{¢y,...,&,—2} is an (n — 2)-dimensional subspace of R"™, say
R"~2 x {0}. Then (2.9) and (2.10) imply

(2.11) /B

Let ¢(z) € C§°(B:(0)); then consider

2
dr —0 ast— o0, fork=1,...,n—2.

8ui
oxy

Fi(a) = / Vuil2(z + a)g(x)de, for a € Bi_.(0).
By
Using the identity (1.3), we have, for k =1,...,n — 2,

(2.12) OF /31 (i\VuiP(x—i-a)) ¢*(x)dx

8ak 8xk

9 f: 0 <8ui 8ui)(w+a)q§2(x)dx

B1 =1 a’El axl al‘k

ox;

= 2 (z + a) s—¢*(2)dz.

=1 B: 81‘; al’k

Here we have used the fact that
0

(2.13) -

f(z + a)¢?(w)da = f(z + a)¢* (@) da,

Oa; JB,

for any ¢ € C§°(Be),a € B1—.(0) and f € L'(B;). The right-hand side in
(2.13) should be explained in the sense of distributions.
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It is obvious, since (2.11), that the right-hand side of (2.12) — 0 as i — oo,
in the sense of distributions. Therefore

(2.14) par(@) = [ S(@)dp.a+a)

is independent of the variables aq, ..., a,_o9.
Since ¢ is arbitrary, we have

fs(T1, ooy B2, Ty 1, ) = s (Tp—1, Tn)-
Thus u, = O(p, z) H" 2| (R"~2 x {0}) follows from the above fact and
O, ) = " 2. (B,(0)), for all r > 0.
Finally, since v; — s, the energy density estimate for v; implies that
vi (Bi(0)\V) =0

for all large i. Here V¥ is the é-neighborhood of R"™2 x {0} in R™. This
contradicts the initial assumption, and thus Lemma 2.1 is proved. O

Let us now prove these two additional facts, (2.7) and (2.8), though they
were not needed in the proof of Lemma 2.1.

Proof of (2.8). Lemma 1.7 implies that, if 7(u;) — E in the Hausdorff
metric, then E C 7(u.). Suppose xo € m(ps)\E; since E is closed,

B(s(x()) NEs= 0

for some 6 > 0. Here Es is the §-neighborhood of E. Since w(u;) C Es, for i
large, and since |V, [*dz — 0, we have

wi(Bs(zg)) — 0 asi— oo.
On the other hand,
20 € w(pe),  pre(Bs(wo)) > 06" 2.
The final estimate contradicts the claim p; — pi. Thus E = 7(ju.). O

Proof of (2.7). We have already shown O (., y) < ©(u,x), for H" 2-a.e.
y € R". Next, when y € m(u.),

O(p, y) = lim p* " 11 (By(y))
AN
implies that, for any € > 0, there is 7, > 0 such that

g0 < O(ke,y) < P* " 1a(Bo(y)) < O(pasy) + ¢,

for all 0 < p <ry. Let 0 <o < p <ry, such that

o> " i(Bs(y)) — 0> "1 (Bo(y)).
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Then one has -
— 0
o " i(Bo(y)) 2 5
for large ¢. On the other hand, for large i, the p; measure of the set

{z € Br(0) [ ©(pi, 2) < O(u, ) — €}

as i — 00, goes to zero for all € > 0 and R > 0 because of the fact that O(u, -)
is approximate continuous at x. Therefore, there is y; € B,(y) such that

O(pis yi) > O(p, ) — €
and hence
((p = 0)* " 1By (1)) = O, ) — e.
This implies
O, x) —e < (p—0)* "ui(By(y)) = (p— 0)* "u(By(y))

< <pfg>2_n (O(ks y) +€).

Since €,0 > 0 is arbitrary,

O(p,z) < O(ps,y)  for y € m(p). O

Step 2. Null projections.

LEMMA 2.5. If E C 7(u) is a purely (n — 2)-unrectifiable set, for some
we M, then

H™(Py(E))=0, foranyV € GL(n,n—2).
Here Py is the orthogonal projection of R™ onto V.

Proof. Let 0 < e < 1/8. Asin Corollary 2.2, we can find a positive number
ry and a subset F, C F with the properties:

(a) H"2(E\E) < ¢

(b) If x € E,,0 < r < ry, then there is

W =W(z,r) € GL(n,n —2) such that E, N (B,(x)\W:) = 0,

where W is the er-neighborhood of W;
)
(c) w(E N By(x)) > wr”Q > %07'"72.
Since FE is purely unrectifiable it follows from the characterization of rec-
tifiable sets (cf. [Sim] or [F, 3.3.5]) that for H"%-a.e. x € E,, there are points

y € E, arbitrarily close to x such that

g
| Py(y — ) |< Zly—l‘!;
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i.e., y — x is almost orthogonal to V.
Suppose |y — x| ~ r; then property (b) implies that, since y € B,.(z) "W,
H"2(Py (B, () N W,)) < 4er™ 2.
Thus
(2.15) H"2(Py(B,(x) N E,)) < 4er™ 2,

