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Abstract. The group of automorphisms of the coordinate ring of quantum sym-
plectic space Oq(spk2×n) is isomorphic to the algebraic torus (k×)n+1, when q is
not a root of unity.

Introduction.

In contrast with the classical commutative case, the rigidity of some quantized coordinate
algebras in the ‘generic case’ allows an explicit description of their groups of automorphisms.
Thus, J. Alev and M. Chamarie showed that the group of automorphisms of the quantum
plane is a torus of rank two in the non root of unit case [1]. Under the same condition on the
quantum parameters, J. Alev and F. Dumas [2] found later that the group of automorphisms
of the first quantum Weyl algebra is an algebraic torus. This result was extended by L. Rigal
to the nth quantum Weyl algebra [12].
The aim of this paper is to describe explicitly the group of automorphisms of the coordi-

nate ring of quantum space Oq(spk2×n) (q is not a root of unity), which will be denoted by
Autk(Oq(spk2×n)). We use Rigal’s method, namely, the fact that the set of height one prime
ideals (explicitly determined in [5]) is invariant under the action of Autk(Oq(spk2×n)).
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1. The quantum symplectic space

Let k be a field, and q a non-zero element in k which is not a root of unity. I. M. Musson
found [8, §1.1] that the coordinate ring Oq(spk2×n) of the quantum symplectic space (cf.
[11, Definition 14] or [13, §4]) is the k-algebra generated by y1, x1, . . . , yn, xn satisfying the
following relations

yjxi = q
−1xiyj, yjyi = qyiyj (1 ≤ i < j ≤ n)

xjxi = q
−1xixj, xjyi = qyixj (1 ≤ i < j ≤ n)

xiyi − q2yixi = (q2 − 1)
i−1∑
l=1

qi−lylxl (1 ≤ i ≤ n)
(1)

By [9, Proposition 1.10] or [10, Example 6], Oq(spk2×n) can be written as an iterated Ore
extension

R0 ⊆ R1 ⊆ · · · ⊆ Rn = Oq(spk2×n)

where R0 = k and Rk = Rk−1[yk;αk][xk; βk, δk] for k ≥ 1, with

αk(xl) = q
−1xl = βk(xl) (1 ≤ l < k ≤ n)

αk(yl) = qyl = βk(yl) (1 ≤ l < k ≤ n)
βk(yk) = q

2yk (1 ≤ k ≤ n)

δk(Rk−1) = 0, δk(yk) = (q
2 − 1)

k−1∑
l=1

qk−lylxl (1 ≤ k ≤ n)

Consider the elements Ωi =
∑i
l=1 q

i−lylxl (i ≥ 1). From [9, Lemma 1.3] we get

Ωiyk = q
2ykΩi, Ωixk = q

−2xkΩi (k ≤ i)
Ωixk = xkΩi, Ωiyk = ykΩi (i < k)
ΩiΩk = ΩkΩi (for all i, k)

(2)

Ωi =
∑
j<l≤i q

i−lylxl + q
i−jΩj, (j ≤ i)

xiyi − q2yixi = (q2 − 1)qΩi−1
xiyi − yixi = (q2 − 1)Ωi.

(3)

By the relations (1), Oq(spk2×n) is a P.B.W k-algebra in the sense of [3, 4] with respect
to the lexicographical order ≤lex on N2n with (1, 0, · · · , 0) <lex (0, 1, · · · , 0) <lex · · · <lex
(0, · · · , 0, 1). This implies that every f ∈ Oq(spk2×n) is uniquely written as

f =
∑

α∈N2n
cαX

α

with respect to the k-basis

B =
{
Xα = yν11 x

µ1
1 · · · y

νn
n x

µn
n |α = (ν1, µ1, · · · , νn, µn) ∈ N2n

}
.

For f 6= 0, define
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exp(f) = max
≤lex
{α | cα 6= 0}.

By [4, Proposition 1.3(i)],

exp(fg) = exp(f) + exp(g) for any f, g ∈ Oq(spk2×n) \ {0}.

In [5] we found an explicit description of the prime spectrum (the set of prime ideals) of
Oq(spk2×n). From [5, Proposition 3.2, Corollary 3.5], we can deduce that the set of all height
one prime ideals is

P = {〈y1〉, 〈x1〉, 〈Ω2〉, · · · , 〈Ωn〉} .

2. The group of automorphisms

To determine this group, we first show that the k-vector space generated by an element
v ∈ {y1, x1,Ω2, · · · ,Ωn} is invariant by Autk(Oq(spk2×n)). Then we compute the image of
the rest of generators, by a fixed element of Autk(Oq(spk2×n)). Let Vn be the k-vector space
generated by {Ω1, · · · ,Ωn}, by (3) the set {yixi}1≤i≤n is a k-basis of this vector space.

Lemma 2.1. Let σ ∈ Autk(Oq(spk2×n)). Then for any i ∈ {2, · · · , n} there exists j ∈
{2, · · · , n}, such that

σ(Ωi) = λijΩj, and σ(x1) = µ1x1, σ(y1) = ν1y1,

where λij, ν1, µ1 ∈ k∗.

