Boletin de la Asociacién Matemdtica Venezolana, Vol. X, No. 1 (2003) 35

On the Directional Differentiability Properties of
the max-min Function

Erdal Ekici

Abstract

In this paper, the directional lower and upper derivatives of the max-
min function are investigated by using the directional lower and upper
derivative sets of the max-min set valued map. Sufficient conditions en-
suring the existence of the directional derivative of the max-min function
are obtained.
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1 Introduction

It is well known that the max-min functions come into play in the control
theory problems, the differential game theory problems and the parametric op-
timization problems (see, for example Danskin, 1966;1967). On the other hand
the max-min functions are not usually differentiable. But in some problems it
is necessary that the directional derivative or the directional lower and upper
derivatives of the max-min functions should be calculated.

In this paper, by using the concepts of the directional upper and lower
derivative sets of the max-min set valued map, the directional upper and lower
derivatives of the max-min functions are given and sufficient conditions ensuring
the existence of the directional derivative of the max-min function are obtained.

2 Derivative sets of the set valued map

Here and after, cI(R™) (comp(R™)) denotes the set of all nonempty closed
(compact) subsets in R™. Let a(-) : R™ — cl(R™) be an upper semi-continuous
set valued map. Let us consider the following sets. For (z,y) € R" x R™ and
vector f € R™, we set

Daw,y) | (f)  ={d€R™: lmint %dist (y + 8d, a(z + 6£)) = 0},

D*a(z,y) | (f) ={veR™: limsup %dist (y +dd,a(x+4df)) = 0}.
6—+40
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Here for x € R™*, D C R", dist (z,D) = digg |z —d||. Da(z,y) | (f) (D*a(z,y) |

(f)) is called the upper (lower) derivative set of the set valued map a(-) at (x,y)
in the direction f. Note that the directional upper (lower) derivative set of the
set valued map a(+) is closed and there is a connection between the upper (lower)
derivative set of the set valued map and the upper (lower) contingent cone which
is used to investigate various problems in nonsmooth analysis (see, for example
Aubin and Frankowska, 1990; Guseinov, et al., 1985; Clarke, et al., 1995). It is
obvious that D*a(z,y) | (f) C Da(x,y) | (f).

A=gra(-) ={(z,y) € R" x R : y € a(z)}

denotes the graph of the set valued map a(-). Since a(-) is upper semicontinuous,
A is a closed set. It is possible to show that Da(z,y) | (f) = D*a(z,y) | (f) =0
if (z,y) ¢ A, Da(z,y) | (f) = D*a(z,y) | (f) = R™ if (z,y) € intA where intA
denotes the interior of A.

Suppose that the set valued map a(-) is given as

a(z) ={y € R™ : b(x,y) <0} (2.1)

where b(-,-) : R™ x R™ — R is a continuous function in R™ x R™ and locally
Lipschitz in R™. The lower and upper derivative of b(-,-) at the point (z,y)

i irecti i 07 b(z,y) O b(x, y) _
in the direction (f,d) is denoted by ———— and ——————= respectively and
s o(f,d) a(f.d)
defined by
O~ b(x,y) .. »
afd) =~ lminf [b(z+0fy+dd) = by
tb(z,y) . »
= limsup [b(z+§ , + dd _bx7 5
o(f, d) msup [b(z +8f,y +dd) — b(z,y)]

respectively. If

ab
S = Jim, e 38, 50) <)

exists and is finite, then b(-,) is called differentiable at the point (z,y) in the
b
direction (f,d) and 9b(z, y)

o(f.d)
in the direction (f,d).

denotes the derivative of b(-,-) at the point (z,y)
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We introduce the sets

H ) (1) = (derm: Zntd) <o),
He) (1) = {aerm: 220 <o)
B () = (germs 2200 <oy
Blan) | () = feenrm: 220 <o)

(Guseinov, Kucuk and Ekici, 2001).