We now may cover H" 2- a.e. point in E, by balls B,(x) such that (c) and
(2.15) are valid. Note that it is a fine cover (i.e., 7 can be arbitrarily small).
Thus the Vitali covering theorem [F, 2.8.15] says that we can cover almost all
of E, with disjoint balls { B, (x;)} for which both (c) and (2.15) are valid and
xj € Fy. Therefore

Hn_2<PV(E*)) < iHn_z(PV<E* mBT](x]))) < 4&‘%7‘?_2
=1 =t

IN

2 = 8e
4e=> w(EN By, (z;)) < —u(E).
€0 =1 €0

On the other hand
H"%(Py(E\E,)) < H" ?(E\E,) < ¢,

and thus (B
H"*(Py) < ¢ (1 L S )> .
€0
Since € > 0 is arbitrary, we obtain the conclusion. O

Step 3. Positive projection density.
LEMMA 2.6. Ifpu€ M,u=|Vul®>+v, m(u) =3, then

n—2
lim sup H" = (Pvy(EN fig(ﬂf)))
r—0% v eGL(n,n—2) a(n —2)rm

> for H" 2.ae. z € X.

1
2

Proof. Obviously we may assume H"~2(X) > 0 and hence v > 0; otherwise
there is nothing to prove. As before, we let x € ¥ be such that ©,(z) = 0,
O(u, ) > e and O(u,y) is H" 2-approximate continuous, for y € X, at z.

Suppose for such x, Lemma 2.6 is not true; then there would be a sequence
{ri} "\, 0 such that

H" 2(Py (XN B,
(2.16) lim sup (Py( ﬂn_é(x)))
ri—0" VeGL(n,n—2) a(n —2)r;

- 1
5"
By taking subsequences if necessary, we obtain from Lemma 2.1 that

(2.17) Poi — M, Vai — Us.
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Also, |Vug,,|2(y)dy — 0 as Radon measures in By. Here
e = v, = O, ) H" 2| (" x {0}).
For each ¢ = 1,2,..., we may find a sequence of stationary harmonic maps
{u;;}32, in Bs such that
Vi (y)dy — voi + Ve, *(y)dy  as j — oo,

Let

n—2

Qdy:Z

k=1

2
dy;

Tij = [Vrui; o Ui

then by taking subsequences of j (for each fixed i if needed), we have 7; j — 7
as Radon measures in Bs. We claim 7;(B1) — 0 as i — oo. For otherwise, we
may assume (after choosing a subsequence of {i})

7;(B1) > 69 > 0, for all 4.

Thus, for each 4, there is j(i) such that

8
7i.j(Bsj2) > 50

forall j > j(i),i=1,....
On the other hand, since

|Vum‘|2(y)dy — fizy, asj— 00 and fip, — fx AS T — 00,
we may find a suitable diagonal subsequence

(Vi ;2 (y)dy — ps as i — oco.

Here j = j(i). Then, from the proof of Lemma 2.1 (cf. (2.11)) we have 7; ; — 0
as Radon measures in Bg/y. This contradicts the fact

8
Ti,j(Bg/z)zgo for all j > j(i) and i=1,2,....

Therefore we obtain the following situation: 7; ; — 7; as j — oo for each
i, ; — 0 as ¢ — oo and thus for all ¢ suitably large, say i > ig,

’Ti(B3/2) < 0.

Here 6 = 6(n,©(u, x)) is a small number to be chosen later. Hence, for i > i,
and j > j(7), one has

Next we consider the following functions of

a € R"?x {0}, Fjla,e), i,5=1,2,...,
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defined by
(219) Fiolad) = [ 19l y)ue()6 )y
2

Here

0o 1 y
o) = o) € CEBRHO).  velr) = v (Y).

0 < W) =¥ y-2) € C(BI(0))

with
/ VY1, oy Yn—2)dy1 ... dyp,—2 =1, and 0<e< 1.
By 7*(0)
Let ¢ be fixed; then Fj ;(a,e) is a smooth function of a € By~2(0) x {0}.

Moreover, by (2.12) and (2.13), we have, for j > j(i), that
(2.20)

2 s = 23 / o (GG o (5 -

Pt oy Yk

8al /n <3yl DU > (y + a)o™(y)ve(y)dy

Note that it is important not to differentiate 1) as we should let € — 0 below.
After omitting the indices 7, 7 and the dependence on &, we may rewrite (2.20)
as

—

(2.21) grad F(a) = f(a) + divG(a), for a € By~ 2(0),
with
(2.22) IFl+ 1G] < C(m)é,

whenever j > j(i), ||¢]lcr < 1 in (2.20). Here 6 = §(n,O(zx)) is as given in
(2.18), and || - || denotes the L' norm on Bs_..