Proof. By the Theorem of the principal ideal [7, Theorem 4.1.11] (or [6]), P is invariant
by Autk(Oq(spk2×n)). Fix σ ∈ Autk(Oq(spk2×n)), and let x ∈ {y1, x1,Ω2, · · · ,Ωn}, then
there exist h, h′ ∈ Oq(spk2×n) \ {0} and y ∈ {y1, x1,Ω2, · · · ,Ωn}, such that σ(x) = hy and
σ−1(y) = h′x. Hence hσ(h′) = σ(h′)h = 1, so h, h′ are invertible thus h, h′ ∈ k∗. Suppose now
that there exist i ∈ {2, · · · , n} and j ∈ {2, · · · , n}, such that σ(Ωi) = αy1, σ(Ωj) = βx1 for
some α, β ∈ k∗. From (2), we have ΩiΩj = ΩjΩi. Applying σ to this equality we get αβ = 0,
because q is not a root of unity. So for each i ∈ {2, · · · , n} there exists j ∈ {2, · · · , n}, such
that σ(Ωi) = λijΩj, λij ∈ k∗. By the same way, we show that x1 (resp, y1) can not be the
image of y1 (resp, x1) by σ. Therefore σ(x1) = µ1x1, σ(y1) = ν1y1, ν1, µ1 ∈ k∗. �

Remark 2.2. By the previous lemma, for each σ ∈ Autk(Oq(spk2×n)) and i ∈ {2, · · · , n},
there exist k ∈ N, such that σk(Ωi) = λΩi, λ ∈ k∗.

Lemma 2.3. Let a, b ∈ Oq(spk2×n) \ k, such that ab =
∑
1≤ki≤n

kiyixi ∈ Vn with ki ∈ k, and
kn 6= 0. Then there exist λ, λ′ ∈ k∗, such that a = λyn, and b = λ′xn (or a = λ′xn, and
b = λyn).
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Proof. It is clear that exp(ab) = (0, 0, · · · , 0, 1, 1), so we have





exp(a) = (0, · · · , 0, 1, 0), exp(b) = (0, · · · , 0, 0, 1)
or
exp(a) = (0, · · · , 0, 0, 1), exp(b) = (0, · · · , 0, 1, 0).

Then we have, for example, a = λyn + a0, b = λ
′xn + b0, where λ, λ

′ ∈ k∗ and a0 ∈ Rn−1,
b0 ∈ Rn/2 = Rn−1[yn;αn]. So ab = λλ′ynxn+λ′a0xn+λynb0+a0b0, and u = λ′a0xn+λynb0+
a0b0 ∈ Vn. But exp(λ′a0xn) = exp(u) = (ν, 0, 1), with ν ∈ N2(n−1). Hence a0 = b0 = 0. By
the same way we get the other case. �

Proposition 2.4. Let σ ∈ Autk(Oq(spk2×n)). Then for each i ∈ {1, · · · , n} we have
σ(Ωi) = λiΩi, λi ∈ k∗, and σ(xi) = µixi, σ(yi) = νiyi, νi, µi ∈ k∗.

Proof. For i = 1, we know by the Lemma 2.1 that σ(x1) = µ1x1, σ(y1) = ν1y1, ν1, µ1 ∈ k∗,
and so σ(Ω1) = λ1Ω1, λ1 = ν1µ1. Suppose that there exist i 6= j ∈ {2, · · · , n}, such
that σ(Ωi) = λΩj, λ ∈ k∗. If σ(Ωn) = λΩn then there does not exist k ∈ N∗ such that
σk(Ωi) = λ0Ωn, with λ0 ∈ k∗. Let m be the maximal element in the set

{j |σ(Ωl) = λΩj for some λ ∈ k∗ and l 6= j}.

Let σ(Ωi) = λ0Ωm, λ0 ∈ k∗. Note that 1 < i < m ≤ n, σ(Ωi−1) = λ′0Ωr, σ(Ωi+1) = λ′′Ωs
for some λ′, λ′′ ∈ k∗ and r, s < m. Applying σ to Ωi = yixi + qΩi−1, we get σ(yi)σ(xi) =∑
1≤l≤m klylxl, with km = λ0. By Lemma 2.3 (with m = n) applied to σ(yi)σ(xi), we have for

example σ(yi) = µ
′xm, µ

′ ∈ k∗. If we apply σ to Ωi+1 = yi+1xi+1+qΩi, then we get σ(yi+1) =
µ′0xm, µ

′
0 ∈ k∗ (or σ(xi+1) = µ′0xm), which contradicts the injectivity of σ. In conclusion

we have σ(Ωi) = λiΩi, λi ∈ k∗. Now applying σ, to Ωi = yixi + qΩi−1, i = 2, . . . , n, we get
σ(yi)σ(xi) ∈ Vn. By Lemma 2.3 (with i = n) applied to σ(yi)σ(xi), we have σ(yi) = νiyi,
σ(xi) = µixi, νi, µi ∈ k∗. Observe that we can not have, σ(xi) = νiyi, σ(yi) = µixi. If it is
the case, then one have µiνiyixi − q2µiνixiyi = (q2 − 1)qλi−1Ωi−1, so µiνi = 0. �

Theorem 2.5. Let Oq(spk2×n), with q not a root of unity. Then

Autk(Oq(spk2×n)) ∼= (k×)n+1.

Proof. Pick σ ∈ Autk(Oq(spk2×n)), by the Proposition 2.4 we have for each i = 1, . . . , n,
σ(xi) = µixi, σ(yi) = νiyi, µi, νi ∈ k∗ and σ(Ωi) = λiΩi, λi ∈ k∗, with λ1 = µ1ν1. Applying
σ to Ω2 = y2x2 + (q

2 − 1)qy1x1, we get λ2 = λ1 = µ1ν1 = µ2ν2. We continue to applying σ
to other equalities listed in (3), we get in the end, λ1 = · · · = λn = µ1ν1 = · · · = µnνn. The
theorem now is clear. �
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