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Abstract. With any given convex body we associate three numbers that
exhibit, respectively, its deviation from a ball, a centrally symmetric body, and
a body of constant width. Several properties of these deviation measures are
studied. Then, noting that these special bodies may be defined in terms of their
normals, corresponding deviation measures for normals are introduced. Several
inequalities are proved that show that convex bodies cannot deviate much from
these special types if their corresponding deviations of the normals are small.
These inequalities can be interpreted as stability results.

1. Introduction

Let K™ denote the class of convex bodies (compact convex sets) in n-dimensional euclidean
space R", and K7’ the subclass of K™ consisting of all centrally symmetric bodies. For any
K € K" let hg(u) denote the support function and wg (u) = hg(u) + hix(—u) the width
of K in the direction u. As underlying metric on K" we use the distance concept based

on the Lo-norm
1/2
o= ([ ewriow) .

where the real valued function @ is defined on the unit sphere S"~! in R" (centered at the
origin 0 on R™) and o refers to the surface area measure on S”~!. For any pair K, L € K"
the corresponding Ls-distance 6(K, L) is then defined by

0(K, L) = [|hr(u) = hg (u)].
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With each K € K™ we now associate three ‘deviation measures’ that indicate, respectively,
the deviation of K from being spherical, being centrally symmetric, and having constant
width.

The spherical deviation of K is defined by
S(K) =inf{§(K,B"(p,r)) : p€ R",r > 0},

where B™(p,r) denotes the n-dimensional ball of radius r centered at p.
As a deviation measure for central symmetry, which will be called eccentricity, we
introduce the expression
E(K)=inf{d(K,Z): Z € K'}.

Finally we define the width deviation of K by

W(K) = %inf{HwK(u) —wl:w >0}

In view of the definitions of S and £ it appears that it might be more appropriate to define
W(K) as the infimum of 6(K, X)) where X ranges over all convex bodies of constant width.
This, however, would lead to difficulties regarding the existence of certain convex bodies of
constant width. For an alternative possibility to define the width deviation see (2) below.

In Section 3 some properties of these deviation measures will be discussed. In par-
ticular, it will be shown that S, £, and W are closely related with the mean width, the
Steiner point and the Steiner ball of K.

A mnormal at a boundary point g of a convex body K is defined as a line that passes
through ¢ and is orthogonal to a support plane of K at q. There are various theorems that
characterize particular classes of convex bodies in terms of properties of the normals. For
example, balls are characterized as convex bodies such that all their normals pass through
a common point, or convex bodies of constant width are characterized by the property
that each normal is a ‘double normal’, that is, a normal at two boundary points (see [3,
Sec. 2]). In Section 4 we supply new analytic proofs for such theorems and also prove
inequalities relating the deviation measures to certain properties of the normals. These
inequalities can be interpreted as stability results. (See [5] concerning the general idea of
stability for geometric inequalities.) More specifically, we obtain inequalities that provide
estimates for the spherical and width deviation of a convex body from a ball or a body of
constant width if, respectively, its normals are close to a fixed point, or any two parallel
normals are close to each other. A similar estimate is proved for the eccentricity. One of
our results has an interesting implication (formulated as a corollary) concerning physical
bodies that are nearly in equilibrium on a flat surface in any position.

2. Definitions and notation

In this section we introduce some definitions and describe the notation that will be essential
for the following sections. If K € K™ and v € S™~! then Hx (u) denotes the support plane
of K of direction u, i. e., Hx(u) = {x + hx(u)u : - u = 0}, where the dot indicates the
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inner product in R™. We repeatedly use the fact that the support function satisfies the
translation formula

hix+p)(w) = hg(u) +p-u.

One of the advantages of the Ls-distance in comparison to other distance concepts for
convex bodies is the possibility to employ the inner product for functions on S™~!. For
any two bounded integrable functions ® and ¥ on S™~! it is defined by

(B, 1) /Sn_l B () (w)do (u).