Now we are in the position of applying the following strong constancy
lemma of Allard [All]. Its proof is quite elementary (cf. also (2.11)—(2.14)).

LEMMA 2.7. Suppose F, fand G are smooth on Bi_s., 0 < e < 1/8, and
if (2.21) and (2.22) are valid, then, for any 61 > 0, there is a &y that depends
on 61, || F|| such that

|F" —ell1( (Byje) < 01 whenever § < éo.
We apply Lemma 2.7 to conclude that for each F; j(a,e) with j > j(i) and
0 < e < 1, there is a constant Cj;(¢) such that
(2.23) | Fij(a,e) — Ci,j(E)HLl(Bg/z) <C(n,6) (C(n,6) — 0" asé—0").
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As e — 0T, we note that Fj;(a,e) — F;j(a), and
Fij(a) = /BQ(O) |vui,j|2(ala az,...,0pn—-2,Yn—1, yn)d)z(yn—la yn) : dyn—ldyn’
2

in L'(By2(0)). We thus conclude from (2.23) that
(2.24) 1F5j(a) = Cijll (B, ) < C(n,6),  for some constant Cj;.

Note that C;; may depend on ¢. But if ¢ =1 for |(yn—1,yn)| < 1/2 and ¢ =0
if |(Yn—1,yn)| > 1, then since spty; — R"72 x {0} in the Hausdorff metric, and
Vi — ps, we have Cj; = O(pu, z) for all large 7 and all j > j(i).

To complete the proof of Lemma 2.6, we need the final ingredient (cf.
[E2)).

LEMMA 2.8 (slicing measures). Let p be a finite, nonnegative Radon
measure on R"™™. We denote by o the projection of u onto R™; that is,
o(E) = p(E x R™) for each Borel set E C R™. Then, for o-a.e. x € R™ there
18 a probability measure v, on R™, such that

(i) the mapping
o= [ Sy
Rm

1s o-measurable and
() Lo ety = [ ([ fegdn) o

for each bounded continuous f.

Let

Yl = (yla v 71’-/71—2)7 YYQ = (yn—lyyn)a f(Yl,Yé) = CQ(H)¢2(Y2)7

where ¢ € C5°(B3 /2(0). We apply the above lemma to each of the following
measures: |Vu; ;|?(y)dy, vi, and |Vug,,|2dy to obtain (here i is fixed)

| By

By 77(0)

converges as j — o0 to
Lo G0+ [ e,
B;77(0) By

Here

) = [ [Vunn PV, Y2) 6 (1) dYa,

2
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and o; is the projection of v; on R"~2 x {0}. Without loss of generality, we
may assume C; = lim;_. Cj; exists. The above conclusion and (2.24) yield
the following identity:

Here dr;(Y1) is a signed measure whose total variation measure on Bs/y is
bounded (cf. (2.24)) by C(n, ). Also note that

el a (s, ) < 6
for large i. If we choose § = 6(n, ©(x)) at the beginning so small that

O(u, z)
4 9
then, because C; — O(u,z) as i — oo, (2.25) implies that

6+C(n,0) <

Prn-2, (03 (sptvi N BY'(0))
contains at least half of By'2(0). That is, for all large 1,
Hn_2(PRn72><{O}(E N Bri (1’))

a(n —2)ri—?

This contradicts (2.16). O

1
> —.
-2

Proof of Theorem C. Let p € M, w(p) = X. Then Lemma 1.5 implies that
H"2(X) < C(p) < oo. By the structure theorem of Federer [F, Chap. 3], we
may write ¥ = FU R where R is a rectifiable set and F is a purely unrectifiable
set. Naturally if H"2(E) = 0, we have nothing to prove. If H"2(E) > 0,
then Step II above implies H" 2(Py(E)) = 0 for each V € GL(n,n — 2).
However, Step 3 yields, for a.e. x € E,

n—2
Y CIAED)
r—0 VeGL(n,n—2) a(n - 2)rn

1
> —.
-2

This is clearly impossible. Thus the conclusion of Theorem C is valid. O

3. Interior gradient estimates

In Section 1 we proved that if {u;} € Hj such that u; — u weakly in
HY(Q,N), and
Wi = \Vui|2d:v — = ]Vu|2d:n + v,

L.(Q, N) strongly whenever II(p) = ¥ is an H" %-measure
zero set, i.e. v = 0. We now prove the following:

then u; — u in H}
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LEMMA 3.1.  Suppose for some p € M, ¥ = Il(p), that H""2(X) > 0.
Then there exists a nonconstant, smooth harmonic map from S* into N.

