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1. Introduction

It is well-known that the curvature of a three-dimensional Riemannian manifold is completely
determined by its Ricci tensor. This motivates the study of the properties of this tensor. Let
M2n+1 be a (2n + 1)-dimensional contact metric manifold and (ϕ, ξ, η, g) its contact metric
structure. We denote by ∇, R and Q the Levi-Civita connection, the Riemannian curvature
and the Ricci operator on M2n+1 respectively. If the Ricci operator Q commutes with ϕ then
the characteristic vector field is an eigenvector field of the Ricci tensor, i.e. Qξ = (Tr`) ξ,
(` := R (·, ξ) ξ), but the converse does not need to be true. We come across the relation
Qξ = (Tr`) ξ in the study of several problems regarding contact metric manifolds. Many
examples of 3-dimensional contact metric manifolds, on which the characteristic vector field
is an eigenvector of the Ricci operator, are known such as the 3-dimensional flat torus, the 3-
dimensional contact metric manifolds on which the Ricci operator commutes with ϕ which are
not Sasakian [3], [4], etc. This fact led S.Tanno [11] to the study of conformally flat K-contact
manifolds M2n+1 (n > 1). He proved that those manifolds are of constant curvature +1.
G.Calvaruso, D.Perrone and L.Vanhecke [5] studied 3-dimensional conformally flat contact
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metric manifolds with Qξ = (Tr`) ξ. They proved that those manifolds are of constant
curvature. R.Sharma [10] studied conformally flat contact metric manifolds of dimension
> 3 which satisfy the conditions: i) Qξ = (Tr`) ξ and ii) K (ξ, X) = K (ξ, ϕX) for every
tangent vector field X orthogonal to ξ. He proved that those manifolds are of constant
curvature. A.Ghosh and R.Sharma [6] proved that every conformally flat contact strongly
pseudo-convex integrable CR-metric manifold of dimension > 3 satisfying Qξ = (Tr`) ξ is
of constant curvature. We note down that every 3-dimensional contact metric manifold is
strongly pseudo-convex integrable CR-manifold [12]. Therefore the respective problem for
the dimension 3 has already been studied in [5]. A.Ghosh, Th.Koufogiorgos and R.Sharma
[7] proved that every conformally flat contact strongly pseudo-convex integrable CR-metric
manifold of dimension > 3 is of constant curvature. In the same paper they proved that
every conformally flat contact metric manifold with Qξ = (Tr`) ξ and K (ξ, X) + K (ξ, ϕX)
independent of X is of constant curvature.

We should note down that the condition Qξ = (Tr`) ξ is invariant under a D-homothetic
deformation [8] and it is equivalent to the condition that the characteristic vector field ξ is
an eigenvector of the Laplacian ∆ = gij∇i∇j. We note also that it is shown in [2] that there
exist three-dimensional conformally flat contact metric spaces which are not real space forms.

The main result of this paper is the following:

Let M2n+1 (n > 1) be a conformally flat contact metric manifold with the characteristic
vector field an eigenvector of the Ricci operator Q at every point. Then M2n+1 is of constant
curvature.

This result generalizes S.Tanno’s [11] result for the K-contact manifolds and extends the
result of G.Calvaruso, D.Perrone and L.Vanhecke [5].

2. Preliminaries

A contact manifold is a C∞-manifold M2n+1 together with a global 1-form η such that
η∧ (dη)n 6= 0. Since dη is of rank 2n, there exists a unique vector field ξ on M2n+1 satisfying
η (ξ) = 1 and dη (ξ, X) = 0 for all X. The vector field ξ is called the characteristic vector field
or Reeb vector field of the contact structure η. Every contact manifold has an underlying
almost contact structure (η, ϕ, ξ) where ϕ is a global tensor field of type (1, 1) such that

η (ξ) = 1, ϕξ = 0, η ◦ ϕ = 0, ϕ2 = −I + η ⊗ ξ. (2.1)

A Riemannian metric g can be defined (not uniquely) such that

η (X) = g (ξ, X) , Φ (X, Y ) = dη (X,Y ) = g (X, ϕY ) . (2.2)

The metric g is said to be associated to the contact structure η. We note that g and ϕ are
not unique for a given contact form η, but g and ϕ are canonically related to each other.

