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Abstract. Let D be a division ring and let m,n be integers > 2. Let M,,x,(D)
be the space of m x n matrices. In the fundamental theorem of the geometry of
rectangular matrices all bijective mappings ¢ of M,,«,(D) are determined such
that both ¢ and ¢~! preserve adjacency. We show that if a bijective map ¢ of
M,xn(D) preserves the adjacency then also ¢! preserves the adjacency. Thus
the supposition that ¢! preserves adjacency may be omitted in the fundamental
theorem.
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1. Introduction

L.K. Hua initiated the study of the geometry of matrices in the mid fourties of the last
century (cf. [3]). In this geometry, the points are a certain kind of matrices of a given size.
The four kinds of matrices studied by Hua are rectangular matrices, symmetric matrices,
skew-symmetric matrices and hermitian matrices. To each such space there is associated a
group of motions. It is the aim to characterize the group of motions in the space by as few
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geometric invariants as possible. Two rectangular, symmetric, or hermitian matrices A, B are
called adjacent, if A— B has rank 1. Two skew-symmetric matrices A, B are called adjacent if
A — B has rank 2. Hua discovered that the invariant “adjacency” is sufficient to characterize
the group of motions. He and his followers determined all bijections ¢ of the set of points
which satisfy

A, B are adjacent = A%, B¥ are adjacent. (1.1)

This result is known as the fundamental theorem of the geometry of matrices.

In view of the fundamental theorems of affine and projective geometry, where all bijections
of affine resp. projective spaces are determined which take lines to lines, it is a natural and
important question posed in [4], whether in the geometries of matrices it is possible to replace
the condition (1.1) by

A, B are adjacent = A¥. B¥ are adjacent. (1.2)

It is shown in [2] that this is possible in the case of symmetric and hermitian matrices. In the
present paper we answer this question for the space M,,«,(D) of m X n rectangular matrices
over a division ring D.

Theorem 1.1. Let D be a division ring. Let m,n be integers > 2. If a bijective map ¢
from My, (D) to itself preserves the adjacency in My,x,(D) then also o~ ! preserves the
adjacency.

According to the fundamental theorem of the geometry of rectangular matrices [1, 5], when
m # n, then ¢ is of the form

X?=PX°Q+R  forall X € Myun(D), (1.3)

where P € GL,,(D), Q € GL,(D), R € M;,»«»(D), and o is an automorphism of D. When
m = n, then in addition to (1.3), ¢ might also be a mapping of the form

X?=PYX")Q+ R for all X € M,,xn(D), (1.4)
where 7 is an anti-automorphism of D.

The space M,,x,(D) can be treated as a graph. We call the points of M,y (D) vertices and
define two vertices A, B to be adjacent if rank(A— B) = 1. Then we obtain the graph of mxn
matrices over D, denoted by I'(M,,x,(D)). If D is infinite, then T'(M,,«, (D)) is an infinite
graph. For finite graphs, a bijection which satisfies (1.2) is an automorphism. But there are
counterexamples in the infinite case. For the graph I'(M,,«,(D)), the above theorem can be
interpreted as follows.

Theorem 1.2. Let D be a division ring. Let m,n be integers > 2 and I'(M,«, (D)) be the

graph of m X n rectangular matrices over D. If ¢ is a bijective map from I'(M,xn(D)) to
itself for which

A, B are adjacent = A? B¥ are adjacent,

is satisfied for any two vertices A, B of I'(My,xn(D)) then ¢ is a graph automorphism of
['(M,y5n(D)).
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2. Preliminaries

In this section we mention some definitions and propositions which are also contained in
Wan’s book [3]. We then define the notion of covering radius of a subset of M,,x,(D) and
show some of its properties.

Definition 2.1. (Points, motions) Let D be a division ring. Let m,n be integers > 2. Denote
by Myxn(D) the space of m xn matrices over D. We call elements of M, (D) the points of
the space My, xn(D). The group Go,xn(D) of motions of M, (D) consists of transformations
of the form

X—PXQ+R for all X € M,xn(D),
where P € GL,,,(D), Q € GL,(D), R € My,xn(D).
Proposition 2.1. ([3], Proposition 3.1) The group G,xn(D) acts transitively on M, «,(D).