As usual, ® and VU are said to be orthogonal if their inner product is zero. We let | - |
denote (in addition to the absolute value) the euclidean norm in R™. If F(u) is a function
on S™~! with values in R™ we simply write || F(u)| instead of || |F(u)] ||.

The volume of the unit ball B"(o, 1) will be denoted by «,, and its surface area measure
by o,. We write w(K) for the mean width of K. Hence,

W(K) = = (e (), 1),

On

Using an obvious notational extension of the integral, one defines the Steiner point s(K)

of K by

1
s(K) = —/ hi(uw)udo(u). (1)
,{TL Sn—1
The ball B"(s(K),w(K)/2) is called the Steiner ball of K and denoted by B(K). We
sometimes use the obvious fact that the support function of B™(p,r) is r + p - u and, in

particular, that

i) (W) = 50 (K) + 5(K) -

For any K € K" let K, denote the convex body obtained from K by central symmetriza-
tion, and K, the translate of K that has its Steiner point at the origin of R™. Hence,

K. = (K + (-K))

and
K,=K —s(K).

3. Properties of the deviation measures

The following theorem shows where the infima that are used in the definition of the devia-
tion measures are attained, and it provides therefore more explicit representations of these
measures.
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Theorem 1. Let K be a convex body in R".

(a) 6(K,B™(p,r)), considered as a function of p and r, is minimal exactly if p = s(K)
and r = w(K)/2. Hence,

S(K) = (K, B(K)) = |lhs, (u) — w(K)/2]].

(b) §(K,Z), considered as a function of Z € K7 is minimal exactly if Z = K, + s(K).
Consequently,

1
E(K) = (Ko, Ky) = S, (w) = b, (~u)ll.
(¢) ||lwk(u) —wl|, considered as a function of w is minimal exactly if w = w(K). Hence,

W(K) = %IIWK(U)—@(K)II = 0(K., B(K.)) = S(K.). (2)

Moreover, the deviation measures have the property that
S(K)? = E(K)* + W(K)>. (3)

Before we turn to the proof of this theorem we add several pertinent remarks. The fact that
the Steiner ball is the best Lo-approximation of a convex body by balls (and the Steiner
point its center) could be used as the definition of these concepts. It certainly would be
a better motivated approach than using (1) as a definition. The relation (3) provides a
quantitative version of the well-known theorem that a convex body that is both of constant
width and centrally symmetric must be a ball. In fact, it allows one to obtain information
on the spherical deviation of a convex body if corresponding data on the width deviation
and eccentricity are available.

Proof of Theorem 1. Onme could prove this theorem using the development of functions
on the sphere in terms of spherical harmonics. But, as will be shown here, it can also be
proved using only elementary analysis.

The following easily proved relations (cf. [6, Sec. 3.2]) will be used repeatedly without
explicitly mentioning it. It is assumed that u = (u1, ..., u,) € S~ ! (and each u; is viewed
as a function of uw on S*"7 1), pe 8" Landi,j=1,...,n (i # j).

Us, =Y Ui, Uj) = U, Uj = Rn , b-u = kn|P| -
(wi, 1) =0, (uguy) =0, Jui? p - ul|? [p|?

(The last relation is an obvious consequence of the two preceding ones.) We also note that
the integral of any odd function on S™~! vanishes.
First let us show that for all K, L € K"

S(K,L)* = §(Ky, Ly)? 4 kn|s(K) — s(L)]?. (4)
We obviously have §(K, L)? = ||hx (u)—hr(w)|]? = ||[hx, (w)—hr, (u)]+[(s(K)—s(L))-u]|/?.