We refer to (M2n+1, η, ξ, ϕ, g) as a contact metric structure.
In what follows, we shall denote by ∇ the Levi-Civita connection of M2n+1, R the corre-

sponding Riemannian curvature tensor, Q the Ricci operator and r the scalar curvature.
In the theory of contact metric manifolds the tensor fields ` := R (·, ξ) ξ and h := 1

2
(£ξϕ),

where £ is the Lie derivation, play a fundamental role. h is a symmetric operator which
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satisfies the following relations:

hϕ = −ϕh, hξ = 0, T rh = Trhϕ = 0. (2.3)

On a contact metric manifold we have the following further important relations involving h,

∇Xξ = −ϕX − ϕhX, (2.4)

∇ξϕ = 0, (2.5)

Tr` = g (Qξ, ξ) = 2n− Trh2. (2.6)

We denote by D the subbundle of the tangent bundle TM2n+1 of M2n+1 defined by η = 0.
The restriction ϕ́ = ϕ/D of ϕ to D defines an almost complex structure on D. That means
that ϕ2

/D = −I and the Riemannian metric ǵ defined by ǵ (X, Y ) = −dη
(
X, ϕ/DY

)
, for all

vector fields X, Y which belong to D, define on D an almost Hermitian structure. The pair(
η, ϕ/D

)
is called the CR-structure associated with the contact metric structure (η, ξ, ϕ, g)

[12]. If the complex distribution
{
X − iϕ/DX�X ∈ D

}
is integrable, the contact metric

structure (η, ξ, ϕ, g) is a strongly pseudo-convex integrable CR-structure.
A contact metric structure is a strongly pseudo-convex integrable CR-structure if and

only if it satisfies the integrability condition

(∇Xϕ) Y − g (X + hX, Y ) ξ + η (Y ) (X + hX) = 0, ∀X, Y ∈ X
(
M2n+1

)
. (2.7)

A K- contact manifold M2n+1 is a contact metric manifold such that the characteristic vector
field ξ is a Killing vector field with respect to g. M2n+1 is K-contact if and only if h = 0 or
Qξ = 2nξ. If the almost complex structure J on M2n+1 ×< defined by the relation

J

(
X, f

d

dt

)
=

(
ϕX − fξ, η (X)

d

dt

)
is integrable, M2n+1 is said to be Sasakian. A contact metric manifold is Sasakian if and only
if it satisfies

R (X, Y ) ξ = η (Y ) X − η (X) Y, ∀X, Y ∈ X
(
M2n+1

)
. (2.8)

Any Sasakian manifold is K-contact. The converse holds only for three-dimensional spaces.
We refer to [1] for more information about contact metric manifolds.

A Riemannian manifold (Mn, g) is called conformally flat if it is conformally equivalent
to a Euclidean space. A Riemannian manifold (Mn, g) is conformally flat if and only if it
satisfies

R (X,Y ) Z =
1

n− 2
[g (Y, Z) QX − g (X, Z) QY + g (QY, Z) X − g (QX, Z) Y ]−

− r

(n− 1) (n− 2)
[g (Y, Z) X − g (X,Z) Y ] , for n > 3, (2.9)

and

(∇XP ) Y = (∇Y P ) X, for n = 3,

where r = TrQ is the scalar curvature of Mn and P = −Q + r
4
Id.
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3. Conformally flat contact metric manifolds with Qξ = %ξ,
where % is a smooth function

Let M2n+1 (η, ξ, ϕ, g) be a contact metric manifold. h is a symmetric operator. Hence it is
diagonalizable. That means that there exists an orthonormal frame of eigenvectors of h.

Since hξ = 0, ξ is an eigenvector of h. If X ∈ Kerη is an eigenvector of h with eigenvalue
λ then from (2.3) we conclude that ϕX is also an eigenvector of h with eigenvalue −λ. Let
{e1, e2, . . . , en, en+1 = ϕe1, en+2 = ϕe2, . . . , e2n = ϕen, ξ} be an orthonormal frame formed by
unit eigenvectors ei of h with eigenvalue λi, (i = 1, 2, . . . , n). Then the following relations
hold:

∇ξei =
n∑

j=1
j 6=i

aijej +
n∑

j=1

bijϕej, i = 1, 2, . . . , n, (3.1)