Definition 2.2. (Adjacency) Two points A, B € My,xn(D) are said to be adjacent if
rank(A — B) = 1.

Definition 2.3. (Maximal set) A mazimal set M in M« (D) is a subset of My,x, (D) with
the property that any two points in M are adjacent and there is no point in My,xn(D) \ M
which is adjacent to any point in M.

Proposition 2.2. (cf. [3], Proposition 3.9) There are two types of mazximal sets of adjacent

matrices,
1‘61 x(l)n
Type 1: {P( : , )Q—I—R‘xn,...,xlnGD},
0 .. 0

y11 0... 0
Type 2: {P(: : ;)Q+R‘y117...,ym1€D}a

y'r;zl 0..0

where P € GL,,(D), @ € GL,(D), and R € M,«n(D). Any mazimal set belongs to only one
type. A mazimal set of type 1 cannot be carried to a maximal set of type 2 under the group
of motions Gpxn(D).

Proposition 2.3. ([3], Corollary 3.10) For any pair of adjacent points A, B € My,xn(D)
there are exactly one maximal set of type 1 and exactly one maximal set of type 2 containing

both A and B.
Proposition 2.4. Let My, M, be two distinct mazimal sets with My N My # 0. Then

=1 when My and My are of the same type,

| My N M| { > 1 when My and M, are not of the same type.

In the second case we call M; N My a line.
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Proposition 2.5. ([3], Corollary 3.13) The parametric equation of a line in My, (D) is
{"pzq+ R |z € D},

where p is a nonzero m-dimensional row vector over D, q is a nonzero n-dimensional row
vector over D, and R € M, (D).

Proposition 2.6. ([3]|, Corollary 3.11 and Proposition 3.14)] Two mazimal sets which have
only one point in common can be carried simultaneously under the group Gp,xn(D) to

T11 ... Tin
0 .. 0

{( . . ) ‘xn,...,xlnED}, (21)
0 .. 0
0 .. 0

{( ?1 2n> ‘$21,... ,iL’QnGD} (22)
0 .. 0

y11 0... 0
Ym1 0..0
0 yi2 0...0
{(;;; 5>’%%”w%ﬁep}. (2.4)

Two intersecting maximal sets of different type 1 and 2 can be carried simultaneously under
the group Gxn(D) to (2.1) and (2.3).

or to

Proposition 2.7. ([3]|, Proposition 3.20) Any mazimal set M of type 1 has the structure
of an n-dimensional left affine space, and any mazximal set of type 2 has the structure of an
m-dimensional right affine space, where the points and lines are defined above.

Definition 2.4. (Distance) The distance d(A, B) between two distinct points A, B € My, 5, (D)
is defined to be the smallest nonnegative integer k with the property that there exists a sequence
of consecutively adjacent points A=Ay, Ay, ..., A,=B. When A=B, we define d(A, B)=0.

We have d(A,B) = d(B,A) and d(A, B) = 0 if, and only if, A = B. Furthermore, the
distance satisfies the triangle inequality

d(A,C) <d(A,B)+d(B,C) forall A,B,C € Mpxn(D),

50 (Myxn(D),d) is a metric space. It was proved in [3] that for any two points A, B €
men(D)v

d(A, B) = rank(A — B).

Hence 0 < d(A, B) < min{m,n}.
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Lemma 2.1. For any maximal sets M and M’ of type 1 resp. type 2, we can find a positive
integer k and a sequence M = My, ... , My = M’ of mazximal sets of type 1 resp. type 2
satisfying M; " M1 #0,9=0,...  k—1.

Proof. Choose X € M, Y e M', X #Y, k—1:=d(X,Y). Then there is a sequence of
consecutively adjacent points X = X,,... , X1 =Y. Fore =1,... k — 1 define M, to
be the maximal set of type 1 resp. type 2 which contains X; ; and X;. Let My := M and
M, := M'. Then we have M; " M; 1 #0,1=0,...  k—1. O

Definition 2.5. (Covering radius) Let A € M,xn(D) and let M C Myxn(D). The distance
between A and M is d(A, M) := min{d(A, B) | B € M}. The covering radius of M is

p(M) := max{d(A, M) | A € Myxn(D)}.