Remark 3.2. Suppose V : S? — N is a smooth, nonconstant harmonic
map. By composing with conformal maps of S?, we may find families of smooth
harmonic maps {Vj} >0 from S? into N such that

|VVy[2dz — cobp, as A — 0T

for some p € S?, ¢y > 0. In this way, one may find, in particular, a sequence of
smooth harmonic maps {Vj} such that

Vi : B3(0) x B¥%(0) - N

with
Vi(z) = Vi(z1,22), and |VVi|?dz — coH"?[X.

Here & = {0} x BY2(0). Therefore, by Lemma 3.1, the necessary and sufficient
condition for H"~2(X) > 0, for some ¥ = II(p),u € M, is for there to be a
smooth, nonconstant harmonic map from S? into N.

Proof of Lemma 3.1. If for some pn € M, X = II(11), one has H" (%) > 0,
then the dimension reduction principally (cf. Cor. 1.10) implies d = n — 2, and

there is a p, € M, with
Y. =B 20) x {0}, and p.=CoH"?|%,,
for some Cy > 0. Let {u;} € Hp (for some A > Cp) be such that
= |Vug|2dz — .

as Radon measures on B (0). Then as in the proof of Lemma 2.1, one has (cf.

(2.11))

(3.1) nzj/ o

Note also that p; — g, and p, is supported in B}~ 2(

8ui 2

dr — 0 asi— oo.
8xk

) x {0}. We have, by
1.12), that

x {0}).

0
the small energy regularity theorem of Bethuel [B] (cf. (
)

u; — a constant, in CL%(B(0)\By2(0

Let X1 == ($1, PN fL‘n,Q) X2 = ($n71,$n>

Au; |2
fi(Xy) = 2/32

1/2 axk

X17 XZ)dXQa

for X1 € BY), 2(0). Then Fubini’s theorem implies f; — 0 in Ll(B?/f(O)).

Since, for H" 2-a.e. X; € B?/QQ(O), u;(y) is smooth near points

(X1, X2) € B} ,*(0) x B 5(0)
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by the partial regularity theorem of Bethuel [B] for stationary harmonic maps,
and since the weak-L! estimate for the Hardy-Littlewood maximal function,
one can easily find a sequence of points {X%}, i =1,2,..., such that

(3.2) ui(x) is smooth near all (X7, X2) € By,%(0) x B 5(0),

and such that

(3.3) sup 7’27"/  fi(X1)dX; — 0, asi— oc.
0<r<1/2 By 3(x})

For all ¢ sufficiently large, we may find
1 .
8; € (0, 5) and  Xj € B 4(0)
such that the maximum

3.4 max 6-27"/ Vul?(2)de = —
(3.4) KB 0T fpp-2xpyx 2 (xa) Vel @ =)
is achieved at X&. Here c(n) is a suitable large number that will be chosen
later. Moreover, 6; — 0 as 1 — oo.

To see (3.4), we note that, since u; is smooth near { X1} x Bf/Q(O), for any
given i and for § < 6(1),

2 €0
) dx < )
|Vu;|*(z)dx < 2e()

62771,-/
B} ?(X1)xB2(X2)

for all Xo € B%/Q(O). On the other hand, if § > 0 is a fixed number, then, for
all ¢ large,

max

X2632

Vuil* (2)dz > eo.
1/2 )

62771/
(0) By 2(X1)xB2(X2
For otherwise §|Vu;|(z) < 608(1)/2 holds for all z € Bg/_QQ(X{) X Bg(O), and this
contradicts |Vu;|?(z)dx — .. Therefore, there is a §; > 0 (for each i large)
such that (3.4) is true, and §; — 0 as i — oo.

Next to show (3.4) is achieved at some X§ € B%M(O), we note u; —
a constant in

Croc (BY (0)\B{~2(0) x {0}).

loc

If
| X5 |>

A~ =

then monotonicity of energy implies that

/ Vs 2(x)de > Cleg,n) > 0,
BI2(0)x(B2, (0)\B2 5 (0))

1/8

for all such ¢ The last statement is again contradictory to p; — fix.



818 FANG-HUA LIN

Now we proceed with our proof using the statements (3.4) and (3.3). Let
vi = Uip,5 (y) = wipi + 6iy), pi = (X{,X3).

Then v; is a stationary harmonic map defined on

1
B}2(0) x B, (0) D By ~*(0) x B, (0), R; = 15 00 asi— oo
i
Moreover, (3.3), (3.4), energy monotonicity for both u; and v;, and the fact
that u; € Hy imply the following properties of v;:

(3.5) = / 12 ay— 0 as i
. — 1 — OQ,

R=2 JBr=2(0)x B3, (0) 1= | OUk Y

€0
3.6 / Vil *(y)dy =
(3.6) B?Q(O)w%(o)\ vil“(y)dy Cn)
= max{/ B \Vuil*(y)dy : yo € Béi_l(())} )
B2 (0)xB2(yo)
(3.7) sup {/ |Vvi]2(y)dy} < C(A)Rn—2
i |/BE2(0)xB(0)
for 0 < R < R;.
Let £(Y1) € C5°(By%(0)) such that 0 < £ < 1, and € = 1 on Bj;,*(0).