∇ξϕei =
n∑

j=1
j 6=i

aijϕej −
n∑

j=1

bijej, i = 1, 2, . . . , n, (3.2)

where

aij = −aji, i, j = 1, 2, . . . , n (3.3)

bij = bji, i, j = 1, 2, . . . , n. (3.4)

From the relation (2.4) we obtain

∇ei
ξ = − (1 + λi) ϕei, i = 1, 2, . . . , n, (3.5)

∇ϕei
ξ = (1− λi) ei, i = 1, 2, . . . , n. (3.6)

Differentiating the inner products g (ei, ej), g (ei, ξ), i, j = 1, 2, . . . , 2n with respect to ek,
k = 1, 2, . . . , 2n we obtain the following relations:

∇ei
ei =

n∑
k=1
k 6=i

Aikek +
n∑

k=1
k 6=i

Aikϕek + Aiϕei,

∇ϕei
ϕei =

n∑
k=1
k 6=i

Bikek +
n∑

k=1
k 6=i

Bikϕek + Biei,

∇ei
ej = −Aijei +

n∑
k=1

i6=k 6=j

Ck
ijek +

n∑
k=1

C
k

ijϕek, i 6= j, (3.7)

∇ϕei
ϕej = −Bijϕei +

n∑
k=1

Dk
ijek +

n∑
k=1

i6=k 6=j

D
k

ijϕek, i 6= j,
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∇ei
ϕej = −Aijei −

n∑
k=1

i6=k 6=j

C
j

ikek − C
j

ijej − Zijϕei +
n∑

k=1
i6=k 6=j

Nk
ijϕek, i 6= j,

∇ϕei
ej = −Eijei −Bijϕei −Dj

ijϕej −
n∑

k=1
i6=k 6=j

Dj
ikϕek +

n∑
k=1

i6=k 6=j

F k
ijek, i 6= j,

∇ei
ϕei = −Aiei −

n∑
k=1
k 6=i

C
i

ikek +
n∑

k=1
k 6=i

Zikϕek + (1 + λi) ξ,

∇ϕei
ei = −Biϕei −

n∑
k=1
k 6=i

Di
ikϕek +

n∑
k=1
k 6=i

Eikek − (1− λi) ξ,

where

Nk
ij = −N j

ik, Ck
ij = −Cj

ik, F k
ij = −F j

ik, D
k

ij = −D
j

ik, (3.8)

i, j, k ∈ {1, 2, . . . , n} , i 6= k 6= j, i 6= j.

From now on we suppose that M2n+1 (ϕ, ξ, η, g) is a conformally flat contact metric manifold
for which the characteristic vector field ξ is an eigenvector field of the Ricci tensor, i.e.
Qξ = %ξ, where % is a smooth function on M2n+1. The relations (2.6) and Qξ = %ξ yield
% = Tr`. Hence

Qξ = (Tr`) ξ. (3.9)

If n = 1, M3 is of constant curvature 0 or 1 [5].
We suppose that n > 1. We compute the curvature tensors R (ei, ϕei) ξ, R (ei, ej) ξ,

R (ϕei, ϕej) ξ, R (ei, ϕej) ξ, i, j = 1, 2, . . . , n, i 6= j, in two ways, first using (2.9) and (3.9) and
secondly through (3.5), (3.6), (3.7) and (3.8) as R (X, Y ) = [∇X ,∇Y ] −∇[X,Y ]. Comparing
the resulting exprensions we obtain the following relations:

(1− λi) Aij + (1 + λi) Bij − (1− λj) Zij − (1− λj) Di
ij = 0, (3.10)

(1− λi) Aij + (1 + λi) Bij − (1 + λj) C
i

ij − (1 + λj) Eij = 0, (3.11)

(1 + λi) Aij − (1 + λj) Zij = ej · λi, (3.12)

(1− λj) C
j

ji − (1 + λi) Aji + 2λjC
j

ij = 0, (3.13)

(1 + λj) C
j

ik − (1 + λi) C
i

jk − (1− λk) C
k

ij + (1− λk) C
k

ji = 0, (3.14)

(1 + λi) Nk
ji − (1 + λj) Nk

ij + (1 + λk) Ck
ij − (1 + λk) Ck

ji = 0, (3.15)