The covering radius of M C M,,x,(D) is the smallest positive integer p with the property
that the union of all balls

U {X € Myn(D) | d(A, X) < p}

AeM

covers Mp,«n(D). Clearly, for any two subsets M, M’ C M,,x,(D), if there is an element
1 € Gxn(D) such that MY = M’ then p(M) = p(M’").

5 p1 P2
Lemma 2.2. Let M = {() ‘ x € D"} and P = ( : ) € Myxn(D) with rank( : > =
(’) p’I’L p7VL

0
k. Then for all X = | . | € M we have
0

d(X,P)e{kk+1} and dX,P)=k < € p+ (po,... ,pm) C D",

where (pa, ..., pm) denotes the subspace of D™ which is spanned by {p2,... ,pm}-

w:pl p2
Proof.  We have d(X, P) = rank < fyz ) > rank ( : ) Furthermore,
_Z')m Pm
x:ppzl b2
rank | . :rank(g) S x—p1 € (P2 Pm)
71:7m Pm
<~ x6p1+<p277pm> ]

Corollary 2.1. a) In the case m < n let M be a mazimal set of type 1. Let P € M,,xn(D)
with d(P,M)=m —1. Then {X € M | d(X, P) =m — 1} is an affine (m — 1)-flat of M, if
we consider M as an n-dimensional affine space.

b) In the case n < m let M be a maximal set of type 2. Let P € Myxn(D) with d(P, M) =
n—1. Then {X € M | d(X,P) =n—1} is an affine (n — 1)-flat of M, if we consider M as

an m-dimensional affine space.
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Lemma 2.3. Let M be a mazimal set of My,x,(D). If M is of type 1,

m —1 when m <n,
p<M){n when m > n.
If M s of type 2,

n—1 when m > n,
m when m < n.

Proof. We only prove the case that M is of type 1. The case that M is of type 2 can be proved
similarly. Since the covering radius is invariant under the group G,,«,(D), we can assume
1

without loss of generality that M is of the form (2.1). Let A = ( : > € Myxn(D) be any

Am
az

point. In the case m < n from Lemma 2.2 we have d(A, M) = rank ( : ) < m—1. Thus we

am

az
have p(M) = m — 1. In the case m > n, for any point A we have d(A, M) = rank ( : ) <n
a2 am
andd(A,M):nifrank( : ):n. O

am

Lemma 2.4. a) Let m < n. Let M be a mazimal set of type 1. Consider M as an n-
dimensional left affine space, then for any hyperplane H of M we have p(H) = m.

b) Let n < m. Let M be a mazimal set of type 2. Consider M as an m-dimensional right
affine space, then for any hyperplane H of M we have p(H) = n.

Proof. ~ We prove a). Let M be a maximal set of type 1. Without loss of generality
let M be of the form (2.1). Choose p1,...,p, € D" with dim (ps,... ,p,) = m — 1 and

p17
(01 + (P2, s om)) VH = 0. Let P := | : ) € M,xn(D). Then by Lemma 2.2 we have

Pm

d(P,H) =m and p(H) = m. O

Lemma 2.5. Let My, M, be two distinct mazimal sets with My N My # ().

a) Let m < n. If My and My are of type 1, or m =n and My, My are of different type, then
b) Let n < m. If My and My are of type 2, or m = n and M, My are of different type, then

Proof. a) Let m < n. Without loss of generality we can assume that 0 € M; N Ms. Then
for any A € M,,xn(D) with rank(A) = m we have d(A, M;) = m — 1 = d(A, M,). Thus
d(A, My U My) =m — 1 and p(M; U My) =m — 1.

