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Super-Pythagorean fields can be thought of as arising from a weakening of the requirement
of Euclideanity, while preserving the requirement of Pythagoreanity. To be precise: F' is
Pythagorean if and only if, given C' € F / E? distinct from —F?, there is an ordering of F' in
which all members of C' are positive. F' is said to be super-Pythagorean if, given any finite
subgroup C' of F'//F? not containing —F?, there is an ordering of F' in which all members
of C are positive (cf. [2] or [3]).! Euclidean fields can be ordered in only one way. Given
that Pythagorean and Euclidean fields arise naturally as coordinate fields of planes with
free mobility, and of those satisfying the circle axiom, it is natural to ask whether super-
Pythagorean fields have a natural geometric meaning.

In [5] we have provided axiom systems for Euclidean planes with super-Pythagorean
coordinate fields with or without order. Two axioms of those axiom systems, A7 and A8, are
artificial, in the sense that they do not reflect simple geometric intentions. This shortcoming
will be remedied in this paper, where we shall display two axioms with clear geometric content
to replace the above two. Moreover, in their new formulations these axioms will be affine
statements.

We start with a simple example of a super-Pythagorean, non-Euclidean field. Let E;
and E, be the Euclidean closures (inside the quadratic closure of Q; cf. [1]) of the fields
(Q(v2), <1) and (Q(v/2), <3), where <; and <, stand for the two orders (v/2 >1 0, v/2 <3 0)
that Q(v/2) admits.? Then S := E; N E, is a super-Pythagorean (since it can be ordered in
exactly two ways), clearly non-Euclidean field.

We now show that super-Pythagorean fields may be defined by a simpler set of conditions
than

1F stands for F'\ {0}.
20ne could take E; and FE» to be the real closures of the two fields inside the same algebraic closure of Q.
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(1) —-1¢ F? (2) (Va)l+a*>€ F?, (3) (Vz)zx € F?°V—x € F?V1+z € F*Vz(l+z) € F?,
by which they were defined in [5, p. 256].

Lemma. Super-Pythagorean fields are commutative fields that satisfy
(1) -1¢F? (3) (Vo) —z€F?V1i+zeF*Va(l+az)e FL

Proof. To show that fields satisfying (1) and (3') satisfy (2) and (3) as well, let z = a? in
(3') to get (2) (since, by (1), for a # 0, —a® cannot be in F?), and notice that (3")=(3) is
logically valid. To show that fields satisfying (2) and (3) satisfy (3') as well, notice that if for
some z none of the disjuncts in (3') holds, then z must be a square by (3). But then 1 + x
must be a square by (2), so the second disjunct in (3') must hold. O

This implies that A7 may be replaced by the axiom ab = cc — a = b, and A8 simplified by
removing the line z = 3a from its statement. But we can do better.

Let A be an axiom system (for example, the one in [7]) in the language L; (containing a
single quaternary relation ||, with ab || ¢d to be interpreted as ‘ab and cd are either parallel or
collinear’; as primitive notion) for Fanoian Pappian affine planes. Let A(abc) <+ ab || acAa #
bAb # cAc # astand for ‘a,b,c are different and collinear’; and let L(abc) <> ab || ac.
Following [4, p. 338] (cf. also [6, Proposition 1]) we define, for any three points e, 0,a with
A(eoa)

Q(eoa) <> (Fbcd) A(oab) A =L(oac) A Aocd) A ec || bd A be || ad
to be read as ‘o does not lie between e and a’. Notice that if the points o, a, b, e are assigned

the coordinates (0, 0), (1,0), (u,0), (v, 0) respectively, then Q(eoa) states that v = u?.
When added to A, the axiom

C1  A(abe) = Q(cadb) V Q(abe) V Q(bca)

implies precisely that the coordinate field satisfies (3'), as may be seen by coordinatizing the
plane with a = (0,0), b = (1,0), ¢ = (—x,0). There is nothing more natural than asking for
C1 to hold, for it says that among three collinear points at least one is not between the other
two. When added to A, the axiom

C2 MA(abe) A—L(abd) A ad || be Abd || ce A de || ab — —Q(abc)

implies that the coordinate field satisfies (1), for C2 states that ‘if b is the midpoint of ac,
then it is not true that b does not lie between a and ¢ (in the sense of Q) .

We can now state, for A; = AU {C1,C2} and A, = A; U {A9,A10,A11', A12}, A9,
A10, A12 being the (strict) betweenness axioms from [5, p. 257] and A11’ having the same
antecedent as axiom C2 with Z(abc) as consequent (i. e. the natural way to state that the
midpoint lies between the endpoints in affine geometry), the following

Theorem. M is a model of Ay (or Ay) iff M is isomorphic to an affine plane over a
super-Pythagorean (ordered) field.
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