(1− λj) Eij − (1− λi) Bij = ϕej · λi, (3.16)

(1 + λi) Di
ij − (1− λj) Bij − 2λiD

i
ji = 0, (3.17)

(1− λj) F k
ij − (1− λi) F k

ji − (1− λk) D
k

ij + (1− λk) D
k

ji = 0, (3.18)

(λj − 1) Dj
ik + (1− λi) Di

jk + (1 + λk) Dk
ij − (1 + λk) Dk

ji = 0, (3.19)
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(1− λi) Zij − (1− λj) Aij + 2λiD
i
ji = 0, (3.20)

(1 + λi) Aij − (1− λj) C
i

ij = ϕej · λi, (3.21)

(1 + λi) Dj
ji − (1− λj) Bji = ei · λj, (3.22)

(1 + λj) Eji − (1 + λi) Bji − 2λjC
j

ij = 0, (3.23)

(1− λj) Ck
ij + (1 + λi) Dk

ji − (1− λk) Nk
ij − (1− λk) Di

jk = 0, (3.24)

(1− λj) C
k

ij + (1 + λi) D
k

ji − (1 + λk) C
j

ik − (1 + λk) F k
ji = 0, (3.25)

where i, j, k ∈ {1, 2, . . . , n} , i 6= k 6= j, i 6= j.

Lemma 1. Let M2n+1 (ϕ, ξ, η, g) (n > 1) be a conformally flat contact metric manifold with
the characteristic vector field ξ an eigenvector of the Ricci operator Q at every point. Then
the following relations hold:

C
i

kj − C
i

jk + C
j

ik − C
j

ki + C
k

ji − C
k

ij = 0, i 6= k 6= j, i 6= j,

Di
jk −Di

kj + Dj
ki −Dj

ik + Dk
ij −Dk

ji = 0, i 6= k 6= j, i 6= j,

C
i

jk − C
k

ji + D
i

jk − F i
jk = 0, i 6= k 6= j, i 6= j,

Dj
ki −Di

kj + Cj
ki −N j

ki = 0, i 6= k 6= j, i 6= j,

Bji + Aji − Zji −Dj
ji = 0, i 6= j,

Bji + Aji − C
j

ji − Eji = 0, i 6= j.

Proof. It is well known that on every contact metric manifold M2n+1 the following formula
holds [9] :

dΦ = d2η = 0.

The above formula implies

(∇XΦ) (Y, Z) + (∇Y Φ) (Z,X) + (∇ZΦ) (X, Y ) = 0, (3.26)

where

(∇XΦ) (Y, Z) = X · g (Y, ϕZ)− g (∇XY, ϕZ)− g (Y, ϕ∇XZ) ,∀X,Y, Z ∈ X
(
M2n+1

)
.

Taking X = ek, Y = ei, Z = ej, i 6= k 6= j, i 6= j, i, j, k ∈ {1, 2, . . . , n} , into (3.26) and using
the relations (3.7) we obtain

−C
j

ki + C
i

kj − C
k

ij + C
j

ik − C
i

jk + C
k

ji = 0, i 6= k 6= j, i 6= j. (3.27)

Similarly, for X = ϕek, Y = ϕei, Z = ϕej, i 6= k 6= j, i 6= j, i, j, k ∈ {1, 2, . . . , n} , the
relation (3.26) yields, because of (3.7),

Dj
ki −Di

kj + Dk
ij −Dj

ik + Di
jk −Dk

ji = 0, i 6= k 6= j, i 6= j. (3.28)
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Also, putting X = ϕek, Y = ei, Z = ϕej, i 6= k 6= j, i 6= j, i, j, k ∈ {1, 2, . . . , n} , in the
relation (3.26) and taking into account the relations (3.7), (3.8) we have

−C
k

ij + C
j

ik − F i
jk + F i

kj −D
i

kj + D
i

jk = 0, i 6= k 6= j, i 6= j. (3.29)

Replacing in (3.26) X, Y, Z by ek, ϕej, ei, i 6= k 6= j, i 6= j, i, j, k ∈ {1, 2, . . . , n}, respectively
and taking into account the relations (3.7), (3.8) we have

Dk
ji −Di

jk + Cj
ki − Cj

ik + N j
ik −N j

ki = 0, i 6= k 6= j, i 6= j. (3.30)

The relation (3.29) because of the relation (3.27) can be written in the form

C
i

jk − C
i

kj − C
k

ji + C
j

ki + F i
kj − F i

jk + D
i

jk −D
i

kj = 0, i 6= k 6= j, i 6= j. (3.31)

We alternate the indices i, k in the relation (3.29) and we add the result to (3.29). We obtain
in this way the relation

C
j

ik + C
j

ki − C
k

ij − C
i

kj − F j
ik − F j

ki + D
j

ki + D
j

ik = 0, i 6= k 6= j, i 6= j.