The case b) can be proved similarly. O
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Lemma 2.6. a) Let m < n,

Tl

0 T2
M1::{<:>‘x1€D”}7 MQ;:{ 0 ‘xQED”},

6 .

x1

x2
0
M12 = .
0

and S := My U My U Myy. Then p(S) =m —2 ifm >2 and p(S§) =m — 1 if m = 2.

b) Let n < m,
y11 O ..
( > ‘ylla--':ymIED}

y10

{
o= {(07) [ mae 0},
{

0 me 0.
Y11 Y12 0 Y11 Y12

< :) rank(: :):2}
yml me 0 Ym1l Ym2

and § == My U My U Myy. Then p(S)=n—2 ifn>2 and p(S) =n—11if n = 2.

rank (1) = 2}

Ml =

M12 =

Proof.  Let m < n. Since M; C § and d(X,S) = m — 2 for all X € M,,«,(D) with

rank(X) = m, we have m — 2 < p(S8) < p(M;) = m — 1. For any X € M,,x,(D) we have

d(X,8) < d(X,0) = rank(X). Thus d(X,S) = m — 1 implies rank(X) € {m,m — 1}. In
71

the case m > 2 let z; denote the i row vector of X. If rank (%) =2,let Y = | ° | € S,
0

) < m — 2. Now let rank(X) = m — 1 and

T3

then d(X,Y) = rank(X —Y) = rank( :

To—0
rank (73) = 1. There exists v € (z3,...,2m) \ (T1,22). Let ¥ = 0 € S, then
6
0
d(X,Y)=rank [ ©* | =m —2. Thus p(8) =m — 2 for m > 2. In the case m = 2, for any
XEMmXH(D)\Srsve have d(X,S) =1, thus p(§) =1=m — 1. O

Lemma 2.7. Let My, My and My be defined as in Lemma 2.6. Then for any X € M,
there is a maximal set M3 of the same type as My, which contains X and satisfies M3 My #
0 £ Ms N M.

Proof. Let m < n. Let X € My,. For any Y; € M, which are adjacent to X, i = 1,2, we

have
x1+8‘1x2 Azﬂﬂ?—&-dfz
0
}/1 - : ) }/'2 - . Y
é .

0
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and Y7, Y are adjacent if, and only if, Ay Ay = 1. Choose A\; # 0, Ay = )\1_1 and let M5 be a
maximal set which contains X, Y] and Y5. Then M; N M; = {Y1}, [M3N M;| =1, and M3
is of type 1. 0

Lemma 2.8. Let m =n. Let My be a maximal set of type 1 and My a mazimal set of type
2 such that My N My # (). Then for any A € My N My there exists QQ € My, xn(D) such that
d(Q,Ml) :d(Q,Mz) =m — 1, d(Q,A) =m—1 and Hl ﬂHg = {A} = Hl ﬂMQ = HQﬂMl
where

Hi={XeM|dQX)=m—1}, Hy={Y €M |d(Q,Y)=m—1}.

Proof. Without loss of generality we can assume that M; is of the form (2.1) and M, is of

a1 0 ... O a1 0 ... O
the form (2.3). For any A € MiN My, A = (:) ’ . ,let @ = (:) ' . € Mpxn(D).

0 0 0 1
Then d(Q, M;) = d(Q, M) =m —1and d(Q,A) =m — 1. Let H; ={X € M, | d(Q,X) =
m— 1} and Hy = {Y € My | d(Q,Y) = m — 1}, then we have H; = {X € M; | 11 = an},
HQZ{YEMQ ‘ Y11 :CLH} and HlﬁHQI{A}:HlﬂM2:H2ﬂM1 O

Lemma 2.9. Letn > 2. Let V, V' be n-dimensional left or right affine spaces over a division
ring D, D # Fy. Let f .V — V' be an injective mapping which takes collinear points to
collinear points, and let f(V') not be contained in any affine hyperplane of V'. Then f induces
injective mappings f; : V(t) — V'(t) where V (t), V'(t) denote the sets of all affine t-flats of
V oresp. V', 0 <t <n. Furthermore, assume there exists an integer k, 0 < k < n such that
fr 2 V(k) — V'(k) is bijective. Then f is bijective and f takes lines to lines.

