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Abstract. The group of automorphisms of the coordinate ring of quantum sym-
plectic space O,(spk?*™) is isomorphic to the algebraic torus (k*)"*!, when ¢ is
not a root of unity.

Introduction.

In contrast with the classical commutative case, the rigidity of some quantized coordinate
algebras in the ‘generic case’ allows an explicit description of their groups of automorphisms.
Thus, J. Alev and M. Chamarie showed that the group of automorphisms of the quantum
plane is a torus of rank two in the non root of unit case [1]. Under the same condition on the
quantum parameters, J. Alev and F. Dumas [2] found later that the group of automorphisms
of the first quantum Weyl algebra is an algebraic torus. This result was extended by L. Rigal
to the n'® quantum Weyl algebra [12].

The aim of this paper is to describe explicitly the group of automorphisms of the coordi-
nate ring of quantum space O,(spk®*™) (g is not a root of unity), which will be denoted by
Auty (O, (spk**™)). We use Rigal’s method, namely, the fact that the set of height one prime
ideals (explicitly determined in [5]) is invariant under the action of Auty(O,(spk?*")).
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1. The quantum symplectic space

Let k be a field, and ¢ a non-zero element in k which is not a root of unity. I. M. Musson
found [8, §1.1] that the coordinate ring O,(spk®**™) of the quantum symplectic space (cf.
[11, Definition 14| or [13, §4]) is the k-algebra generated by yi,z1,. .., yn, T, satisfying the
following relations

Yt = q try;, yiyi = quiy; (1<i<j<n)
i-1 .
Y — Py = (¢ — 1) ¢ 'y (1<i<n)

=1

By [9, Proposition 1.10] or [10, Example 6], O,(spk**™) can be written as an iterated Ore
extension

RyC R C--- CR, = 0O,(spk®>™)

where Ry =k and Ry = Ry_1|yk; o) [zk; Bk, 0x) for & > 1, with

on(x) = ¢ ey = Br(a) (1<i<k<n)
ar(y) = ay = Br(y1) (1<I<k<n)
B (yk) = @i (1<k<n)

k-1
0x(Rr—1) = 0, dx(yr) = (¢* — 1);qk_lylll?z (1<k<n)

Consider the elements ; = >>r_, ¢ 'y2; (i > 1). From [9, Lemma 1.3] we get

Qive = P, Qi = ¢ 22 (k <)
Qixp = 212, Qyre = vkl (i <k) (2)
Q.0 = Q. (for all 4, k)

Q=3 g d g+ gy, (<)
TiYi — q2yi$i = (q2 - 1)qu—1 (3)
TiYi — Yiliy = (CI2 - 1)Qz‘-

By the relations (1), O,(spk®**™) is a P.B.W k-algebra in the sense of [3, 4] with respect
to the lexicographical order <;, on N?* with (1,0, - ,0) <jee (0,1,-++,0) <tez **+ <jew
(0,---,0,1). This implies that every f € O,(spk®*™) is uniquely written as

f= Z ca X®

aeN2n

with respect to the k-basis
B = {Xa = yllllmél‘l .. y’,’;nxlén| a = (yh'uh ce 7V77,7,U/n) c NQn} .

For f # 0, define
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exp(f) = max{a| ¢, # 0}.

XSlex

By [4, Proposition 1.3(i)],

cxp(fg) = exp(f) + exp(g) for any f, g € Og(spk™") \ {0}.

In [5] we found an explicit description of the prime spectrum (the set of prime ideals) of
O, (spk**™). From [5, Proposition 3.2, Corollary 3.5], we can deduce that the set of all height
one prime ideals is

P = {{y1), (z1), (Q2), -, ()}

2. The group of automorphisms

To determine this group, we first show that the k-vector space generated by an element
v € {y1, 21,09, -+ ,Qy,} is invariant by Auty(O,(spk**™)). Then we compute the image of
the rest of generators, by a fixed element of Auty(O,(spk>*™)). Let V,, be the k-vector space
generated by {Qy,---,Q,}, by (3) the set {y;z;}1<i<n is a k-basis of this vector space.

Lemma 2.1. Let 0 € Auty(O,(spk**™)). Then for any i € {2,---,n} there exists j €
{2,---,n}, such that

() = Xi;Qy, and o(xq) = 1, o(y1) = iy,
where X\ij,v1, 1 € k*.

