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How far from f can B,(f) be in LIP(|0,1])?
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Abstract

In this paper we show that all Bernstein polynomials B, (f) of a Lip-
schitz function f : [0,1] — R stay inside the ball, in the Banach space
LIP(]0,1]), centered in f and having the radius 2 || f]|.

1 INTRODUCTION.

In [1], on page 401, the Banach space of Lipschitz functions is considered. It
is mentioned that this space plays an important role in connection with the
study of certain singular integral operators (particularly those which arise in
the theory of partial differential operators) and that very little seems to be
known about its properties.

Meanwhile a lot of papers have appeared yielding much information about
isomorphic classification (see [2], [3], [8]), weak™ sequential convergence (see [2])
and duals (see [4], [10]) of these spaces. Recently, even a book was dedicated to
the study of these spaces (see [11]).

On the other hand, the Bernstein polynomials are very important in ap-
proximation theory since a continuous function defined on a compact interval
is the uniform limit of the sequence of its Bernstein polynomials and because
they mimic the behavior of the function to a remarkable degree. It took more
than twenty years before results concerning the rate of convergence of B, (f) to
f appeared due to Popoviciu (see [9]) and Kac (see [6]). Recently H. Gzyl &
J.L. Palacios (see [5]) and P. Mahté (see [7]) obtained results about the rates of
convergence via probabilistic arguments.

For example, one can show the following:
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Theorem 1 If the function f : [0,1] = R is Hélder continuous with exponent
a and constant L then

=)

n

Iﬂ@—Bdﬁ@NsL<

for alln € N and all z € [0,1].

Therefore it is natural to study what is the relation between B, (f) and f
as elements of LIP([0,1]).

More precisely, the following questions arise:

1. How far from f can By(f) be in LIP([0,1])?

In this paper we give an answer for this question, namely we show that all
Bernstein polynomials B, (f) of a Lipschitz function f : [0,1] — R stay inside
the ball, in the Banach space LIP([0,1]), centered in f and having the radius
2l

Since it seems that the radius that we obtained, 2 || f||, is not the optimal one,
would be of interest to study what is the smallest radius of a ball centered into
f that contains all B, (f) and eventually to answer the following two questions:

2. Is it true that B, (f) converges to f in LIP([0,1]), for all f € LIP([0,1])?

3. If the answer for 2 is no, describe the functions for which the convergence
is valid.

2 PRELIMINARIES.

Definition 2 Given two metric space, (X, d) and (Y,d'), a function f : X - Y
is said to be Holder continuous with exponent a, for some a € (0,1], and con-
stant L > 0 if

d'(f(z), f(y)) < Ld(z,y)",
for all z,y € [0,1]. When a =1, f is said to be Lipschitz.

Definition 3 Given a metric space, Lip(X,d) denotes the Banach space of
Lipschitz bounded real valued functions on X with norm given by

11l = max{|fllo » [[fll4}

where

£l =sup{[f(2)|: =€ X}
and

(z) = fW)

161, =sup{ LO TN 0y € xo 2
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Remark 4 For (X,d) = ([0,1],]|), we denote Lip([0,1],||) by LIP(]0,1]).

Definition 5 Let us consider f : [0,1] — R. The nt* (n € N*) Bernstein
polynomial of f is given by

ZC’“ k(1 —g)n*

where C ﬁ'k),

3 THE RESULT.
Theorem 6 Let f:[0,1] = R be a Lipschitz function. Then

If = Bu(HIl < 21I71 5
for every n € N*.

Proof. First we show that:

If = Ba(Hlloo < 2[1flloo > (1)

for every n € N*.
Indeed, for every z € [0, 1], we have

[(f = Ba(f))(2)| = ‘f(:v) =Y ChfC)aF (1 —a)
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<D 20/l Cha* A=) * =2|flle (z+ 1= 2)" =2l ,
k=0

for every n € N*.
Now we prove that

If = Ba(Hlla < 211fll4

for every n € N*.
We will use the following two obvious relations:

n n—l
T 33 T
k=01=0 1=035=0
n n—l n n—j
DD = )
1=03=0 7=01=0

For z,y € [0,1], = # y, we have:

I(f = Ba())(y) = (f = Bu(£)) @) _ |f(y) = f(@)| +[Ba(f)(y) = Balf)(2)]

ly — | ly — =|

S CEF(E)yF A — )k = S OLF(L)at (1~ o)
< (11l + = e =

= [Ifllg+ w+y—x)ﬂ—yw*—

—E}%ﬂ;n%@—w%+a—yW%’=
=0

1

=[fllg+
4Ty —a

Z kf nkZCl l —ZL‘ _

k=0

—z:ngﬂﬂE:qLﬂy—xyu_yw4ﬁ':
=0 j=0

<
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= EERCCNCN Kok
||f||d + |y — .’L‘| Iggk'(n — k)! l!(k — l)!f(ﬁ)ml(l _ y)n—k(y _ .’L')k_l _
l:Oj:ol!(n —D!jln—1 —j)!f(ﬁ)x (1—y)" 9 (y — z)7| = (using (3))
= # LR n! 11 +
||f||d+ |y—x| lz—%J:Z:O( _l_J)|ﬁﬁf(—J)ml(]_—y)n—l J(y_a:_)]_
n n—ln' 1 1
‘Z}; e i LA Gl (Rl b
- 1 N R S T
||f||d+ |y—$| ;J’Z()(n_l_])‘ﬁﬁf(Tj)ml(]_—y)nlj(y_z,)j _
m i 1
_E;Ff(n iy _J)vf(_)l"l(l — )"y —z) | =
n n—l
— 1l + S5 et el - 0 () - £
! ly — z| <
n n—l
<7l + 151 % E et el (10" - 2 (D)
S PR = (using (4))
zn:n—] n! 'llwl(l_ )n—l—g( Iz
e BT y—)i(d)
’ ly — | =
= 1flly + 141 Zwty i o Sty -0
= IfIl, ] .
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=|fllg+ |:l|j|f_||d$| Z%C%(i‘/ -z (1-(y—2)" 7| =
=0

= Mflla+ ¢, ”f”dx ZCJ Wy =2y (1= (y—2) 70| =
||f||d _ 1 _ _ n—1 __ _ 2
=7l + = 1] ly—zlly—z+ 0= @—2)]" =fllg+1Flla =21fllg-
From (1) and (2) we obtain our conclusion. [ |

Remark 7 Let o be a fixed element of [0,1]. Then
LIPy([0,1]) = {f :[0,1] = R: f is Lipschitz and f(z¢) = 0}

endowed with || ||, is a Banach spaces. The above result is true if LIP([0,1]) is
replaced by LIP,([0,1]).

Acknowledgement: I want to thank to the referees for their valuable remarks
and comments.
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