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Some properties of solutions for the generalized
thin film equation in one space dimension

Changchun Liu

Abstract
In this paper, the author studies a generalized thin film equation in
one space dimension. Some results on the finite speed of propagation of
perturbations and regularity of solutions are established.

1 Introduction

In this paper, we consider the variant version of the thin film equation, namely

% +div(|VAuP2VAu) =0, z€Q,t>0, p>2, (1.1)
where Q € RY is a bounded domain with smooth boundary.

The equation (1.1) is a typical higher order equations, which have a sharp
physical background and a rich theoretical connotation. It was J.R.King [6]
who first derived the equation. Equation (1.1) describes the surface tension
driven evolution of the height u(x,t) of a thin liquid film on a solid surface in
lubrication approximation [6, 7, 9]. The exponent p is related to the rheological
properties of the liquid: p = 2 corresponds to a Newtonian liquid, whereas p # 2
emerges when considering “power-law” liquids. When p > 2 the liquid is said
to be “shear-thinning”.

J.R.King [6] studied Cauchy problem of the equation for one-dimensional,
exploiting local analyses about the edge of the support and special closed form
solutions such as travelling waves, separable solutions, instantaneous source
solutions.

On the basis of physical consideration, as usual the equation (1.1) is supple-
mented with the natural boundary value conditions

u=Au=0, x€09Q, t>0. (1.2)

The boundary value conditions (1.2) is a reasonable for the thin film equation
or the Cahn-Hilliard equation, (see [1, 2, 4]) and initial value condition

u(z,0) = uo(x), =€ Q. (1.3)
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This equation is something quite like the p-Laplacian equation, but many
methods used in the p-Laplacian equation such as those methods based on max-
imun principle are no longer valid for this equation. Because of the degeneracy,
the problem (1.1)-(1.3) does not admit classical solutions in general. So, we
introduce weak solutions in the following sense
Definition A function u is said to be a weak solution of the problem (1.1)-
(1.3), if the following conditions are satisfied:

1) we L0, T; W3P(Q)) N C(0,T; L*(Q)), u, Au € Wy (Q),

% e L>(0,T; W17 (Q)), where p’ is the conjugate exponent of p;

2) For any ¢ € C(‘)’o (Qr), the following integral equality holds:

// U da:dt+// |VAuP~2VAuVp dzdt = 0;
)

3) u(z,0) = up(x), in L*(Q

In [8] they prove the existence and uniqueness of weak solution for dimension
N < 2. This paper is a further step in the study of the properties of solutions,
we proved the finite speed of propagation of perturbations and regularity of
solutions of the problem (1.1)-(1.3) for one dimensional case.

In addition, through out this paper, we set I = (0, 1).

2 Finite speed of propagation of perturbations

In this section, we are going to prove the following theorem.

Theorem 2.1 Assume p > 2, suppug C [z1,22], 0 < 1 < 29 < 1, and u is
the weak solution of the problem (1.1)-(1.8), then for any fixed t > 0, we have

suppu(z,-) C [21(t), z2(¢)] N[0, 1],
where x1(t) = x1 — Cyt53, x2(t) = 2 + Cot57,

2(3p 2) 2(3P 2)
(/ / |D3u|pdajd7> , </ / |D3u|pdxd7'>

C=2"2(2p+1)P(p— )P (1 +p?
To prove the Theorem 2.1 we need the following result

Lemma 2.2 The weak solution u of the problem (1.1)-(1.3), satisfying for any
0<peC*(I),

1 1
3| lDute 0P da =5 [ @) Duoa) do

—// | D3ulP~2 D3uD?(p(x) Du) dz,
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where @ = (0,1) x (0,t), D = %.
Proof. Similar to the discussion in [8], we can also easily prove that for any

0<peC*Q),

L) =1 /ﬂpu)wu(x,wﬁ dz € C((0,T)).

Consider the functional

Bfol = 5 [ p@)IDufa) de

It is easy to see that ®,[v] is a convex functional on H}(€2).
For any 7 € (0,T) and h > 0, we have

Dy[u(r + )] = @pfu(r)] = (w(7 + h) = u(7), =D(p(z) Du(7))).

By (WT’;M = —D(p(x)Dv), for any fixed t;,t3 € [0,T],t1 < to, integrating the
above inequality with respect to 7 over (t1,t2) , we have

to+h t1+h to
/t ®, [u(r)) dr— /t B, [u(r)] dr > /t (u(r+h)—u(r), —D(p(z) Du(r))) dr.

Multiplying both sides of the above equality by %7 and letting A — 0, we obtain

B, lu(t2)] — ®,lu(t)] = [ (G ~D(p(e) Dur)) dr.

t1

Similarly, we have
P, [u(r)] = ®plu(r — h)] < ((u(r) = u(r = h)), =D(p(z) Du(T))).