Furthermore, since s(K,) = s(L,) it follows from (1) that (hx, (u) — hp, (u),u;) = 0 and
this implies that the functions hg, (u) — hr, (u) and (s(K) — s(L)) - u are orthogonal.
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Consequently, [, (u) = hr, ()] + [(s(K) = s(L)) - u]|* = [|hs, () = hr, (w)[|* + [|(s(K) —
s(L)) - ul|? and we obtain (4).
Let us now prove part (b) of the theorem. Using (4) we find

(K, 2)* = 6(K,, Z,)* + kn|s(K) — s(2))?
= |I[5(hk, (W) +hi,(—u) —hz, (W)]+5 bk, (W) —h,(—w)][|* + ] s(K) —s(Z)]%.

Since the first one of the two functions in brackets is even and the other one is odd it
follows that they are orthogonal and we obtain

(K, Z)* = 6(Ky, Zo)* + }lllhxo(U) = hie, (=0)|* + kn|s(K) = s(Z)|%.

This shows that §(K, Z) is minimal if and only if s(K) = s(Z) and K, = Z,. Clearly, this
happens exactly if Z = K, + s(K).

To prove part (c) we note that ||wg(u) — w||* = |[[wk(uw) — 0(K)] + [w(K) — w]||?
and that the definition of the mean width shows that the two functions in brackets are
orthogonal. Hence,

lwic (u) = wl|* = [lwic (u) = DE)|* + o (D(K) — w)? ()

and this is apparently minimal if and only if w = w(K).
For the proof of part (a) of the theorem we use again (4) and find that

(K. B"(p,r))* = 8(Ko, B"(0,1))* + kin|s(K) — p|?
= lI[5(hx, (u) +hre, (—u)) = 1]+ 5lhx, (u) = hi, (—W)]|* +£nls(K) = p|*.

Since the product of the two functions in brackets is odd they are orthogonal and this
implies that

S, B (9 1))? = k() = 20112+ e, () = P, ()| + sl () = P
Thus, using (5) (with w = 2r) we obtain
(K, B (p,))? = lwse(w) — ()| + e, (w) — i, (~)
+ 3on(@(K) = 20 4 i s(K)  pl”.

This shows that 6(K, B™(p,r)) is minimal exactly if r = w(K)/2 and p = s(K), as stated
in (a). Letting B™(p,r) = B(K), one also finds that

S(KY = (K, B(K))” = ¢ | ()~ (K)|[* + e, (1) — e, () |2 = WK +E(K)?,

which proves the last statement of the theorem.
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We note that (4) shows that §(K, L + p), considered as a function of p is minimal if and
only if p is such that the respective Steiner points of K and L + p coincide. This has been
proved previously by Arnold [1]. See also Groemer [6, Proposition 5.1.2] where spherical
harmonics are used to prove this result and to establish related properties of the Steiner
point, in particular the minimal property of the Steiner ball stated under (a) in the above
theorem.

4. Normals and deviation measures

We now consider the relationship between the deviation measures and the normals of
convex bodies. If K N Hg(u) consists of only one point then w is said to be a regular
direction of K. The set of all regular directions of K will be denoted by R(K). It is known
that for every convex body almost all directions are regular (see, for example, Schneider
[9, sec. 2.2]). If w is a regular direction of K the normal of K at K N Hg(u) that is
orthogonal to Hg (u) will be denoted by Ny (u). Furthermore, if X and Y are two parallel
lines or a point and a line we let d(X,Y’) denote the (orthogonal) distance between X and
Y. Corresponding to the three deviation measures we now define certain average values
associated with the normals. It will be shown (in the lemma below) that all these average
values, i. e., the corresponding integrals, exist.

If K € K" and p € R", then the average distance of the normals of K from p is

defined by
pr(p) = /1/on [|d(p, Nk (u))];

It is easily shown (and will follow from our Theorem 3) that K is a ball with p as center
exactly if px(p) = 0.

As mentioned before, bodies of constant width are characterized by the property that
every normal is a double normal. This means that Nx(—u) = Nk (u). Suggested by this
fact we consider for regular directions u and —u the distance between Ny (u) and Ny (—u)
and the corresponding mean value

wr =/ 1/on [[d(Nk (), Nx (—u))].