Proposition 1 Let the set valued map a(-) be in the form (2.1). Then for all
(x,y) € 0A and f € R",

)1 (F) < Dalx,y) [ (f) € H(z,y) | (f),
)I(f) < Dra(z,y) | (f) C E(z,y) | (f)

where OA denotes the boundary of A, clA denotes the closure of A.

clH™ (z,

Y) |
cdE™(z,y) |

By using the previous proposition, we obtain the following corollary.

ob(z,y)

Corollary 2 Let (x,y) € 0A, b(-,-) be differentiable at (x,y) and a0y # 0.
Then it is possible to show that
Da(z,y) | (f) = D*a(z,y) | (f)
—{deR™: <%(§;’y),f> + <abg;,y)’d> <0}
where the symbol (-,-) denotes the inner product.
Remark 3 Now suppose that the set valued map a(-) is given as
a(z) ={y € B™ : min max b;(2,y) < 0} (2.2)

where I and J are finite sets and b;;(-,-) is a continuous differentiable functions
for all i € I and for all j € J. Then (see Demyanov and Vasilyev, 1981)

b(x,y) = mir} max bij(z,y) is a directional derivable function and
1€ VIS

ob(x,y) . Objj(z,y) obij(z,y)
O(f,d)  ielommics ) [< or )T\ Tay, %)
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where
J*(x,y) = {]* eJ: bij* (x,y) = rJnEa}{ sz(x7y)};
Liw,y) = {i-€I: min max by(e,y) = max by ;(w,y)}.

In that case, it follows from here that

E~(z,y) [ (f)

= H (x, f

o ' ier?*l(rﬂlv,y)jel}i?iy) oz’ dy 7
E(z,y) | (f)

=H(z,y) | (f)

={deR™: min  max [<W,f>+<ab”(w,d>]§0}~

i€l (z,y)jE€ T (z,y) ox 8y

Theorem 4 Let the set valued map a(-) be in the form (2.2), (v,y) € 0A,
fe€R" and H (z,y) | (f) # 0. Then

Da(z,y) | (f) = D*a(z,y) | (f) = H(z,y) | (f)-

Proof : It is obtained by using the previous proposition, the previous corollary
and the previous remark. m

Remark 5 Above theorem is not true when H™ (x,y) | (f) =0 for (z,y) € 0A
and for f € R™.

Example 6 We take the set valued map a(-) : [0,1] — cl(R?), 2 — a(x) =
{(y1,9y2) € R? : y? +y3 < 0}. We know that a(z) = {(0,0)} for all z € [0,1] and
b(+, ) 1 [0,1] x R?2 = R, (z,y1,92) — b(x,y1,y2) = y? + y3 is a differentiable
function. Then we obtain H(x,0,0) | (1) = R?, H (2,0,0) | (1) = 0 and
Da(z,0,0) | (1) = {(0,0)} for (x,0,0) € dA.

3 Directional differentiability of the max-min function

Let a(-) : R™ — comp(R™), b(-) : R™ — comp(RF) be set valued maps and
o(-,-+) : R x R™ x R* — R be a continuous function on R x R™ x R*. The
max-min function is denoted by m(-) and is defined by

m(x) = max min o(z,y,z2).

( ) y€a(z) z€b(x) ( y )
Here and after we will assume that a(-) : R — comp(R™), b(:) : R* —
comp(R¥) are continuous set valued maps and o(,-,-) : R* x R™ x R¥ — R is
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a continuous function on R™ x R™ x R* and locally Lipschitz on R™ x RF, i
e. for every bounded D C R™ x R™ x RF, there exists L(D) > 0 such that

lo(z,y1,21) — (2, y2, 22)| < L(D). [|(y1 — y2, 21 — 22)|

for any (x,y1,21), (2,92, 22) € D. Under these conditions m(-) is a continuous
function (see, for example Aubin and Frankowska, 1990). Let

Yo(@) = {{te, 22) € al2) x b(z) s m(z) = max min o(z,y,2) = o(2,ys, 2.)}

x — Y.(z) is an upper semicontinuous set valued map and it is called max-
min set valued map. Now we give a characterization of the upper and lower
directional derivatives of m(-).