Let ¢(Y2) € C§°(B?(0)) with 0 < ¢ <1 and ¢ =1 on B%/2(0). Consider

Fia) = 0 Vi (a + y)&(Y1)$(Ya)dy,

/15?2(o>xB%<

for a € BY7*(0) x B _1(0). Then, by (2.10), for k=1,...,n —2,

8FZ(CL) L / ov; Ov; 0
3.8 =2 — +a)— dy.
(3.8) Da 12::1 20y 0 O O (v +a)g (€0)dy
Thus
OF;(a) 0
8ak

uniformly for a € Bg‘_Q(O) X Bf{i_l(O), as i — oo, foreach k=1,...,n—2, by
(3.5),(3.6) and (3.7). It is then clear from (3.6), for all large 4, that

€0
3.9 / Vil 2(Y1,Ys + b)dY1dYs < ——
(39 By ~2(0)x B2(0) Vo (3, Yo 4 )i, < 2"8

for each b € B, 1 (0) and for C(n) = 82" (we choose C(n) here). In particular,

/.. Vi 2(V1, Ya + b)dYidYa < e,
By *(0)xB3(0)
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for all b € BI%LFZ(O). Therefore, by the small energy regularity theorem [B],
we have v; — v (by taking subsequences if necessary) in

Che (By,(0) x B, _1(0)) as i — oo,

The limiting map v is a smooth harmonic defined on BQ/EQ (0) x R? such that

€0

(3.10) Vol?(y)dy = o’

/B?‘Q(O)xB%(O)
by the strong convergence above. We also note that
n—2 av
(3.11) / S I 2dy=0, and / Vol2dz < C(A)R™2.
Rr-2xB2 (= OYk Bj(0)
We thus obtain a smooth, nonconstant harmonic map v : R> — N of finite
energy, hence by Sacks-Uhlenbeck’s theorem a smooth nonconstant harmonic
map from S? into N. O

Proof of Theorem A. Suppose N does not carry harmonic S?; then for any
sequence of harmonic maps {u;} from By into N such that u; — u weakly in
H'(By,N), Lemma 3.1 implies that u; — u strongly in H._ (B, N). In other
words, we may apply the dimension reducing argument in [SU] to stationary
harmonic maps, to obtain

(3.12) sup |Vu(z)| <C(n,N,E), E :/ \Vu|?(z)dz,

zEBl/Q By
whenever N does not carry any harmonics spheres, S%, for [ = 2,...,n — 1
> 2. 0

Remark 3.3.  'When n = 2, the conclusion (3.12) can be proved in a much
easier manner. Indeed, any weakly harmonic map defined on a 2-dimensional
domain is smooth. If (3.12) is not true, then one may find a sequence {u;} of
smooth harmonic maps from By into N such that

/ |Vu;?dz < A, and sup |Vui(z)| — oo asi— oo.
B CITGBl/Q

Then u; cannot converge strongly to some u in H'(B, /3, V), for otherwise
u would be weakly harmonic, and hence smooth. Then energy convergence
implies that «; must be uniform C** in By /2. Thus

|Vug|?de — |Vu|*dz + v

for some v > 0 in By, and so

K A
I/:jZle'(Saj, cj > €0, K < o
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Then the argument in [DL] implies that there is a smooth harmonic map
v:R? - N with
0< /2 |Vol?(y)dy < A.
R

This is a contradiction.

Remark 3.4. Under the assumption that there is no smooth, noncon-
stant harmonic map from S? into N, stationary maps in H'(Q, N) of uniform
bounded energy are locally H'-compact. Thus all the statements in [Sim3] can
be carried over, and the conclusion of Theorem D follows.

Finally we state the following consequence from the proof of Lemma 3.1.
COROLLARY 3.5 (three circle theorem). Let
u:BY(0)x B*0) - N,1<k<n-1,

be a stationary harmonic map such that

(i) / |Vul|?dX1dXy < A,
BY(0)x B}~ "(0)

(i)

Then

/ Vu2dX,dXs < e,
k n—k
B1 (0)><B1 (0)

/ |Vu|?dX1dXs < C(n, e, A)
BE(0)x

n—k
By 0)

whenever € < gg(n, N) and

iii
(i) /Bg(o)xBf’“(O)

Here C(n,e,A) — 0 as e — 0, for any fized A.

|V x,ul?dX1d Xy < 8g(n, N).

4. Boundary gradient estimates

Here we consider smooth harmonic maps u : By (0) — N such that
E :/ . |Vu|?dr < oo and u |p= ¢ satisfy [l < K < oo
By (0)

where
Bf (0)={z eR":|z|< 1,2, >0} and T = {z e Bf(0):xz,=0}.

