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1. Introduction

It is well-known that the curvature of a three-dimensional Riemannian manifold is completely
determined by its Ricci tensor. This motivates the study of the properties of this tensor. Let
M?t! be a (2n + 1)-dimensional contact metric manifold and (¢, &, 7, g) its contact metric
structure. We denote by V, R and @) the Levi-Civita connection, the Riemannian curvature
and the Ricci operator on M?"*! respectively. If the Ricci operator ) commutes with ¢ then
the characteristic vector field is an eigenvector field of the Ricci tensor, i.e. Q& = (Tr/)¢,
(0:=R(-,£)€), but the converse does not need to be true. We come across the relation
Q¢ = (Tre)¢ in the study of several problems regarding contact metric manifolds. Many
examples of 3-dimensional contact metric manifolds, on which the characteristic vector field
is an eigenvector of the Ricci operator, are known such as the 3-dimensional flat torus, the 3-
dimensional contact metric manifolds on which the Ricci operator commutes with ¢ which are
not Sasakian [3], [4], etc. This fact led S.Tanno [11] to the study of conformally flat K-contact
manifolds M?"™! (n > 1). He proved that those manifolds are of constant curvature +1.
G.Calvaruso, D.Perrone and L.Vanhecke [5] studied 3-dimensional conformally flat contact
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metric manifolds with Q¢ = (Trf)¢. They proved that those manifolds are of constant
curvature. R.Sharma [10] studied conformally flat contact metric manifolds of dimension
> 3 which satisfy the conditions: i) Q¢ = (Trl) ¢ and ii) K (§,X) = K (£, ¢X) for every
tangent vector field X orthogonal to £&. He proved that those manifolds are of constant
curvature. A.Ghosh and R.Sharma [6] proved that every conformally flat contact strongly
pseudo-convex integrable CR-metric manifold of dimension > 3 satisfying Q¢ = (Tr¢)¢ is
of constant curvature. We note down that every 3-dimensional contact metric manifold is
strongly pseudo-convex integrable CR-manifold [12]. Therefore the respective problem for
the dimension 3 has already been studied in [5]. A.Ghosh, Th.Koufogiorgos and R.Sharma
[7] proved that every conformally flat contact strongly pseudo-convex integrable CR-metric
manifold of dimension > 3 is of constant curvature. In the same paper they proved that
every conformally flat contact metric manifold with Q¢ = (Tr¢) { and K (£, X) + K (£, ¢X)
independent of X is of constant curvature.

We should note down that the condition Q¢ = (7'rf) £ is invariant under a D-homothetic
deformation [8] and it is equivalent to the condition that the characteristic vector field ¢ is
an eigenvector of the Laplacian A = ¢”V,;V;. We note also that it is shown in [2] that there
exist three-dimensional conformally flat contact metric spaces which are not real space forms.

The main result of this paper is the following:

Let M*"* (n > 1) be a conformally flat contact metric manifold with the characteristic
vector field an eigenvector of the Ricci operator Q at every point. Then M** ™ is of constant
curvature.

This result generalizes S.Tanno’s [11] result for the K-contact manifolds and extends the
result of G.Calvaruso, D.Perrone and L.Vanhecke [5].

2. Preliminaries

A contact manifold is a C*°-manifold M?*"*! together with a global 1-form 7 such that
n A (dn)™ # 0. Since dn is of rank 2n, there exists a unique vector field £ on M?"*! satisfying
n (&) =1land dn (&, X) =0 for all X. The vector field £ is called the characteristic vector field
or Reeb vector field of the contact structure n. Every contact manifold has an underlying
almost contact structure (1, ¢, &) where ¢ is a global tensor field of type (1, 1) such that

n€) =1, ¢¢=0,nop=0, o>’=-I+n®E. (2.1)

A Riemannian metric g can be defined (not uniquely) such that
n(X)=9g(&X), 2(X,)Y) =dn(X,Y) =g(X,pY). (2.2)

The metric g is said to be associated to the contact structure 7. We note that g and ¢ are
not unique for a given contact form 7, but g and ¢ are canonically related to each other.

We refer to (MQ"H, n,&,¢,g) as a contact metric structure.