Proof. By the Theorem of the principal ideal [7, Theorem 4.1.11] (or [6]), P is invariant
by Auty(O,(spk?*")). Fix 0 € Auty(O,(spk>*™)), and let = € {y;, 21,2, ,Q,}, then
there exist h,h’ € Oy(spk®™) \ {0} and y € {y1, 21,02, ,Qn}, such that o(z) = hy and
o~ (y) = Wx. Hence ho(l') = o(h')h = 1, so h, h' are invertible thus h, i/ € k*. Suppose now
that there exist ¢ € {2,--- ,n} and j € {2,--- ,n}, such that o(;) = ay, 0(;) = Bz, for
some «, 3 € k*. From (2), we have €,2; = Q,(;. Applying o to this equality we get af = 0,

because ¢ is not a root of unity. So for each i € {2,--- ;n} there exists j € {2,---,n}, such
that o(€;) = A2, \ij € k*. By the same way, we show that z; (resp, y1) can not be the
image of y; (resp, x1) by o. Therefore o(x1) = pyx1, 0(y1) = viyr, v1, 1 € k*. O

Remark 2.2. By the previous lemma, for each o € Auty(O,(spk®>*™)) and i € {2,--- ,n},
there exist k € N, such that o®(Q;) = A\, A € k*.

Lemma 2.3. Let a,b € O,(spk®*") \ k, such that ab = Z1gkign kiyix; € Vi, with k; € k, and
k., # 0. Then there exist \, N € k*, such that a = \y,, and b = Nz, (or a = Nx,, and

b= )‘yn)
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Proof. 1t is clear that exp(ab) = (0,0,---,0,1,1), so we have

exp(a) = (0,---,0,1,0), exp(b)=(0,---,0,0,1)
or
exp(a) = (0,---,0,0,1), exp(b) =(0,---,0,1,0).

Then we have, for example, a = Ay, + ag, b = Nx,, + by, where \, \' € k* and ag € R,,_1,
bo € Ryja = Rn—1[yn; o). So ab = ANynx, + Nag, + Aynbo + aobo, and v = Nagxy, + Aynbo +
aghy € V,,. But exp(Nagx,) = exp(u) = (1,0,1), with v € N2~V Hence ag = by = 0. By
the same way we get the other case. 0

Proposition 2.4. Let 0 € Auty(O,(spk®**™)). Then for each i € {1,---,n} we have
U(Ql> = )‘ZQH )‘l € k*f and O-(xz> = HiTs, U(yl) = Vi¥Yi, Vi, Wi e k*.

Proof. For i = 1, we know by the Lemma 2.1 that o(x;) = w1, o(y1) = vaya, v1, 1 € k¥,
and so 0(1) = M, Ay = vipy. Suppose that there exist i # j € {2,---,n}, such
that o(€;) = MY, A € k*. If 0(Q,) = A, then there does not exist & € N* such that
ok () = My, with Ao € k*. Let m be the maximal element in the set

{j| () = A\Q; for some A € k* and [ # j}.

Let o(€%) = XS, Ao € k*. Note that 1 < i < m < n, 0(2i-1) = A\;Qr, 0(Qir1) = N'Qs
for some N, A" € k* and r,s < m. Applying ¢ to Q; = y;x; + ¢Qi_1, we get o(y;)o(z;) =
Y 1<iem iy, with k,, = Ag. By Lemma 2.3 (with m = n) applied to o(y;)o(z;), we have for
example o(y;) = 'z, ' € k*. If we apply o to Qiy1 = Yir 1751+ g8, then we get o(y; 1) =
UoTm, fy € k* (or o(xi11) = poTm), which contradicts the injectivity of o. In conclusion
we have o(£2;) = N\, \; € k*. Now applying o, to ; = yiz; + ¢_1,1 = 2,... ,n, we get
o(yi)o(z;) € V,. By Lemma 2.3 (with ¢ = n) applied to o(y;)o(z;), we have o(y;) = viyi,
o(x;) = iz, vi, i € k*. Observe that we can not have, o(z;) = vy, 0(y;) = piz;. If it is
the case, then one have w;vyiz; — ¢?uiviziys = (¢ — 1)ghi—1% 1, so pv; = 0. O

Theorem 2.5. Let O,(spk**™), with ¢ not a root of unity. Then
Auty (O, (spk™ ")) = (k*)"*".

Proof. Pick 0 € Auty(O,(spk?*™)), by the Proposition 2.4 we have for each i = 1,... ,n,
o(x;) = paxs, 0(Yi) = Vi, i, vi € k* and o() = Ny, A € k*, with Ay = pyvy. Applying
o to Qo = Yoo + (¢% — 1)qyrm1, We get Ao = A\; = vy = pots. We continue to applying o

to other equalities listed in (3), we get in the end, \y = --- = A\, = vy = -+ = ppvy. The
theorem now is clear. OJ
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