The reason we assume u to be smooth instead of merely stationary is
that the similar monotonicity identity (1.6) (or inequality) is not known for
stationary harmonic maps u at boundary points. For smooth harmonic maps
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u as above, we have the following lemma due first to W. Y. Ding; cf. [CL] and
references therein.

LEMMA 4.1.  There is a constant A depending only on n and K such that

p
/ T2—n€Ar/ Ou
o OB (2)

ar
for all0 < o < p, x € T with B} () C B (0). Here

2

dr < f(p) = f(0),

flr)= eATTQ_”/ |Vu|2d:13 + C(A)r,
B (2)

and
OB (2) = {z € Bf (0): |z — 2| = r}.

Proof. Consider a C1! extension of ¢ defined on I' into whole B; (0),
which we still denote by ¢, so that

HQSHcLl(Bj(o) < K.
Multiply the equation for wu,
(4.1) Au+ A(u)(Vu,Vu) =0 in Bf (0),

by z - (Vu(z) — Vé(z)) and integrate over B;f (0). Using integration by parts,
one can obtain the following estimate:

r/ |vu\2—2r/ 2 _ (n—2)/ Vul?da
9B (0) 0B} (0) B} (0)

< ¢(K) V (r[Vul? + |V +r]Vu|)dx+r/ w].
aB;+ (0) 0B/} (0)

(4.2)

Thus, for A = C(K,n),C(A) = C(K,n),

d CA 9
a > O, 2 n/
g (1) =2 e .

ou |2

ar

From Lemma 4.1, one deduces in particular that

(4.3) F(r) = eArp2n / Vul2dz + C(A)r
OB} (2)
is an increasing function of r whenever B, (z) C B{ (0), z € T', and hence
(4.4) lim 2" / Vul2dz = O,(2)
™0 dB;T (2)

exists.
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The following small energy regularity theorem follows from [CL].

LEMMA 4.2.  There is a constant eg = £9(n, N, K) such that, if f(r) < ey,
then

r|Vu(z)| < C(n, N, K)\/eo,

for all x € B:'/Q(z). Here By (2) C B;}F(0), as before.

Remark 4.3. The same result as Lemma 4.2 was also shown to be valid
for stationary harmonic maps whenever (4.3) is assumed; see [Wa].

Example 4.4. Using the H'-compactness property of energy-minimizing
maps and Schoen-Uhlenbeck’s boundary regularity theorem, [SU2], one can
show (cf. [M]) that if u is an energy-minimizing map from B; (0) into N with

ulp=¢, |¢lciar <K and N |Vu|?dz < E,
BT (0)
then there is a
6o = 60(E,K,’I’L,N) >0

such that u is uniformly C*® on

{x € B;/S(O),o <xp <6l

The same conclusion is not true for arbitrary smooth harmonic maps u. Indeed,
let
u; : B?(0) — §?

be a sequence of harmonic maps such that |Vu;|?dz — coép, co > 0. Thus
u; — a constant in any C* norm in Bf(0) away from {0}. Let 0 < &; — 0T,
and

02
ui(x1,x9 — 6;) = v; so that v; |z,—0 — constant.

Then v; | BF(0) will be a counterexample to such uniform estimates. Thus some
additional assumption is needed for the Schoen-Uhlenbeck-type theorem to be
valid for smooth harmonic maps near the boundary. It turns out the necessary
(by the above example) and sufficient condition is that there is no smooth,
nonconstant harmonic map from S? into N.

THEOREM 4.5.  Let u be a smooth harmonic map By (0) — N as described
above. Then there is a 6y = 6o(E, K,n,N) > 0 such that

|Vu(z)| < C(n,N, E k)

for x € {B;/?)(O) : 0 < x, < 6o} provided that there is no smooth nonconstant
harmonic map from S? into N.



STATIONARY HARMONIC MAPS 823

To prove this theorem, we first observe that if the theorem were false,
then there would be a sequence of smooth harmonic maps {u;} from Bj into
N with u; = ¢; on T,

Ipillori ) < K, and/  VuPdr<EB
B0

such that

sup |Vu;(z)| — + oo asi— oo, foranyd > 0.
z€Ds
Here

D,S:{xeB;/?)(O):OSa:nSé}.

Without loss of generality, we may assume u; — u weakly in H'(Bj", N),
|Vug|?de — p = |Vul*dz + v,

for some nonnegative Radon measure v on By (0). We may also assume ¢; — ¢
in weak *C11.

As in Section 1, we let M be the set of all such Radon measures p
obtained in the way described above, and let II(x) = X, where ¥ denotes the
energy concentration set in B;)L/ 4(0). Tt is an easy consequence of Lemma 4.1,
Lemma 4.2 and arguments in Section 1 that

Y = B:;r/4(0) N (sptr U (singu)),
H" (%) < C(n,N,E,K), and
H" (%) = 0=v=0

in B;/ 4(0).