Proposition 7 For all x € R™ and f € R"

6_m(a:) . . (’)+a(x,y,z)
< inf inf _— 3.1
Of 7 (waeYile) (dn)eDY.(zy,2)|(f) O(f,d,n) (3.1)
+ +
OTmi@) 9o(z,y,2) (3.2)

inf

of (y2)EY-(2) (dn)eDY.(ay2)|(f)  O(f,d,n)

Proof : Let (y, z) € Yi(x). Let DY, (z,y,2) | (f) = 0. Then
+
inf 8 J(.’E,y,z)
(dn)eDY.(z.y.2)(f)  O(f,d,n)
and the inequality (3.1) holds. Now let (y,z) € Yi(x), DYi(z,y,2) | (f) #
. Choose arbitrary (d,n) € DY.(z,y,2) | (f). Then from the definition of
DY.(x,y,z) | (f), there exists a sequence (yg, zx) € Yi(z+ 3k f), where 6, — +0
as k — oo, such that
(k> 26) = (y, 2) + 0k(d,n) + (01(6k), 02(dk))
where ||(01(dk), 02(0%))|| /0 — 0 as k — oo. Since (y, z) € Yi(x), it follows that
m(z) = o(z,y,2) and (yg,zk) € Ya(x + 0 f) (k = 1,2,...) then it follows that
m(x + 0 f) = o(x + I f, Yk, z1). Consequently
o~ m(x)
af

= hm mf

:+oo

[m(z +6f) —m(x)] 6"
< hm mf [o(x 4+ Ok fyyk, 2k) — o(z,y, 2)) 5,:1
= hkrggf [o(z + 6k f.y + 6kd + 01(6k), 2 + Okn + 02(dk)) — o(z,y,2)] 6
< hm 1nf [o(z+ 0k f,y+ ord, 2+ 6pn) — o(z, vy, 2)] (5;1

1

< hm Sup [o(x +8f,y+dd,z+ dn) —o(z,y,2)] 51
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= m(x) Oto(x,vy, 2)
of = 0(f.dn)
consequently we obtain the inequality (3.1).
Let us prove (3.2). Let (y, 2) € Yi(x). Let D*Yi(x,y,2) | (f) = 0. Then
+
L 0eley)
(dn)eDYu(zy.2)|(f) O(f,d;n)

for any (d,n) € DY.(x,y,2) | (f) and

So we have

= 400

and the inequality (3.2) holds.

Now let (y,2) € Yi(z), D*Yi(z,y,2) | (f) # 0. Choose arbitrary (d,n) €
D*Y.(z,y,2) | (f). From the definition of D*Y,(x,y,z) | (f), there exists a
d. > 0 such that for all § € [0, d,]

(4(8),2(9)) = (y,2) + (d,n) + (01(9), 02(9)) € Ya(z + 6 )

where ||(01(9),02(0))]| /0 — 0 as § — +0. Since (y,z) € Yi(z) then it follows
that m(x) = o(x,y, z) and (y(9), 2(5)) € Yi(z + 6f) then it follows that m(z +
5f)=o(xz+df,y(0),2(d)) for any 6 € [0,0,]. Then

+
otm(z) _ limsup [m(x+df) —m(x)] 6!
af 6—+0
=limsup [o(z +0f,y(9),2(9)) — o(z,y,2)] 07"
d—+0
= limsup [o(x + §f,y + dd+ 01(8), 2 + dn + 02(3)) — o(z,y,2)] 571
5—+0
. Oto(x,y,2)
<limsup [o(x +6f,y+dd,z +dn) —o(x,y,2)] 6 = 22
m sup [o(z+0f,y ) —o(x,y,2)] aCF.dn)
+ +
Hence 0 m(z) < 0%o(z,y,2) for any (d,n) € D*Y.(x,y,2) | (f), we obtain

of — 9(f,dn)
the inequality (3.2). =

Proposition 8 Let x € R™, f € R™ and there exists (Y, z«) € Yi(x) such that
DY, (x,y.,2) | (f) #0. Then