In what follows, we shall denote by V the Levi-Civita connection of M?**! R the corre-
sponding Riemannian curvature tensor, () the Ricci operator and r the scalar curvature.

In the theory of contact metric manifolds the tensor fields £ := R (-,€) £ and h := 3 (£¢p),
where £ is the Lie derivation, play a fundamental role. h is a symmetric operator which
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satisfies the following relations:

hp =—ph, h& =0, Trh="Trhy =0. (2.3)

On a contact metric manifold we have the following further important relations involving h,
ik = —pX — phX, (2.4)

Vep =0, (2.5)

Tre = g(Q€,€) = 2n — Trh?. (2.6)

We denote by D the subbundle of the tangent bundle TM?"*! of M?"*! defined by n = 0.
The restriction ¢ = ¢,p of ¢ to D defines an almost complex structure on D. That means
that QO?D = —1I and the Riemannian metric ¢ defined by ¢ (X,Y) = —dn (X, @/DY), for all
vector fields X,Y which belong to D, define on D an almost Hermitian structure. The pair
(77, @/D) is called the CR-structure associated with the contact metric structure (n,&, ¢, g)
[12]. If the complex distribution {X —ipp X/ X € D} is integrable, the contact metric
structure (1, €, ¢, g) is a strongly pseudo-convex integrable CR-structure.

A contact metric structure is a strongly pseudo-convex integrable CR-structure if and
only if it satisfies the integrability condition

(Vxp)Y —g(X +hX,Y)E+n(Y) (X +hX) =0, VX, Y € X (M*™™1). (2.7

A K- contact manifold M?"*! is a contact metric manifold such that the characteristic vector
field € is a Killing vector field with respect to g. M?**! is K-contact if and only if A = 0 or
Q¢ = 2né. If the almost complex structure J on M?* ™! x R defined by the relation

J (X, f%) _ (sz —fen(x) %)

is integrable, M?"*! is said to be Sasakian. A contact metric manifold is Sasakian if and only
if it satisfies

R(X,)Y)E=n(Y)X —n(X)Y, VXY € X (M*"). (2.8)

Any Sasakian manifold is K-contact. The converse holds only for three-dimensional spaces.
We refer to [1] for more information about contact metric manifolds.

A Riemannian manifold (M", g) is called conformally flat if it is conformally equivalent
to a Euclidean space. A Riemannian manifold (M",g) is conformally flat if and only if it
satisfies

R(X,Y)Z = niQ[Q(YaZ)QX—Q(X,Z)QY+g(QKZ)X—g(QX’Z)Y]_
D=2 g (Y, 2) X —g(X,2)Y], forn>3, (2.9)

and
(VxP)Y = (VyP)X, forn=3,
where 7 = T'r() is the scalar curvature of M"™ and P = —Q + 71d.
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3. Conformally flat contact metric manifolds with Q& = &,
where p is a smooth function

Let M*"1(n, & ¢, g) be a contact metric manifold. & is a symmetric operator. Hence it is

diagonalizable. That means that there exists an orthonormal frame of eigenvectors of h.
Since h¢ = 0, € is an eigenvector of h. If X € Kern is an eigenvector of h with eigenvalue

A then from (2.3) we conclude that X is also an eigenvector of h with eigenvalue —\. Let

{e1,€9,. .. ,€n,Eni1 = QE1,€En1a = Qe3, ... €, = pe,, £} be an orthonormal frame formed by
unit eigenvectors e; of h with eigenvalue \;, (i =1,2,...,n). Then the following relations
hold:
Vgei = Zaijej +Zbijg0€j, 1= 1,2,... , N, (31)
j=1 j=1
J#i
V{@ei = Zaij(pej — Zbijej, 1= ]_, 2, o, n, (32)
j=1 j=1
J#i
where
Q55 =  —Qjj, ’L,j = 1,2,... ,n

bij == bji> Z,j == 1,2,... ,n.
From the relation (2.4) we obtain

Velf = —(1+)\1)g0€l, i:1,2,...,n, (35)
Vwif = (1—/\1)6“Z:1,27,n

Differentiating the inner products g (e;,e;), g (e, &), 1,7 = 1,2,...,2n with respect to ey,
k=1,2,...,2n we obtain the following relations:

Ve = Z Airer, + Zzikﬁpek + Ajpe;,

k=1 k=1
ki i
Ve, pei = Z Birer + ZE‘W% + Biei,
k=1 k=1
ki ki
n n —k ' '
Vel.ej = —Aijei + Z Cikjek + Z Cij(peka i # 7, (3'7)
k=1 k=1
i#kFA]
Veawe; = —Bypei+ Y Dier+ Y Dypey, i #J,
k=1

k=1
i#k#j
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vei(pej = = Z Czkek‘ Czjej 2]9061_‘_ Z Jgpeka i 7&]7
zsﬁk#J Zsﬁksﬁj
Viee€j = —Lijje; — Bijpe; — ijgoej — Z kawek + Z F iCks # 7,
k=1 k=1
ik ey
Veigoe,- = —Aie,- — Zazkek + Z sz(p€k + (1 + )\z) g,
k=1 k=1
| ket
Vee,€i = —Bipe; — Z D ey, + Z Eiger — (1= X\)¢,
k=1 k=1
k#i k#i
where
k j k -k -7
Nij = _Ni]kﬂ O’L] - Czjkzv z] _F;ch7 Dij = _Dik7 (38)

i?j7k E {1727"'7 }7Z#k#‘772#]'

From now on we suppose that M?" ™! (, £, n, g) is a conformally flat contact metric manifold
for which the characteristic vector field £ is an eigenvector field of the Ricci tensor, i.e.
Q¢ = o€, where g is a smooth function on M?"*1. The relations (2.6) and Q¢ = o€ yield
o="Trl. Hence

Q¢ = (Tri) <. (3.9)

If n =1, M? is of constant curvature 0 or 1 [5].

We suppose that n > 1. We compute the curvature tensors R (e;, e;) &, R (e;,e;)&,
R (pei, wej) €, R (e, pe) &, 1,7 =1,2,...,n, i # j, in two ways, first using (2.9) and (3.9) and
secondly through (3.5), (3.6), (3.7) and (3.8) as R(X,Y) = [Vx, Vy] = Vixy]. Comparing
the resulting exprensions we obtain the following relations:

(1—=X) Ay +(14+X)By; —(1—=X\) Ziy — (1= X\;) D, = 0, (3.10)

(1—=M)A;+(1+XN)Byy—(1+X)C—(1+X)E; = 0, (3.11)

(1+)\) (1+>\)Z = ¢\, (3.12)

(1 A)Cz (1+)\)Aﬂ+2)\(] = 0, (3.13)

(14+X)C — (14 M) Co — (1= M) T + (1 —Ak)cﬁ = 0, (3.14)
(1+X)Nf — (1+>\) (1+)\k)0k (1+ M) CE =0, (3.15)
(1=XN)Ey; —(1=XN)Bij = oej-\, (3.16)

(1+X) Dj; — (1= X;) Bj; —2\D%, = 0, (3.17)

(1=X\)F— (1= M) FE—(1=\) Dy, + (1= M) Dy, = 0, (3.18)
(A= 1) DI+ (1= X) Dl + (1+ X)) D — (1+ X)) DY, = 0, (3.19)
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(L—=X) Zi; — (L= X)) Aij +2)D5 = 0, (3.20)

I+ X) Ay —(1=A)Ty = we;- A, (3.21)

(L+X) DL — (1=X)Bji = -\, (3.22)

(14 X)) Eji — (1+A) By — 20,01, = 0, (3.23)

(1=X)CE+ 1+ N) D — (1= XN)NE— (1= X\) D = 0, (3.24)
(1=X) s+ (1+A) D = (1+ M) T — (1+ M) FE = 0, (3.25)

where i, 5,k € {1,2,... ,;n},i#£k#j,i#].