There are two possibilities. The first possibility is that ¥ = 0 in B:,'f/ 4(0)
for any € M. Then for any sequence of smooth harmonic maps {u;} from
B (0) into N with

u; [r= ¢ — ¢ weak —*xCH! and w; —u weakly in H'(B](0), N),

u; converges to u strongly in HI(B;/4 (0), N). We note that if u is a weak limit
of {u;} as above, then u,  is also for all z € I, [2| < 1/2, and 0 < A < 1/2.
One then can easily apply the usual dimension reducing argument [SU2| to all

such u to show that there is 6 = §(n, N, K, E) > 0 such that
(4.5) |[Vu(z)] < C(n,N,K, E)

for all z € B;r/g(()),() <z, < 6. Here

E:/+ Vul2de, ulr o < K.
B{ (0)
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Indeed, any such u will automatically verify the small energy regularity
property and the monotonicity of energy (cf. Lemmas 4.1 and 4.2). Moreover,
if v is a tangent map of u at z € I, |2] < 2/3, then, since each u, y,A > 0 is
the strong limit of some smooth harmonic maps of uniform bounded energy,
the diagonal sequence method and again the assumption v = 0 for all u € My
imply that v is also a strong limit of u, ), for some {A;} \, 0. Note that v is
also the strong limit of a sequence of smooth harmonic maps.

After we establish (4.5), then Theorem 4.5 follows easily from the strong
convergence of u; to u, and from Lemma 4.2.

We thus should consider the second possibility that v # 0 in B;r/ 4(0) for
some i € M. We need the following lemma.

LEMMA 4.6. If H"2(X) > 0 for some u € M, then there is a smooth,
nonconstant harmonic map from S* into N.

Proof. Suppose there is no smooth, nonconstant harmonic map from S?
into IV; then Lemma 3.1 implies that

H"(20 (Bf\I) =0,

and hence H"2(' N ¥) > 0 by assumption. In other words, for H" 2-a.e.
x € X, x € I', we can easily modify the proof of Lemma 2.1 and by Lemmas
4.1 and 4.2 we may conclude that there is a (n — 2)-dimensional subspace L in
I" such that for some pu € M,

w=CoH" 2 |L =v, forsome Cy> 0.

Without loss of generality, we assume L = R"~2x{0}. Then there is a sequence
of smooth harmonic maps {u;} : By (0) — N such that

(4.6) |Vu;|?de — CoH" 2| R"2 x {0}, and that
' u; |r — constant, weak-*Cb!.

Moreover, as for (2.11), one has

(4.7) / \aui dy —0 asi— oo, foreachk=1,2...,n—2.
B, (0) Oy

Now we follow the exact same arguments ((3.3) — (3.11)) of Section 3
to find either a smooth, nonconstant harmonic map V : R2?2 — N with finite
energy, or a smooth, nonconstant harmonic map of finite energy V : Ri — N
with V' |;,—0 constant. The last statement is impossible due to a well-known
fact shown by Eells and Wood (cf. [EL] and references therein). We therefore
obtain a contradiction. O
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5. Arbitrary Riemannian metric

In the previous sections, we have always assumed that 2 has the stan-
dard Euclidean metric. Here we point out a few changes needed in the above
arguments to handle the general metric case.

We let

n
ij=1
be a C%-metric on By, such that
(5.1) Ko el < 167 < i (0)€'€7 < Kolél, lgijller(sy,4,) < Ko,

for a constant Ky. Thus the energy for a map u : Bi4s, — N in this metric
becomes
(62 BBisg) = [ g@)Du() - Dyu()/g(e)ds.

146
g = det(gi;), and the Euler-Lagrange equation for a map u to be weakly
harmonic becomes

(5.3) Au+ A(u)(Vu, Vu) = 0.

Here A and V are with respect to the metric g.
The important identity (1.3) for the map u to be stationary becomes

(5.4) div(|Vu|?6;; — 2D;uDju) = R € D(Bi14,)-

Here again div and V etc. are with respect to the intrinsic metric g, and

the vector R is bounded by C||Vg|||Vu|?. From (5.4) one can also derive the

monotonicity inequality

/ |Rz URZ ’2
Br(z)\Bs(2) |R:|"

f(r)= eC(KO)TTQ*”/ |Vu|*dz + C(Ko)r.

r(2)

(5.5) dz < f(R) — f(0),

In particular, f(r) is a monotone function increasing in r, and
(5.6) Ou(z) = lim r*™" / \Vu|?dx
™0 B,(z)

exists.

In (5.5), (5.6), one should regard V etc. intrinsically also. One may also
simply view them as the usual gradient in the Euclidean metric if the following
transformations of metrics are performed. For any point € By4s,, (gi(x)) is
a positive definite symmetric matrix. Thus there is an orthogonal matrix O(z)
whose columns are normalized eigenvectors of (g;j(x)), such that

O(z)!(gij(x))O(z) = diag(Ai (), - . ., A ().
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When
T(x) = diag(\ ()72, An(2)"/?)O(2),

then
T(2)"(gij(x))T(x) = In.