We alternate the indices i, j in the above relation and we add the result to (3.31). We obtain
then

C
i

jk − C
k

ji + D
i

jk − F i
jk = 0, i 6= k 6= j, i 6= j. (3.32)

The relation (3.30) because of the relation (3.28) can be written in the form

Dj
ki −Dj

ik + Dk
ij −Di

kj + N j
ik −N j

ki + Cj
ki − Cj

ik = 0, i 6= k 6= j, i 6= j. (3.33)

We alternate the indices i, j in the relation (3.30) and we add the result to (3.30). We obtain
in this way the relation

Dk
ij + Dk

ji −Di
jk −Dj

ik + Ck
ij + Ck

ji −Nk
ij −Nk

ji = 0, i 6= k 6= j, i 6= j.

We alternate the indices j, k in the above relation and we add the result to (3.33). We obtain
then

Dj
ki −Di

kj + Cj
ki −N j

ki = 0, i 6= k 6= j, i 6= j. (3.34)

We alternate the indices i, j in the relation (3.12) and we subtract (3.22) from the result. We
obtain then the following relation

(1− λj) Bji − (1 + λi) Dj
ji − (1 + λi) Zji + (1 + λj) Aji = 0, i 6= j.

Adding the above relation to the relation obtained from (3.10) alternating the indices i, j we
have

Bji + Aji − Zji −Dj
ji = 0, i 6= j. (3.35)
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Similarly, alternating the indices i, j in the relations (3.16) and (3.21) and subtracting the
results we obtain

(1 + λj) Aji − (1− λi) C
j

ji − (1− λi) Eji + (1− λj) Bji = 0, i 6= j.

Adding the above relation to the relation obtained from (3.11) alternating the indices i, j we
have

Aji + Bji − C
j

ji − Eji = 0, i 6= j. (3.36)

�

We suppose now that there exists an open subset U of M2n+1 where h 6= 0 and let m a point
of U . Then there exists a local orthonormal frame

{e1, e2, . . . , en, en+1 = ϕe1, en+2 = ϕe2, . . . , e2n = ϕen, ξ}

of smooth eigenvectors ei of h in an open neighborhood V ⊂ U of m with eigenvalue
λi, (i = 1, 2, . . . , n) and λi 6= 0 for i = 1, 2, . . . , ν, 1 ≤ ν ≤ n.

Lemma 2. On V the following formulas hold:

Aij = Zij, Eij = Bij, Bij = Di
ij, Aij = C

i

ij, ∀i, j ∈ {1, 2, . . . , n} , i 6= j.

Proof. Replacing in (2.9) X, Y, Z by ξ, X, Y respectively, where X, Y ∈{e1, e2, . . . , en, en+1 =
ϕe1, en+2 = ϕe2, . . . , e2n = ϕen}, we have

R (ξ, X) Y =
1

2n− 1
[g (X, Y ) Qξ + g (QX, Y ) ξ]− r

2n (2n− 1)
g (X, Y ) ξ.

The above relation because of the relation (3.9) can be written in the form

R (ξ, X) Y =
1

2n− 1

[
g (X, Y ) Tr` + g (QX, Y )− r

2n
g (X, Y )

]
ξ.