Note that wx does not depend on a particular point p.

Finally, to describe in terms of the normals those convex bodies that are centrally
symmetric with respect to a given point p consider first the case p = o. In this case the
central symmetry of K with respect to o implies that for any u € R(K) and —u € R(K) we
have Ng(—u) = —Ng(u). Clearly, the corresponding relation for symmetry with respect
to an arbitrary point p can be expressed by Ng_,(—u) = —Ng_,(u). Motivated by these
considerations we define

i (p) = V1/0n [|[d(Nk—p(=1), =Nr—p(u))]-

Similarly as in the case of the deviation measures in Section 2 of particular interest are
the respective minima of pi(p) and ngk(p) for all possible choices of p. Thus, we define
the following ‘normal deviation measures’ that correspond, respectively, to the spherical
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deviation, the eccentricity, and the width deviation. (The superscript L indicates that
these are deviation measures concerning the normals.)

SHEK) =inf {px(p):pe R}, EHK)=inf{nk(p) :pecR"}, WHK)=uwg.

In analogy to Theorem 1 we now formulate a theorem that provides explicit evaluations
of S(K) and £+ (K). Tt also exhibits a relationship of the same kind as (3).

Theorem 2. Let K € K" and p € R™. Then, for any p € R™ we have

pi(p)? = pr(s(K))* + Ip— s(K)|?, (6)
ne (@) = nic (5K + 4Dy s(w)p, @)

and
4ok (p)? = nKr (p)* + wk. (8)

Hence, considered as functions of p, both px(p) and nk (p) are minimal exactly if p = s(K)
and it follows that
SHE) = pr(s(K)), E(K) = nx(s(K)),

and
4SH(K)? = EH(K)? + WH(K)2

Next we consider the stability of the characterization of balls, symmetric bodies, and convex
bodies of constant width in relation to the corresponding properties of their normals. In
other words, we estimate S(K), £(K), and W(K) in terms of S*(K), £+ (K), and W (K),
respectively.

Theorem 3. For any K € K™ we have
S(K) < \/in]2 SH(K). (9)

E(K) < \on/12(n+ 1) EH(K), (10)
W(K) < \/kn /8 WH(K), (11)

Equality holds in (9) exactly if the support function hx of K is of the form Qo+ Q1 + Q2,
where Qy, denotes a spherical harmonic of order k. In (10) and (11) equality holds if
and only if the expansion of hi is, respectively, of the form Q1 + Q3 + Y poo Qa2k and
Qo+ Q2+ > pe o Qakt1-

If there is a point p such that px(p) = 0, Nk (p) = 0, or wx = 0 and therefore, respectively,
SH(K) =0, EL(K) =0, or WH(K) = 0 then Theorem 3 implies the previously mentioned
characterizations of balls, symmetric bodies, or convex bodies of constant width.
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Inequality (9) can be used to obtain a result concerning bodies that are nearly in
equilibrium in any position on a horizontal plane. To describe this result, K will now be
assumed to be a three-dimensional physical convex body. It is known (see [4] or [8]) that
K must be a ball if it rests in equilibrium in any position on a horizontal plane. (This
and a more general problem is mentioned in the well-known ‘Scottish Book,” see Mauldin
[7, Problem 19].) We wish to estimate the deviation of K from a ball if for any position
on a horizontal plane the corresponding moment, say My (u), of K is small. Here Mg (u)
is defined as follows: If u is a regular direction of K then M (u) is the total mass of K
multiplied by the distance of the normal Ny (u) from the center of mass of K. In this
connection K is not assumed to have uniform mass distribution, it may be endowed with
any mass distribution, that is, an integrable density function. In terms of physics, if u
is considered the vertical direction and K is assumed to be placed on a horizontal plane,
then Mg (u) is the moment that has to be applied to keep K in equilibrium. Applying (9)
and Theorem 1 (part (a) with n = 3) and observing that S+(K) < px (p), where p is the
center of mass of K, we obtain immediately the following result.

