Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 35 (1994), No. 1, 25-27.

On Lifting Prime Ideals

Andreas W.M. Dress Forschungsschwerpunkt Mathematisierung - Strukturbildungsprozesse Fakultät für Mathematik, Universität Bielefeld Postfach 10 01 31, D - 33501 Bielefeld

It is one important consequence of classical elimination theory that an irreducible polynomial p(X_1, . . . , X_n) ∈ K[X_1, . . . , X_n] in several variables X_1, . . . , X_n over an algebraically closed field K remains irreducible over every field extension L of K. Later, it was discovered that the same result is also a consequence of the valuation extension theorem, that is, of the fact that for any valuation ring R in a field F and for any field extension L of F there exists a valuation ring S in L with S ∩ F = R. Indeed, if T ⊆ L is a transcendence base of L over K, if F := K(T ), if R = { g f | g, f ∈ K[T ], f(0, . . . , 0) ≠ 0}, and if S is a valuation ring in L with S ∩ F = R, then the residue class field S of S must be an algebraic extension of the residue class field R of R and, since R = K and K was algebraically closed, S must also coincide with K. Since moreover every factorization p = p_1 · p_2 of p in L[X_1, . . . , X_n] could be readjusted to yield a factorization in S[X_1, . . . , X_n], it would also lead to a factorization over S[X_1, . . . , X_n] = K[X_1, . . . , X_n], so it is impossible.

Combined with the fact that C. Chevalley provided an extremely simple proof for the valuation extension theorem (which will be recalled below) this observation led to the gradual elimination of elimination theory in the second volume of van der Waerdens “Algebra”, regretted by many nowadays. Yet, in spite of the well justified resurgence of elimination theory in the last decade, the valuation theoretic approach to the above irreducibility result is still the fastest known today. It may therefore be of some interest that a slight modification of Chevalley’s trick yields also the famous Cohen-Seidenberg prime ideal extension theorem for integral ring extensions, a basic result, used over and over again in commutative algebra and number theory.

The following lemma and its proof present this slight modification:

Lemma: Let A be a subring of a commutative ring B with 1 ∈ B and let p denote a given, fixed prime ideal in A. Then for all x, y ∈ B with a := x · y ∈ A there exists either a prime

0138-4821/93 $ 2.50 © 1993 Heldermann Verlag, Berlin

26 A. W. M. Dress: On Lifting Prime Ideals ideal p_x ⊆ A[x] with p_x ∩ A = p or there exists a prime ideal p_y ⊆ A[y] with p_y ∩ A = p (or both).

Proof: Otherwise, the multiplicatively closed set A \ p intersects

p[x] := { nX_{i=0 pixi | n ∈ N0; pi ∈ p for i = 0, 1, . . . , n}} as well as p[y] := { mX_{j=0 qj yj | m ∈ N0; qj ∈ p for j = 0, 1, . . . , m}.} Choose^nP_{i=0} p_ix^i =: s ∈ p[x] ∩ A \ p and^mP_{j=0} q_j y^j =: t ∈ p[y] ∩ A \ p so that n and m are minimal and assume without loss of generality p_0 = q_0 = 0 and m ≤ n. Then

A \ p ∋ t · s = n�1X_{i=1 (t · pi)xi + t · pnxn =} = n�1X_{i=1 (t · pi)xi +} mX_{j=1 qj yj · pnxn =} = n�1X_{i=1 (t · pi)xi +} mX_{j=1(aj · qj · pn)xn�j =} = n�1X_{i=1 p0ixi} with p0_{i := tpi + a}n�i_{qn}�_{ipn ∈ p} if n − m ≤ i ≤ n − 1 and p0_{i := tpi ∈ p} if 1 ≤ i < n − m, a contradiction.

Remark: This proof is an almost exact copy of Chevalley’s trick except that he used it only in case x · y = 1 and did not consider the more general situation x · y ∈ A.

The remarkable fact we want to point out in this note is that this slight modification immediately yields not only the valuation extension theorem (which, of course, is no surprise since Chevalley introduced his trick precisely for this purpose), but it also yields the Cohen-Seidenberg prime ideal extension theorem or, more precisely, it implies a common generalization of both, that is, the following

A. W. M. Dress: On Lifting Prime Ideals 27

Theorem: For A, B and p as above, consider a maximal subring A0 of B, containing A and containing a prime ideal p0 with A∩p0 = p (which exists due to Zorn’s Lemma). Then x, y ∈ B and x · y ∈ A0 implies x ∈ A0 or y ∈ A0, in particular A0 is integrally closed in B.

Proof: It is clear that x, y ∈ B and x · y ∈ A0 implies x ∈ A0 or y ∈ A0 in view of the above lemma and the maximality of A0. Now assume b ∈ B is integral over A0, that is, b^n + a_1 b^n�^1 + . . . + a_n = 0 for some n ∈ N and a_1, . . . , a_n ∈ A0. Assume furthermore that n has been chosen to be minimal so that a_1, . . . , a_n ∈ A0 with the above property exist. Since b(b^n�^1 + a_1 b^n�^2 + . . . + a_n�_1) = −a_n ∈ A0

and since b^n�^1 + a b^n�^2 + . . . + a_n�_1 /∈ A0 by the minimality of n, we get b ∈ A0. So A0 is indeed integrally closed in B.

If B is a field, A0 is necessarily a valuation subring of B, so the above theorem implies indeed the valuation extension theorem. It implies also that A0 must be equal to B, if B is an integral extension of A, that is, it implies simultaneously the Cohen-Seidenberg prime ideal extension theorem.