Hence R (ξ, X) Y = κξ, where κ = 1
2n−1

[
g (QX, Y ) +

(
Tr`− r

2n

)
g (X, Y )

]
and X, Y ∈

{e1, e2, . . . , en, en+1 = ϕe1, en+2 = ϕe2, . . . , e2n = ϕen}.
It is well known that on every contact metric manifold M2n+1 the following formula holds

[9] :

g (R (ξ, X) Y, Z)− g (R (ξ, X) ϕY, ϕZ) +

+g (R (ξ, ϕX) Y, ϕZ) + g (R (ξ, ϕX) ϕY, Z) (3.37)

= 2 (∇hXΦ) (Y, Z)− 2η (Y ) g (X + hX, Z) + 2η (Z) g (X + hX, Y ) ,

∀X, Y, Z ∈ X
(
M2n+1

)
.
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The relation (3.37) for X,Y, Z ∈ {e1, e2, . . . , en, en+1 = ϕe1, . . . , e2n = ϕen}, because of the
relation R (ξ, X) Y = κξ, becomes

(∇hXΦ) (Y, Z) = 0,∀X, Y, Z ∈ {e1, e2, . . . , en, en+1 = ϕe1, en+2 = ϕe2, . . . , e2n = ϕen} .
(3.38)

We have the following cases:

Case 1. Let i ∈ {1, 2, . . . , ν} , j ∈ {1, 2, . . . , n} , 1 ≤ ν ≤ n, i 6= j. Taking X = Y = ei,
Z = ej, into (3.38) and using the relations (3.7) we obtain

λi

(
Aij − C

i

ij

)
= 0.

Since λi 6= 0 on V , ∀i ∈ {1, 2, . . . , ν} , 1 ≤ ν ≤ n, the above relation yields

Aij = C
i

ij. (3.39)

Also, setting X = Y = ei, Z = ϕej, in (3.38) and taking into account the relations (3.7) we
have

λi (Aij − Zij) = 0, or

Aij = Zij, (3.40)

since λi 6= 0 on V .
Taking into account the relations (3.39), (3.40), (3.35) and (3.36) we obtain

Bij = Di
ij and Bij = Eij.

Case 2. Let i, j ∈ {ν + 1, . . . , n} , 1 ≤ ν ≤ n, i 6= j. Then we have on V that λi = λj = 0.
Alternating the indices i, j in the relation (3.22) we have

ej · λi − (1 + λj) Di
ij + (1− λi) Bij = 0.

This implies that

Bij = Di
ij,

since λi = λj = 0. Similarly, the relation (3.21) yields

Aij = C
i

ij.

Hence taking into account the relations (3.35) and (3.36) we obtain

Aij = Zij and Bij = Eij.

Case 3. Let i ∈ {ν + 1, . . . , n} , j ∈ {1, 2, . . . , ν} , 1 ≤ ν ≤ n. In this case the relation (3.22)
takes the form

Bij − (1 + λj) Di
ij = 0, (3.41)
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since λi = 0. Similarly the relation (3.17) takes the form

− (1− λj) Bij + Di
ij = 0. (3.42)

The relations (3.41) and (3.42) form at every point of V a homogeneous system. Its de-
terminant is equal to λ2

j 6= 0, since j ∈ {1, 2, . . . , ν} , 1 ≤ ν ≤ n. Hence the only solution
is

Bij = Di
ij = 0,

and the relation (3.35) yields

Aij = Zij.

Working in a similar way as before we can obtain from the relations (3.13) and (3.21)

Aij = C
i

ij = 0.

The above relations and (3.36) yield

Bij = Eij.

This completes the proof. �

Lemma 3. On V the following formulas hold:

C
k

ij = C
j

ik, N
k
ij = Ck

ij, D
k

ij = F k
ij, D

k
ij = Dj

ik,∀i, j, k ∈ {1, 2, . . . , n} , i 6= k 6= j, i 6= j.

Proof. We have the following cases:

Case 4. Let i, j ∈ {1, 2, . . . , n} , k ∈ {1, 2, . . . , ν} , 1 ≤ ν ≤ n, i 6= k 6= j, i 6= j. We apply the
relation (3.37) for X = ek, Y = ei, Z = ej and taking into account that R (ξ, X) Y = κξ for
X, Y ∈ {e1, e2, . . . , en, en+1 = ϕe1, en+2 = ϕe2, . . . , e2n = ϕen} we obtain

(∇hek
Φ) (ei, ej) = 0, or

λk (∇ek
Φ) (ei, ej) = 0, or

(∇ek
Φ) (ei, ej) = 0, (3.43)

since λk 6= 0.
The relation (3.43) because of the relations (3.7) gives

C
j

ki = C
i

kj.