Thus

By futta)] - fu(t)] < [ (G ~Dlpla) Du(r)) o
and hence
yfutta)] - fu(t)] = [ (G ~Dlota) Dur))

Taking t; = 0,t3 = t, we get from the definition of solutions that

Dpfu(t)] — @p[u(0)] /0 (=D(|D*uP~2D%u), = D(p(x) Du(r))) dr

= 7/0 (|D3ulP~2D3u, D*(p(z) Du(T))) dr.
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This completes the proof.

Proof of Theorem 2.1 By Lemma 2.2, take p(z) = (v — y)%, y € [z2,1), we
have

1 /1 t el
5 / (z —y)%|Du(z, t)|* dz = —/ / |D3ulP~2D3uD?[(z — y)5. Du)] dadr.
0 0 Jo

Denote the left side of above equality by J, then we have

t 1
J = —/ / |D*ulP~2D*uD?((z — y)3 Du] dadr
0 Jo

t 1
= —/ / (z —y)%|DulP dadr
0 Jo

t 1
—25/ / (z —y)5 ' D*u|D*u|P 2 D*u dxdr
0 Jo

t el
—s(s — 1)/ / (z —y)5 % D3ulP2D3uDu dzdr

< / / )5 D ul? dedr + ~ / / )% | D3ulP drdr
JrCl/ / (z — y)5 P|D?ul? dzdr
o Jo
1t t 1
—|—f/ / (x—y)j_|D3u|dedT+C2/ / ($—y)i_2p|D“\pdxdT
4 Jo Jo o Jo
<

s t 1

-5 /O /O (x — y)i|p3u|P dxdr + Cy /O /0 (x — y)f;p|D2u|p dxdr
t o1

+Cs / / (z — y)5*"| DulP dzdr,
0 Jo

using Hardy inequality [5], we have

1 1
/ (z — ) | Dulf dx < C/ (x — )% P|D?ulP da.
0 0

Hence
1t
5/ (x — )% | Dul? dx + = // (z — y)%|DulP dadr
(2.1)
< Cl// z —y) T P|D?ul? dzdr.
Thus
1 t 1
sup / (w—y)i\Dulpdxécl/ / (z —y)3P|D?ul? dedr, (2.2)
o<r<tJo 0o Jo
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// T —y |D3u\pdxdT<C1// (x —y)Y P|D?ul? dzdr. (2.3)

For (2.2) again using Hardy inequality, we have

sup / (x — )+\Du|pdx<C’// )% | D3ulP dudr. (2.4)
0

0<r<t

(y) —// (x —y)%|D3ulP dedr, Eo(y) // |D3ulP dadr.

In (2.3), set s = 2p + 1 and using Nirenberg inequality [3], we have

Let

Eopia(y
< // p+1|D2u|p dxdr
a (1—a)p/2
< c/ </ (z — )ﬁ+1D3u|de> (/(x—y)ﬁ“wwdm) dr,
0 0 Q

where % = =5 +a(: — -%5) + (1 — a)1, therefore

p+2 p p+2
11 _ 1
_ D p+2 2
0<a T 5 1<1

Using (2.4) we obtain

Eopta(y
(1—a)p/2
< (// z— 2 p+1|D3u|pdxdT> // x —y) | D3ulP dz)® d
0 0
< OBy (y))t-op/2 (// y)P ! D3u |ded7> =

< CEp+1(y)(1 a)p/2+at1 a

Denote A =1—a,y=a+ (1 —a)p/2. Applying Holder’s inequality, we have

Eopt1(y
-
< ct U/ )i D3P dxdT]
(p+1)y bzl
; (2p+1D) [ @p+D)
< ot {// (- y)ip+l\D‘5u|p dsz} ’ {/ / | D3u|P dzdr}
Qt 0 Jy
< Ot’\[E2p+1(y)}(”+1)7/(2p“)[Eo(y)]m/@p“).
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Therefore

1
Enpia(y) < OV [Eg(y)]/(PHD7) 0 =1~ 7>0

Using Holder’s inequality again, we get
Ei(y) < [Bapra(y)]"/ P [Eo(y)/ CrHY) < O [Eo(y)) ',

where
_ A g 1
S o(2p+ 1) T o(2p+1)2 2p+1

Noticing that Ej(y) = —Eo(y), we obtain

71 0.
Ei(y) < —Ct= /T [B (y))V/ O,

If E1(x2) = 0, then suppu C [0, z2]. If E1(x2) > 0, then there exists a maximal
interval (x2,23) in which E1(y) > 0, Eq(z3) = 0 and

! 0 Ei(y) -
0/(0+1) | _ 1 < _ 71/(6+1)
[B1(w) ] T iE e < Ot .

Integrating the above inequality over (x2,23), we have
Er(a3)0/ D By (2)0/0+D) < _ o/ O+ (g2 1),
which implies that

71 1

73 < @2+ O (Bo(22))/ ) = 25(t), 0= g = 3p— 2

> 0.