Corollary. Let K be a convex body in R having a given mass distribution with total mass
m(K) > 0. If for some i > 0 and every reqular direction u of K its corresponding moment
Mg (u) has the property that My (u) < u, then there is a ball B such that

27/3
m(K)

52(K7 B) S

As a suitable ball one may choose the Steiner ball of K. Letting 4 = 0, one obtains the
result stated before, that K must be a ball if it rests in equilibrium in any position on a
horizontal plane. We also mention that this corollary can even be applied to the case when
K is not convex since one may apply it to the convex hull K of K and put the density
function zero at all points of K \ K. Then, the above inequality holds if on the left hand
side K is replaced by K (and in the assumptions the regular directions of K are replaced
by the regular directions of K ). Clearly, one could also state an n-dimensional version of
this corollary but this would not have the physical interpretation mentioned before.

To prove Theorems 2 and 3 we first show a lemma relating for any K € K" the distances
d(o, Nk (u)), d(Nk(u), Nk (—u)), and d(Ng(—u), —Ngk(u)) with the gradient of the sup-
port function of K and an associated series of spherical harmonics. A real valued function
® on S™"1 will be said to be smooth if it is twice continuously differentiable. The (spher-
ical) gradient of ® will be denoted by V,®. Thus, if ¢ is a (differentiable) function on
S"~1 and if V denotes the ordinary gradient operator for functions on open subsets of
R” then V,®(u) is defined as the ordinary gradient of the constant radial extension of
® evaluated at the point u. A more appropriate notation might be (V,®)(u) but this
would lead to an unsightly accumulation of parentheses. Note, however, that this nota-
tional convention implies that for all u € S"~1 we have V,®(u) = (V®(x/|z|))z= and
Vo®(—u) = (V®(z/|z]))s=—vu. It is customary, to assume that the support function hg
is extended from S™~! to R™ by stipulating that it be positively homogeneous. It is of
importance to notice that for the evaluation of V,hg the constant radial extension of hg
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has to be used. Thus, if hx is defined in the conventional way then for any u € S™~! we
have Vo hi (u) = (Vhg(x/|2])) =y and therefore

Vhic(w) = (Valhx(@/le])))_ = (Eﬂhm)x n |x|vm<<x/|x|>)
= hg(u)u+ Vohg (u).

r—u (12)

If ZZ’;O Q. is the expansion of ® as a series of spherical harmonics, where ()i is of order
k, we indicate this by writing
o0
03
k=0

Lemma. Let K be a convex body in R™.
(i) If u € R(K) then V,hi(u) ezists and

d(0, Nk (u)) = [Vohi (u)]. (13)

If both w € R(K) and —u € R(K) then V,(hxg +h_k)(u) and V,(h_x —hi)(u) ezist
and

d(Nk(—u), =Nk (u)) = [Vo(hr — h—r)(u)], (14)

d(Nk (u), Nk (—u)) = [Vo(hx + h—r)(u)| (15)

Thus, (13), (14), and (15) hold for almost all u € S™L.

(ii)) d(o, Nk (u)), d(Nkx(—u),—Ng(u)), and d(Ng(u), Nx(—u)) are bounded integrable
functions on S"~1. Consequently, px (o), nk(0), and wx exist.

(iii) If
k=0
then -
oupic(0)? > Y k(n+k = 2)Qul (17)
k=1
o (0)® >4 ) k(n+k—2)[|Qxll’, (18)
k>1
k odd
and
opwi > 4 Z E(n+k—2)]Qk|> (19)

k>2
k even

Moreover, each of the relations (17), (18), (19) holds with equality if the respective functions
hi, hk —h_k, hg + h_§k are smooth.