Taking into account the above relation and (3.32) we obtain

D
j

ki = F j
ki.
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Similarly, setting X = ϕek, Y = ϕei, Z = ϕej in (3.37) we have for the same reasons

Dj
ki = Di

kj.

This last relation and (3.34) give

N j
ki = Cj

ki.

Case 5. Let i, j ∈ {1, 2, . . . , ν} , k ∈ {ν + 1, . . . , n} , 1 ≤ ν ≤ n, i 6= j. In this case λi 6= 0,
λj 6= 0. Then from Case 1 we have that

C
j

ik = C
k

ij and C
k

ji = C
i

jk,

since i, j ∈ {1, 2, . . . , ν}. The above relations and (3.27) give

C
i

kj = C
j

ki.

The last relation and (3.32) give

D
j

ki = F j
ki.

Similarly, using the result of Case 1 and the relation (3.28) we can prove that

Dj
ki = Di

kj.

Using this last relation in (3.34) we have

N j
ki = Cj

ki.

Case 6. Let i, j, k ∈ {ν + 1, . . . , n} , 1 ≤ ν ≤ n, i 6= k 6= j, i 6= j. In this case the relations
(3.14) and (3.27) yield

C
i

kj = C
j

ki.

This relation and (3.32) give

D
j

ki = F j
ki.

Similarly, using the relations (3.19) and (3.28) we obtain

Dj
ki = Di

kj.

The last relation and (3.34) yield

N j
ki = Cj

ki.

Case 7. Let i ∈ {ν + 1, . . . , n} , j ∈ {1, 2, . . . , ν} , k ∈ {ν + 1, . . . , n} , 1 ≤ ν ≤ n, k 6= i.
Then from Case 1 we have that

C
k

ji = C
i

jk,
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since j ∈ {1, 2, . . . , ν}. The above relation and (3.27) give

C
i

kj − C
j

ki + C
j

ik − C
k

ij = 0. (3.44)

Alternating the indices i, j in the relation (3.25) and adding the result to (3.18) we obtain,
because of (3.32), the relation

λj

(
D

k

ij − F k
ij

)
= 0.

The above relation gives

D
k

ij = F k
ij,

since j ∈ {1, 2, . . . , ν}. The last relation and (3.32) yield

C
k

ij = C
j

ik.

Using this relation and (3.44) we obtain

C
i

kj = C
j

ki.

Similarly, using the result of Case 1 and the relations (3.28), (3.24), (3.15) and (3.34) we can
prove that

N j
ki = Cj

ki and Dj
ki = Di

kj. �

Finally, we prove

Theorem 1. Let M2n+1 be a conformally flat contact metric manifold with the characteristic
vector field an eigenvector of the Ricci operator Q at every point. Then M2n+1 is of constant
curvature 1 if n > 1 and 1 or 0 if n = 1.

Proof. If n = 1 then M3 has constant sectional curvature 0 or 1 [5] . Let n > 1. If h ≡ 0,
then M2n+1 is K-contact. S.Tanno proved [11] that a conformally flat K-contact manifold
has constant sectional curvature. Z.Olszak proved [9] that any contact metric manifold of
constant sectional curvature and of dimension ≥ 5 is Sasakian of constant curvature 1. Hence
in this case M2n+1 is Sasakian of constant curvature 1. We suppose now that there exists
an open subset U of M2n+1 where h 6= 0 and let m a point of U . Then there exists a local
orthonormal frame

{e1, e2, . . . , en, en+1 = ϕe1, en+2 = ϕe2, . . . , e2n = ϕen, ξ}

of smooth eigenvectors ei of h in an open neighborhood V ⊂ U of m with eigenvalue
λi, (i = 1, 2, . . . , n) and λi 6= 0 for i = 1, 2, . . . , ν, 1 ≤ ν ≤ n. Then from Lemmas 3.2,
3.3 and the relations (2.1), (2.2), (2.5), (3.5), (3.6), (3.7) and (3.8) we have that on V
holds the integrability condition (2.7). Hence V is a strongly pseudo-convex integrable CR-
manifold. Then, since V is conformally flat and n > 1, we have from [7] that V has constant
curvature 1. Hence h = 0 on V . This is a contradiction. �
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