Lemma 1. Let M (p,£,m,9) (n > 1) be a conformally flat contact metric manifold with
the characteristic vector field & an eigenvector of the Ricci operator () at every point. Then
the following relations hold:

—k

Oy = O+ Ch—Cu+C= Ty = 0, i#k#j i#]

Dj‘k_DZj+Dii_ng+ij_D§i = O,i;«ék#j,i%j,
aj'k_éﬁi—i_ﬁj'k_F;k = 0, t#k#7, i #J,
Diz’_D;ﬂj—i_CI]@i_ngi = 0, i1#k#7, i#7],
Bji+ Aji— Zj — Dy, = 0, i #7],
Bjit+ Ay —Ch—Ei = 0, i

Proof. Tt is well known that on every contact metric manifold M?"*! the following formula
holds [9] :

dd = d*n = 0.
The above formula implies
(Vx®) (Y, Z)+ (Vy®) (Z,X)+ (Vz®) (X,Y) =0, (3.26)
where

(Vx®) (Y, 2) =X - g(Y,9Z) — g (VxY,9Z) — g (Y.oVxZ) VXY, Z € X (M*™").

Taking X =e, Y =e;, Z=¢j, i £k #j,1#j, 4,5,k € {1,2,... ,n}, into (3.26) and using
the relations (3.7) we obtain

O+ Ty — O+ O = O+ Oy =0, i £ k£, i £ 4. (3.27)

Similarly, for X = ey, Y = pe;, Z = pe;, @ # k # 4,1 # j, 1,5,k € {1,2,... ,n}, the
relation (3.26) yields, because of (3.7),

D}, — Dj;+ DY — D} + D\, — Dk =0, i £k #j, i #J. (3.28)
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Also, putting X = per, Y =¢;, Z = pe;, i #k # j, i # j, 4,5,k € {1,2,... ,n}, in the
relation (3.26) and taking into account the relations (3.7), (3.8) we have

—k = ; PR — . .
_Cij—i_cgk_ﬁ}k—'_ij_ij+Djk:Oa iFk#j iF] (3.29)

Replacing in (3.26) X, Y, Z by ek, wej, €, i # k # j,1# j,1,7,k € {1,2,... ,n}, respectively
and taking into account the relations (3.7), (3.8) we have

Dji = Dyt Gy = Ch+ Njp = Ny = 0, i £ ke £, i 7 (3.30)
The relation (3.29) because of the relation (3.27) can be written in the form
e ; i =i i : S
Ci—Cr—Cht ;i+ij_F}k+Djk_ij =0, i#£k#j, i#] (3.31)

We alternate the indices 4, k in the relation (3.29) and we add the result to (3.29). We obtain
in this way the relation

agk‘i’?i:i_?fj_a;j_E?é_ng+Eii+ﬁgk:07 iFk#£g, 1 #]

We alternate the indices i, 7 in the above relation and we add the result to (3.31). We obtain
then

—i =k i ; : S
Cip —Chi+ Dy, — Fy, =0, i £k #J, i #J. (3.32)
The relation (3.30) because of the relation (3.28) can be written in the form
Diy = D+ Dy = Dy + N = N+ Gl = Gl = 0, i ke # i £ . (3:33)

We alternate the indices 4, j in the relation (3.30) and we add the result to (3.30). We obtain
in this way the relation

DY + Db — Dl — D} + CL+ C = NE—NE =0, i £k+#j, i #].

We alternate the indices j, k in the above relation and we add the result to (3.33). We obtain
then

Dy = Diy+ Gl = N =0, i £ k#j, i # . (3.34)

We alternate the indices 4, j in the relation (3.12) and we subtract (3.22) from the result. We
obtain then the following relation

(1—)\j)sz'_(1+/\i)D§:i—(1+/\i)Zji+<1+/\j)Aﬁ:0, L.

Adding the above relation to the relation obtained from (3.10) alternating the indices i, 7 we
have

Bji + Aji = Zji = D}y = 0, i # . (3.35)
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Similarly, alternating the indices 4,7 in the relations (3.16) and (3.21) and subtracting the
results we obtain

(1+ X)) A — (1= M)

Ji

Adding the above relation to the relation obtained from (3.11) alternating the indices i, j we
have

Aji+Bji— O — By = 0,i # . (3.36)
O

We suppose now that there exists an open subset U of M?"*! where h # 0 and let m a point
of U. Then there exists a local orthonormal frame

{617627 v 3 6n,Eptpl = P61, €642 = PE2, ..., Eop = SDGn,f}

of smooth eigenvectors e; of h in an open neighborhood V' C U of m with eigenvalue
Ai,(1=1,2,... ,n)and \; #0fori=1,2,... ,v, 1 <v <n.