Proof. 1t is known (see [2, Sec. 16]) that for any u € R(K) the gradient Vhg (u) exists
and equals the support point K N Hg (u). Furthermore, (12) shows that V,hg (u) is the
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vector from the intersection point of the line of direction w with H(u) to the support
point H(u) N K. Hence, obvious geometric considerations together with the fact that
Vohi(—u) = —V,h_k(u) show that

d(o, Nk (u)) = [Vohi (u)],

d(Nk (—u), =Nk (u)) = [Vohk (—u) + Vohi (u)| = [Vo(hx — h—r)(u)],

and
d(Nk (u), Nk (—u)) = [Vohk (u) = Vohg (—u)| = [Vo(hix + h-k)(u)].

These relations show the validity of (13), (14), and (15).

Turning to the proof of part (ii) we use the known fact (see for example Schneider [9,
Sec. 3.3]) that for any K € K™ there exists a sequence { K7} of strictly convex bodies that
converges in the Hausdorff metric to K and is such that for every j the support function
hyi is smooth. Routine convergence arguments show that for any v € R(K) we have
lim; o K7 N Hgs(u) = K N Hg(u) and therefore

Jim d(o, Nis (u)) = d(o, Nk (u)), (20)
Jim d(Nis (—u), =N (w)) = d(Ni (—u), =N (u)), (21)
Jim d(Nis (w), Nigs (—u)) = d(Nie (u), Nie (—u)). (22)

Moreover, since the functions d(o, Ngj(u)), d(Ngi(—u),—Ngi(u)), and d(Ngi(u) +
Ngi(—u)) are obviously uniformly bounded and integrable the same is true for their re-
spective limits d(o, Nk (u)), d(Ng(—u), —Ngk(u)), and d(Ng (u), Nx(—u)).

Finally, for the proof of part (iii) we assume that (16) holds and consider first the case
when hg is smooth. Then it follows from (13) and known facts about spherical harmonics
(see [6, Sec. 3.2]) that

oxpi(0)? = [|d(o, Ni (w)|* = [Vohx (u)|* =Y k(n+k —2)|Qxl*. (23)
k=1

Also, (16) implies that
her(u) = hi(=u) ~ Y (=1 Qr(u)

and therefore

(hre = horc)(w) = hrc(w) = he(u) ~2 > Qx(u), (24)

and
(hi +hr)(w) = hic(u) + hi(—u) ~ 2 Y Qx(w). (25)
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Similarly as before, but using (14) and (15), and assuming that, respectively, hx — h_g
or hg + h_x 1s smooth we find

o (0)° =4 Y k(n+k—2)|Qx|? (26)
k>1
k odd
and
Tnwic =4 Y k(n+k—2)||Qxl. (27)

k>2
k even

This proves the assertion expressed in the last sentence of the lemma.

Finally, to prove the remaining part of (iii) we use again the sequence { K7} and note
that (20), (21), (22) together with the ‘bounded convergence theorem’ allows one to deduce
that

lim p;(0) = px(0), lim 7y (0) = nk (o), lim wg; = wk. (28)

J—00 J—00 J—00

Furthermore, if hyi ~ Y oo ch, then (for all u € S™1)
Jim Q3 (u) = Qx(w). (29)

This relation is a consequence of the fact that for fixed k each Qi and Qi are linear com-
binations of the members of a finite orthonormal set of spherical harmonics Py 1, ..., Py m
whose coefficients are r espectively of the form (hyi(u), Py i(u)) and (hx(u), Pg,i(v)), and
that uniformly lim; . hgi = hx. This also shows that for each k£ the functions Qi are
uniformly bounded and it follows from (29) that

Jim 1G4 = 1@« (30)

From (23), (26), and (27) (applied to each K7) one obtains that for any positive integer m

m

onpki(0 Z (n+k=2|Q4P,  ownks(0)? =4 Y k(n+k—2)|Q77

—0 1<k<m
k odd

ol =4 > k(n+k—2)[|QL.
ke

Using (28) and (30) and letting first j — oo and then m — oo we obtain the desired
inequalities (17), (18), and (19).