Note that T'(x) is also smooth in = € Byyg,. Let T : R — R”™ be the affine
transformation such that, for y € R,

z2=Tu(y) =+ T(x)""y.

Then if u is a stationary harmonic map in the metric g(z) = (gi;(2)), then u(®)
defined by

ul (y) = u(Te(y))

is a stationary harmonic map in the new metric g(y) = (¢;;(y)) such that

(5.7) G5(®)) = T(@)!(935(x + T(2)" () T(x)).
Thus g;;(0) = 6;;. In this way, (5.6) becomes

z) = lim p*™" u® .
(5.5) 0u(z) = limp? [ [VuO Py

Here the right-hand side can be taken to be the usual Euclidean gradient. It
is straightforward to check the proof of Lemma 1.5 and Lemma 1.6 can be
carried over directly.

Next we want to define M in this general context. Let Gk, be the class
of Riemannian metrics on Bjyg, that satisfies (5.1) with Ky replaced by a
suitably larger number K; = Kj(Kj). Here K; may be obtained from the
following metrics.

For any = € By, 0 < A < 6/KZ(1 + &), we define a new metric g, x(y)
by:

(5.9) (9oa®))ij = T(x)"(9(x + NT(2)~'y))i5 T (x),
so that (g;,1(0)) = I5,. Note that by our choice of A,
T+ )‘T(x)_ly € B1+507

the g, » metric is well-defined on Bq,4,. Moreover, if u is a stationary map in
a metric g, then u, ) defined by

uz(y) = u(z + AT~ (2)y)

is a stationary harmonic map with respect to the metric g, y on Biis,. It is
clear that there is a constant K; = K;(Kjp) such that, all these metrics g, x
described above satisfy (5.1) with K replaced by Kj.

We say p € M if there are a sequence of metrics {gr} € G, and a
sequence of stationary maps {uy} (each wj is a harmonic map with respect
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to the metric g, on Bi,s,) such that g, — g € G (weak * C1! up — u in
H'(By s, N) weakly, and such that

i Oug Ou
2 g k k N
(5.10) V(o) e = g ) 2% 5 o) — .

as Radon measures on By, when k — oo.
Note that it is convenient for us to allow the bound on

/ ]VukIZ(J:)dm
B1+50

and the bound A on metrics gi(€ Ga) to be dependent on p (but not k!). Now
it is easy to check for p € M, iz », the weak limit of [Vuy 2 (y)|dy € M, for
any |z] < 1,0 <X <1—|z|. Toshow (ii) of Lemma 1.7, we observe that {vy}
is a sequence of stationary maps such that the corresponding metric {gx} has
the property that (gx);; — 6;; in weak * C1. Then (1.18) should be replaced
by

(5.11)

E(vg, ¢,a,¢) = /000 /Snfl

87)k 87)k
B )20, 90,

2,7=1

3

8

(7“—1—@

X (r+a,0)-p(0)(r) - \/gr(r + a,0)dbdr.
Here we write g in the polar coordinate system:
dr® + ngk,ij (r, H)dﬁi ®d#?, and det (Gr,ij) (1, 0) = gi(r, ).
Thus (1.19) becomes

(5.12)
d

da E(Uknd)va E)

—2—/ / 7"—|—a
§n—1

+Ok ) (Uk,QS,CLE)

+/ /gnl n—2)(r+a)+ok(l)) | =
X (r 4+ a)p(0)e(r)\/ gk (r + a, 6dOdr

6vk8¢
/ /SnIQ—vkg(r+ 9)89 89(+ a,0)

Xe(r)\/ 9k (1 + a, 0dOdr.

Here o0x(1) denotes the quantity that goes to zero as k — co. They all come
from differentiating gy (r,0), gr,i;(r,6) in the r-direction.

o, 0)$(0)¢=(r)\/gr(r + a,0)dbdr

vy,
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The rest of the proofs of Lemma 1.7, (ii), say, (1.20)—(1.23), follow in the
same way as before.

For the proofs in Section 2, some changes have to be made also. For (2.12),
we note that

- Ou; Ouy [
F~ = ? —Z —Z g 2 M
7'(a/) /B1 (gkl al’k 8.73[ g) (x +a)¢ (x)dxv

here {g'} is a sequence of C''*! metrics such that
|9kt (2) — 8t — O

in weak * C11. Therefore the term R in (5.4) is 0;(1)|Vu;[?. Then (2.12)
becomes

1 =2 — KN/ 9i . d 1) Fi(a),
513 g =23 [, (Gor ganshev) (@ 4005, 0@+ ou(VF@)

and the same conclusions as before follow.
Finally, we can apply the modifications as above to the calculations in
(2.1) so that the proof of Lemma 1.6 can be carried out in the same manner.
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