Lemma 2. On V the following formulas hold:

Aij = Zij, Ei; = Bij, Bij = D,

17

Zij:aj, Vi,j€{1,2,...,n}, i #J.

Proof. Replacingin (2.9) X, Y, Z by £, X, Y respectively, where X, Y €{ey,es,... €4, €n11=
Pe1, Enia = Pey, ..., Ea = e, }, we have

r

R(&X)Y = =T

g (X, Y)¢.

T [9(X.Y) Q6 +9(QX.Y) ¢ -

The above relation because of the relation (3.9) can be written in the form

1
2n—1

r

59 (XY €

R(EX)Y = [g (X,Y)Trl + g(QX,Y)

Hence R (£, X)Y = k¢, where k = 5= [g(QX,Y)+ (Trl— £)g(X,Y)] and X, YV €

2n—1
{e1,€9, ... ,€n,Eni1 = PE1,Enia = Pea,... €2, = Pen}.
It is well known that on every contact metric manifold M?"*! the following formula holds

[9] -

g(R(&X)Y,Z)—g(R(&,X) @Y, pZ) +
+9 (R(§¢X)Y,pZ) + g (R(§, ¢X) ¢Y, Z) (3.37)
= 2(Vix®) (Y, Z2) =20 (V) g (X + hX,Z) + 2n(Z) g (X + hX,Y),

VX,Y,Z € X (M)
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The relation (3.37) for X,Y,Z € {e1,eq,... ,€n,€n11 = @e€1,... €2, = pe,}, because of the
relation R (&, X)Y = k&, becomes

(Vix®) (Y, Z2) =0,VX,Y,Z € {e1,€0,... ,€n,Eni1 = PE1,En1a = P, ... €2, = Pep}.
(3.38)

We have the following cases:
Case 1. Leti € {1,2,...,v},j€{1,2,... ,n},1 <v <mn,i#j Taking X =Y = ¢,
Z = e;, into (3.38) and using the relations (3.7) we obtain

Since \; #0on V, Vi€ {1,2,...,v}, 1 <v <mn, the above relation yields
Ay =C. (3.39)

Also, setting X =Y =e¢;, Z = pe;, in (3.38) and taking into account the relations (3.7) we
have

)‘z(Am_Zz) = 0, or
Aij = Zij; (340)

since \; # 0 on V.
Taking into account the relations (3.39), (3.40), (3.35) and (3.36) we obtain

Bij = D:J and Eij = Ez]

Case 2. Leti,j € {v+1,... ,n},1 <v <n,i%#j Then we have on V that \; = \; = 0.
Alternating the indices 7, j in the relation (3.22) we have

ej- A — (14 X)) D} 4+ (1= X) B;; = 0.
This implies that
since \; = A; = 0. Similarly, the relation (3.21) yields
Hence taking into account the relations (3.35) and (3.36) we obtain
Aij = Zij and Ei]’ = ij-

Case 3. Letie {v+1,... ,n},j€{1,2,...,v},1 <v <n. In this case the relation (3.22)
takes the form

By — (1+ ;) D} =0, (3.41)
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since A\; = 0. Similarly the relation (3.17) takes the form

—(1— ;) By + D, =0. (3.42)
The relations (3.41) and (3.42) form at every point of V' a homogeneous system. Its de-
terminant is equal to )\j? # 0, since j € {1,2,...,v},1 < v < n. Hence the only solution
is
Bz‘j - D:] - 0,

and the relation (3.35) yields

The above relations and (3.36) yield

This completes the proof. O

Lemma 3. On V' the following formulas hold:

ij — Ufk, Nk — ck DF

i i) 1g =

Fi];’ij:ng’Vi7j7ke{1727"' 7n}7z7&k‘17é]>27£]

Proof. We have the following cases:

Case 4. Leti,j € {1,2,... ,n}, ke {1,2,... , v}, 1<v<n,i#k+#j, i+#j Weapply the
relation (3.37) for X = ey, Y =¢€;, Z = ¢; and taking into account that R (£, X)Y = k¢ for
X,Y € {e1,e9,... ,en,€n11 = Q€1,En10 = P, ... € = pe,} we obtain

(Vhe,®) (ei,€5) = 0, or
A (Ve, @) (€,e) = 0, or
(Veké) (61‘7 6]) - 07 (343)

since Ay # 0.
The relation (3.43) because of the relations (3.7) gives

Cki = ij-
Taking into account the above relation and (3.32) we obtain
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Similarly, setting X = pey, Y = pe;, Z = pe; in (3.37) we have for the same reasons

Dii = D;cj'
This last relation and (3.34) give

N, ;il = Cl]cz

Case 5. Leti,j € {1,2,... ,v}, ke{v+1,... ,n}, 1 <v <mn,i%#j In this case \; # 0,
Aj # 0. Then from Case 1 we have that

— =k —k =i

since 4,j € {1,2,... ,v}. The above relations and (3.27) give

U;fj = 6?%"
The last relation and (3.32) give
E{ci = F Igz

Similarly, using the result of Case 1 and the relation (3.28) we can prove that
Dy, = DZ;*

Using this last relation in (3.34) we have
N, ;iz = Cljci'

Case 6. Let i,5,k e {v+1,... ,n},1 <v <n,i#k#j, i#j Inthis case the relations
(3.14) and (3.27) yield

U;cj = 6?%"
This relation and (3.32) give
E{ci = F Igz

Similarly, using the relations (3.19) and (3.28) we obtain
Dy = D?q

The last relation and (3.34) yield
N ;iz - Cljcz

Case 7. Leti € {v+1,... ,n},7€{1,2,...,v}, ke{v+1l,...,n},1 <v<mn k#Ii
Then from Case 1 we have that
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since j € {1,2,... ,v}. The above relation and (3.27) give

Cy,—Cl+Ch— T =0, (3.44)
Alternating the indices 4, j in the relation (3.25) and adding the result to (3.18) we obtain,

because of (3.32), the relation
N k
N (D - FE) =,

The above relation gives

ko ok

ij)

since j € {1,2,...,v}. The last relation and (3.32) yield
ok -2,
Using this relation and (3.44) we obtain
623‘ = 6?%

Similarly, using the result of Case 1 and the relations (3.28), (3.24), (3.15) and (3.34) we can
prove that ' A ' '
Nj; =Cj; and Dy, = Dy,. O

Finally, we prove

Theorem 1. Let M?"*! be a conformally flat contact metric manifold with the characteristic
vector field an eigenvector of the Ricci operator Q at every point. Then M?*"*1 is of constant
curvature 1 ifn>1 and 1 or 0 if n = 1.

Proof. 1f n =1 then M? has constant sectional curvature 0 or 1 [5] . Let n > 1. If h = 0,
then M?" ™! is K-contact. S.Tanno proved [11] that a conformally flat K-contact manifold
has constant sectional curvature. Z.Olszak proved [9] that any contact metric manifold of
constant sectional curvature and of dimension > 5 is Sasakian of constant curvature 1. Hence
in this case M?"*! is Sasakian of constant curvature 1. We suppose now that there exists
an open subset U of M?"*1 where h # 0 and let m a point of U. Then there exists a local
orthonormal frame

{617627 oo 7€n7€n+1 - §0€17en+2 - 90627 s, €6op = gpeﬂnf}

of smooth eigenvectors e; of A in an open neighborhood V C U of m with eigenvalue
Ai,(1=1,2, ...,n)and \; #0fori = 1,2,...,v, 1 < v < n. Then from Lemmas 3.2,
3.3 and the relations (2.1), (2.2), (2.5), (3.5), (3.6), (3.7) and (3.8) we have that on V
holds the integrability condition (2.7). Hence V is a strongly pseudo-convex integrable CR-
manifold. Then, since V' is conformally flat and n > 1, we have from [7] that V' has constant
curvature 1. Hence h = 0 on V. This is a contradiction. OJ
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