Proof. Since f takes collinear points to collinear points, we have

f(<a07a17 R 7at>) g <f(a0)7f(a1)’ s 7f(at)>

for all points ag, ... ,a; € V, where (aq, ... ,a;) denotes the affine flat spanned by aq, ... , a;.
f(V) is not contained in any affine hyperplane of V' thus f takes any affine basis of V' to
an affine basis of V’. This implies dim(v + U) = dim({f(v + U))) for any affine flats v + U
of V. Let V(t), V'(t) denote the sets of all affine t-flats of V resp. V', 0 < ¢t < n. Then
f induces injective mappings f; : V(t) — V/(t) for all 0 < ¢t < n defined by fi;(v +U) =
(flo4+U)) € V(t') for any t-dimensional affine flat v + U € V(t). Now let k be an integer,
0 < k < n such that fy : V(k) — V'(k) is bijective. We prove by induction that f; is bijective
for all 0 <t < k. This is the assumption on f in the case t = k. Let f; be bijective for some
0 <t <k. Let s+ T be an affine (t — 1)-flat of V'. Let v} + U], vy + U} be two distinct affine
t-flats of V' with (vi + Uj) N (vh + Uj) = s+ T. Since f; : V(t) — V'(t) is bijective, there
are vy + Uy, v9 + Us € V(t) with fi(v; +U;) = v, + U/, i = 1,2. Since v} + U] and v} + U} are
contained in an affine (¢+1)-flat, also v; +U; and vy + U, are contained in an affine (t+1)-flat.
Suppose (v1 + Uy) N (v + Up) =0, i.e., (vy + Uy) || (va + Us). For any point z € vy 4+ Uy, its
image f(z) & (v +Uj)N(vy+ Us) since otherwise the join {2} U (ve 4+ Usy) would be contained
in v} + U}, and f(V) would be contained in an affine hyperplane of V'. Let v' + U’ be any
affine ¢t-flat of V’ such that v' 4+ U’ is contained in the affine (¢ 4 1)-flat (v} + U;) U (v} + U3)
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and (v +U') || (vy + US). Then (v 4+ U) || (v2 + Us) implies (v + U) || (v1 + Uy) where
v+U = f;(v/+U’)~ . Analogously we have f(x) & (v'+U")N (v +Uj) for all z € (v +Uy).
Thus

flx) & v, + U, = U (V+U)N @ +U)  Voev + U,
U'=U;
v'e(v]+U])U(vy+U%)

a contradiction to fi(v1 + U;) = v} + Uj. So we have (v; + Uy) N (v2 + Uz) # 0 and
dim((v; 4+ U1) N (v2 + Uz)) = t — 1. Hence f = fo is bijective. Let [ be any line of V,
then f1(l) is a line in V’. Let @ be any point of fi(). Since f is bijective there is a point P
with f(P) = Q. Assume P ¢ [. Then the plane spanned by P and [ is mapped by f to a
subset of the line fi(1), a contradiction. So f(I) = fi(1) for any line I C V. O

Lemma 2.10. Let n > 2. Let V.V’ be n-dimensional left or right affine spaces over a
division ring D. Let f : V — V' be an injective mapping which takes any line onto a line,
i.e., for any line l € V', its image f(l) is a line in V'. Then f is a bijection.

Proof.  The assertion is true when D is finite. Now let D be infinite. For any f(X) #
f(Y) € f(V) the line (f(X), f(Y)) = f((X,Y)) is contained in f(V'). Then f(V) is an affine
subspace of V/. V and f(V') are isomorphic, so we have n = dim(V') = dim(f(V')). This
implies V' = f(V). O

3. Proof of Theorem 1.1

We will prove the theorem only in the case m < n. We can prove the theorem in the case
n < m analogously to the case m < n by replacing maximal sets of type 1 by maximal sets
of type 2 and vice versa.

We prove the theorem in several steps.

(i) For any mazximal set M, there is a mazimal set M' containing M?.

Proof. This follows immediately from the fact that ¢ preserves adjacency. 0
(ii) Let A € Myxn(D) and let M C Mysn(D). Then we have d(A, M) > d(A®, M¥) >
d(A?, M'") and p(M) > p(M') for all M" C Mp,xn(D) with M¥ C M’.