For the following proofs of Theorems 2 and 3 we assume that (16) holds and repeatedly
use the fact that Qo + @1 is the support function of the Steiner ball B(K) (see [6, Sec.
5.1]) and therefore Qo = w(K)/2 and @1 = s(K) -u. If K € K" is given, the sequence
{K’} and the spherical harmonics @7, are defined as in the proof of the Lemma.
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Proof of Theorem 2. Tt suffices to consider only the case p = o since the general result can
the be obtained by replacing, if necessary, K by K —p. From (23), (26), and (27), applied
to K7 (with equality) and @y replaced by @4 one sees that (8) holds for each K7. Letting
j — oo and observing (28) one obtains (8) for all K € K.

To prove (6) we first note that

hic—s(rey(w) = hic(u) = s(K) - u~ > Qulu)

Hence, if hg is smooth it follows from (23) that

on(pK (0)* — p (s(K))?) = onl(pk (0)? = pr—s(r)(0)?) = (n = 1)[| Q1.

Since
1Q117 = [|s(K) - ull* = rn|s(K)|?

we obtain (6) for smooth hg. The general case is again settled by the use of the sequence
{K7} and (28). (Note that it can be assumed that for all j we have s(K7) = s(K),
otherwise replace K; by K; — s(K;)+ s(K).) Finally, (7) is an obvious consequence of (6)
and (8).

Proof of Theorem 3. Observing that the inequalities of Theorem 3 are invariant under
translations we may assume that s(K) = o. This implies that K = K, and

Q1 =0.

Since Qo = w(K)/2 we obtain from (16), (24), and (25), combined with Parseval’s equality,
that

S(K)? = s, () — 0(K)/2]” = chzkn?
E(K)? = }lnhKo(u) 9l = 3 el
WKY = (o) + hac(—u) 0 ()7 = 3 Qi

k>2
k even

Hence, in conjunction with part (iii) of the above lemma, it follows that

onST(K) = 0npic(0) 2 Y k(n+k —2)||Ql* > ZnZ 1Qkl? = 2nS(K)?, (31)
k=1 k=2

onEH(K) = 0 (0)? 24 ) k(n+k=2)[|Qxl* = 12(n+1) Y [|Qr* = 12(n+1)E(K)?,

k>1 k>3

k odd k odd

(32)
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o WH(K) = oqwic >4 > k(n+k—2)|Qxl> = 8n D [|Qill”> =8nW(K)?.  (33)

k>2 k>2
k even k even

These inequalities contain the inequalities of Theorem 3. If in (9) equality holds then
equality must hold between the third and fourth term in (31). This implies that Q = 0 if
k > 3. Hence, hg ~ Qo + Q2 and therefore hxg = Qg + Q2. Conversely, if hx = Qo + Q2
then hx is smooth and (according to (23)) equality must also hold between the second
and third term of (31) and therefore in (9). Hence, under the assumption that s(K) = o
equality holds in (9) if and only if hx = Q¢ + Q2. In the general case this shows that
h_s(x) = Qo+Q2 and consequently hx = Qo+Q1+Q2 as stated in Theorem 3. Similarly,
equality in (10) implies that hx — h_k ~ Q3 and therefore hx — h_x = Q3. This is also
sufficient for equality in (32) and therefore in (10). Since (24) shows that this relation is
satisfied exactly if in (16) all odd terms except Q3 vanish we find that hx ~ Q3+ pe o Q-
Thus, adding the term (7 to remove the condition s(K) = o we see that the conditions for
equality in (10) are as stated in Theorem 3. Analogous arguments, applied to (33), and
correspondingly to hx + h_ establish the assertions concerning equality in (11).
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