Results in [8] imply that Ey(y) can be controlled by a constant C' independent
of y. Therefore

suppu(+,t) C [0, z2(t)].
Similarly, we have

suppu(-,t) C [z1(t),1].
We have thus completed the proof of Theorem 2.1.

3 Regularity of solutions

Theorem 3.1 If u is weak solution of the problem(1.1)-(1.8), then for any
(w1,t1), (w2,t2) € Qr, we have

lu(zy, t1) — u(za, t2)| < C(|z1 — z2| + [t — t2]'/?),

where C' is a constant depending only on p.
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Proof. Let

T
ue(z,t) = Jeu(z, t) = / / Je(x —y,t — s)u(y, s) dyds
0 le—y|<e

where j.(x,t) is a mollifier.

For any x1, 22 € I, we have

Ue xlv (x27t)

- //J L=yt — s)uly, >dyds—/T/RjE<x2—y,t—sm(y,s)dyds

0z
_ / / / Daje(zy + (1 — 2)wz — y, t — 8)(21 — 22)uly, s) dzdyds
0 RJO

T 1
— _/ / / Dyje(zx1 + (1 — 2)xe — y, t — s)(x1 — x2)uly, s) dzdyds
o JrJo
T 1
= / / / Je(zx1 + (1 — 2)z2 — y,t — s)Dyu(y, s) dzdyds(x1 — x2).
o JrJo
Therefore
|U5($L’1’ t) - ug(ZCQ, t)|

/ / / e(zar + (1 — 2)es — 9.t — 8)||Dyuly, s)| dedydsle: — o,

by u € L>(0,T; W?3P(Q)), hence using Sobolev embedding theorem, we have
9u € L°(Qr) and u € L>(Qr). Thus we obtain

lue(z1,t) — ue(x2,t)| < Cloy — 22]. (3.1)

Set 0 <e <ty <ty <T. Let At = to—11, Ip = I(At)l/Z(xO): (xo—(At)l/Q,xo—F
(At)'/2), 2y € I, choose p sufficiently small, such that I, C I, € CA(I,), we
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can obtain
[ e@usa,ta) — we ) o
Iy
1 —
_ / )/ Oue(x, sty + (1 — s)t1) dsda
I 0 68

pla
s f v | /T [ o 52)

jgt —y, sty + (1 — s)t1 — 1) dydrdsdz

afn [ ], e

Jer(x —y, sto + (1 — s)t1 — 1) dydrdsdz.

Fixed (z,t) € Qr, 0 <e <t <T —¢, we have j.(z —y,t — 7) € C3(Qr), from
definition of weak solution

T
/ / Jer(@ —y,sta + (1 — 8)t; — Tu(y, 7) dydr
0 lz—y|<e

T
=[] Db DD~ yosta + (1 )t~ uly. ) dydr
lz—y|<e
hence (3.2) is converted into

/ o) (ue(z, to) — ue(x,t1)) da

I,

1 T
At/ @(m)/ / / |D2u\p_2Dz’u
|lz—y|<e

Je(x —y, sta + (1 — 8)t1 — T)u(y, 7) dydrdsdx

’l/
At//ngp / / |D3ulP~Dlu
lz—yl<e

Je(z —y, sta + (1 — s)t1 — 7)u(y, 7) dydrdxds.

Taking
(A2 |z —zo|—2R
o) = pnla) = [ dn(s) s,
~h
where 6(s) € C§(R); d(s) > 0; 0(s) =0, as |s| > 1;[,6(s)ds = 1. For h >0
define 6;,(s) = +0(2).

Hence

/I on(x)(ue(z,te) — ue(z,t1)) da

P
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i J.(|D3u|P~2 D3u) dxds,

1
= At/ / 5h((At)1/2 — |SC*.T0‘ 72h)
0 1,

|z — o]

Noting that for z € I, }llirr%) on(z) = 1, and if |2 — 2o < (At)'/2 — h, then
Sp((At)Y2 — |z — z9] —2h) = 0. 6, < &, and

ML\ Apy1/2—jg—zq|—21) < Ch.

By J.(|D3u|P~2D3u) < C, therefore

< CAt.

/ on (@) (ue(z,ta) — ue(x,t1)) dz

I,

Letting h — 0, we obtain

/ (ue(x,ta) — uc(x, t1)) da| < CAL.

I,

Applying the mean value theorem, we see that for some z* € I, such that
lue (z*, t2) — us(z*, 1) < C(AL)2.
Taking this into account and using (3.1), it follows that

|ue (z,t2) — ue(z,t1)]
< ue(w,t2) —ue(x™, t2)| + |ue (2™, t2) — ue (2™, t1)| + |ue (2™, t1) — ue (2, t1)]
< oan'?,

letting ¢ — 0, we known that u is Holder continuous. This completes the proof.
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