Proof.  We prove that p(M) > p(M'). Let X be a point with d(X, M) = p(M’'). Since
¢ is bijective, there is a point Y with Y¥ = X and we have d(Y, M) > d(X,M’), thus
p(M) > d(Y, M) > d(X, M) = (M), o
(iii) Let M be a mazimal set. Then there exists exactly one maximal set M’ with M' > M¢®.
If m < n and M is of type 1, then also M’ is of type 1.

Proof.  Assume there are two distinct maximal sets M] and M, with M¥ C M/, i = 1,2.
Since |M| > 1 we have |M?| > 1, which implies |M; N M}| > 1. By Proposition 2.3,
M and M are not of the same type. By Proposition 2.6 we can assume that Mj is of

1
the form (2.1) and M) is of the form (2.3). Then Mj N M} :{:C< ’ . ) ‘ T € D}.
0
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Clearly, p(M{ N Mj) = m. By Lemma 2.3, p(M) = m — 1. But M¥ C M| N M. By (ii),
p(M] N M) < p(M), a contradiction. Therefore there is a unique maximal set M’ O M?.
Now let m < n. Since M’ D M¥, by (ii) we have p(M') < p(M) = m — 1. By Lemma 2.3,
M’ is of type 1. O

(iv) Let My, My be two distinct mazimal sets of type 1. Let M] be two mazimal sets with
M! D> M7. Then M| and M} are of the same type.

Proof. In the case m < n, by (iii) the sets M are of type 1.

In the case m = n assume that M| and M, are not of the same type. Since M; and M,
can be joined by a sequence of consecutively intersecting maximal sets of the same type, we
may suppose that M; N My # (0. Let {X} := M; N M,. By Proposition 2.6 we may assume
without loss of generality that

v 0
0
X =0, M1:{<:>’veD"}, MQ:{ : (weD”}.
[') .
0

Let Y := X% € M| N M}. From Lemma 2.8 there exists a point @ with d(Q, M) =m —1=
d(Q, M) and d(Q,Y) = m — 1 and such that H N M}, = {Y}, Hyn M| = {Y}, where
H :={Ae M |dAQ) =m-1},i=12 Let P € Myxn(D) with P? = Q. Since
m—1=d(Q,M) < d(P,M) <m—1,d(P,M;) =m—1. Define H; := {A € M; | d(A, P) =

P1

m—l}. We write P = < : ),thenpl#o#pgand

e {) e

If p1 = Aps for some A € D* then let A := <

g

ogo

v€p1+<p27"'7pm>}7 HQZ{ ‘wep2+<p17p37"'7pm>}'
0

0
p2

) e Hi\{0}and B:= [ ° | € H,\ {0}, we

0

p1
0

0
have d(A, B) = 1. If py, ps are linearly independent, then for

0

p1+p2 patp1
A:( ’ )eHl\{O}, B=| ° |eH\({0}

0 0

we have d(A, B) = 1. Let M be a maximal set containing 0, A and B. Since |M NM;| > 2, M
is of type 2. Let M’ be the maximal set containing M¥. Then |M' N M]| > 2, thus M’ = M|
or M" = M}, and B¥Y € M'N M) = M{ N M, or A € M{NM' = M; N M. But B¥ € H,,
and A¥ € Hi, so we have BY = 0¥ or A¥ = 0¥, a contradiction to the injectivity of ¢. OJ

(v) For any two distinct mazimal sets My and My of type 1 with My N My # 0 there is no
mazimal set M which contains My U My .

Proof. Suppose there is a maximal set M which contains M7 UM . Without loss of generality
let My, My, Mis, S be defined as in Lemma 2.6 a). Then for any X € M, there is a maximal
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set M3 of type 1 which contains X and intersects M; with M3NM; =: {A} # {B} := M3NM,.
Then A?,B¥ € MY N M, thus [My N M| > 2. From (iv) we have that the maximal sets
containing M3 and M are of the same type. So M3 C M, which implies X¥ € M. Then
S§¥ C M. In the case m > 2, from Lemma 2.6 we have p(S) = m — 2. §¥ C M implies
p(M) < p(8%) < p(S) = m — 2, a contradiction to p(M) = m — 1. In the case m = 2 let
Q € Mpxn(D) with d(Q,09) = 2, then Q ¢ M. Let P € M,»,(D) with P? = @ then
d(P,0) > d(P?,0%) = d(Q,0?) = 2. Thus rank(P) =2,ie., P€S,and Q = P¥ € S¥ C M,
a contradiction to () & M. O

(vi) Let My and My be two maximal sets of type 1 and type 2 respectively, such that My N Mo
is a line. Then M| N M)} is a line, where M/ is the mazimal set with M D M7, i = 1,2.
Thus ¢ takes any line to the subset of a line.