+ i
Iml@) o i inf 9" a(z,y,2)
of (y:2)€Ya(2) (dn)eDY.(zw.2)())  O(f,d,n)
Moreover if there exists (y*,2*) € Yai(x) such that D*Y,(x,y*,2*) | (f) # 0 then
87771(1') Z inf inf aia(‘ra Y, Z)
of (v:2)€Yi(2) (dn)eD Yulew.2)|(f)  O(f,d,m)

Proof : Take any (d,n) € DYi(z,ys, 2:) | (f). From the definition of
DY, (z,yx«, z) | (f), there exists a sequence (yi, zr) € Yi(z + 05 f), where §;, —
40 as k — oo, such that

Uk, 2k) = (Y= 2) + Ok(d; ) + (01(0k), 02 (%))

(3.3)

(3.4)
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where ||(01(dk),02(0k))|| /0 — 0 as k — oo. Since (yx,z+) € Yi(x), it follows
that m(x) = o(x, y«, 2«) and (yx, z) € Yi(x + 0rf) (k= 1,2,...) then it follows
that m(x + o0x f) = o(x + 0. f, Yk, 21). Consequently

O m(z)
of
=limsup [m(z +6f) —m(z)] 5!
5—+0
> hmsup [CT(SC =+ 5kfa ykvzk) - U(w»y*, Z*)] 51;1
k—o0
=limsup [0(z + 0 f, ys + Opd + 01(0), 22 + Skn + 02(3k)) — (2, Yu, 2.)] G+
k—oo
> l%mi%f [0(x + 6,y + 6d, 2. + 1) — 0(2, Ys, 24)] 65
070 (x, Y, 24)

a(f,d,n)
otm(z) - 070 (T, Yo, 24)
of —  0(f,d,n)

consequently we obtain the inequality (3.3).
Let us prove (3. 4) Take any (d,n) € D*Y.(x,y*, 2*) | (f). From the
definition of D*Y, (x, y*, 2*) | (f), there exists a §,. > 0 such that for all 6 € [0, d,]

(4(8),2(9)) = (y*, 2%) +0(d, n) + (01(9), 02(9)) € Yulz + 6 f)
where ||(01(0),02(8))|| /6 — 0 as § — 40. Since (y*, z*) € Yi(z) then it follows

So we have for any (d,n) € DY.(x,y«, 2«) | (f) and

that m(z) = o(z,y*, 2*) and (y(9),2(9)) € Yi(z + 6f) then it follows that
m(z+0f) =o(x+df,y(d),z(5)) for any ¢ € [0,0,]. Then
o~ m(x)
of
—hmmf (x+d0f) —m(x)] 6t

[m

= llmlnf [o(z +d6f,y(0),2(5)) — o(z,y*, 2*)] 671
[
[

= hmmf o(x+0f,y* +d+01(5),2* + dn + 02(8)) — o(z,y*, 2*)] 61
> hmmf o(x+0f,y* +dd, 2" +on) — o(z,y*, z*)] 61
B 8 U(x y*, 2%)

a(f,d,n)

0~ m(x) S 0~ o(x,y*, 2z*)

of —  0(f,dn)
obtain the inequality (3.4). m
From Proposition 2 and Proposition 3 we have the following statement.

Hence for any (d,n) € D*Yi(x,y*,2*) | (f), we

Theorem 9 Suppose that x € R"™, f € R™ and there erists (Ys,2+) € Yi(x)
such that D*Y,(z,Ys, 2:) | (f) # 0. Let o(-,+,) : R* x R™ x R* — R is a
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differentiable function at (z,y, z) in the direction (f,d,n) for any (y, z) € Yi(x),
d € R™ andn € R*. Then m(-) : R* — R is differentiable at x in the direction
f and
8m(x) _ inf inf 80(:v,y72)
of (y,2)€Y(z) (dn)EDY. (z,y,2)|(f) O(f,d,n)

4 Conclusions

By using the concepts of the directional lower and upper derivative sets
of the max-min set valued map, the directional lower and upper derivatives
of the max-min function are investigated. The results of this paper can be
employed to calculate the directional lower and upper derivatives of the max-
min functions in the control theory problems, the differential game problems
and the parametric optimization problems. Sufficient conditions ensuring the
existence of the directional derivative of the max-min function are obtained.
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