Proof.  Since M{ N M5 D (M; N My)?, M{ N M) is a line or M| = M. Choose points
X € MiNMsand Y € My\ M;. Let M3 be the maximal set of type 1 with X, Y € Mj;. Then
from (iv) and (v) we have that M} # M| are of the same type where Mj is the maximal set
containing MJ. Therefore |M] N M}| = 1. Since X¥?,Y? € M) N M}, X? # Y?¥ we have
| M5 N M| > 2 and thus M # M. It follows that M| N M} is a line. O

(vii) Let M be a mazximal set of type 1 and let M’ be the mazximal set containing M¥. Consider
M and M’ as affine spaces. Then M¥ is not contained in any affine hyperplane of M’'.

Proof. Assume M¥ is contained in a hyperplane H of M’. Then by Lemma 2.4 and (ii), we
have m = p(H) < p(M?) < p(M) = m — 1, a contradiction. O

(viii) Let M be a maximal set of type 1 and let M' be the mazximal set containing M?. Then
©: M — M’ is bijective and takes lines to lines.

Proof. The assertion is true when D is finite. Now let D be infinite. Consider M, M’ as
affine spaces. Then ¢ : M — M’ takes collinear points to collinear points, and by (vii),
M¥ is not contained in a hyperplane of M’. By Lemma 2.9, ¢ induces an injective mapping
Om—1 : M(m —1) — M'(m — 1), where M(m — 1), M'(m — 1) denote the sets of all affine
(m — 1)-flats of M resp. M’. Now let U’ be an arbitrary affine (m — 1)-flat of M’. There is
a point P? of M,,x,(D) such that

AP, X)=m—1 VX eU, dP*X)=m YXeM\U.

By (ii) and Lemma 2.3, we have m — 1 = d(P¥,M') < d(P,M) < p(M) = m — 1 and
d(P,M)=m—1. Let U:={X € M |d(P,X)=m—1}. By Corollary 2.1, U is an (m — 1)-
flat of M, and U¥ C U’, this implies that ,, i is bijective. By Lemma 2.9, ¢ : M — M’ is
bijective and takes lines to lines. O

(ix) Let 1 be any line of M,xn(D). Then 1% is a line of My xn(D).

Proof. The assertion is true when D is finite. Now let D be infinite. Let M be a maximal
set of type 1 containing [. Let M’ be the maximal set containing M¥. Consider M, M’ as
affine spaces. Then by (viii) ¢ : M — M’ takes lines to lines. O]

(x) Two points A, B € M,xn(D) are adjacent if A?, B¢ are adjacent.
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Proof.  Choose maximal sets M;, M, of type 1 with M; > A, My > B. Let M, be the
unique maximal set containing M, i = 1,2. By (iv), M| and M} are of the same type. Let
M’ be a maximal set containing A¥ and BY¥, which is not of the same type as M]. Then
A e MiNnM', B € MjN M’ and M/ N M’ is a line, i = 1,2. There exist lines g; 5 A and
go O B in Mj resp. My with g7 = M/ N M’, i = 1,2. Choose two maximal sets S; of type
2 with S; N M; = g;. Then SY € M'. Consider S; as m-dimensional right affine space over
D. If m < n then M] is of type 1 and M’ is of type 2. Then M’ is also an m-dimensional
right affine space over D. In the case m = n, if M’ is of type 1 then M’ can be considered as
m-dimensional left affine space over D. The restriction ¢|g, : S; — M’ is injective and takes
lines to lines by (ix). Thus by Lemma 2.10, S = M’ for i = 1,2. This implies that S; = S,
and A, B are adjacent. O
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