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ROUGH Z-CONVERGENCE IN INTUITIONISTIC FUZZY
NORMED SPACES

NESAR HOSSAIN, AMAR KUMAR BANERJEE

ABSTRACT. In this paper we have introduced and studied the notion of rough
Z-convergence in intuitionistic fuzzy normed spaces. Also we have defined
rough Z-cluster point of a sequence and proved some related results in the
same space.

1. INTRODUCTION

In 1951, the idea of ordinary convergence of real sequences was extended to
statistical convergence of real sequences independently by Fast [12], Steinhaus [32]
and Schoenberg [33]. After long 50 years, in 2000 Kostyrko et al. [I§] introduced the
concept of Z-convergence of sequences as a generalization of statistical convergence
where 7 is an ideal of subsets of the set of natural numbers. Since then this idea has
been nurtured by several authors in different directions e.g. [6, [0l 22} 24 37, 31].

In 2001, Phu [27] first introduced the notion of rough convergence of sequences
in finite dimensional normed spaces and in the same paper he investigated that
r-limit set is bounded, closed and convex and some interesting results were studied
by Phu [27, 28]. In 2003, Phu [29] extended this concept to infinite dimensional
normed spaces. Later, this notion was extended into rough statistical convergence
[3], rough ideal convergence [I0, B0] and this idea was studied by many authors
in different directions and different spaces as in [2] [7, [IT], [I5] [16], 21]. The reader
may refer to the textbooks [8] and [25] for summability theory, sequence spaces and
related topics.

In 1965 Zadeh [38] introduced the concept of fuzzy sets as an extension of classical
set theoritical concept which has wide and extensive applications in various branches
of science and engineering [0l 13, 14l [17, 23]. In 1986, Atanassov [I] defined the
idea of intuitionistic fuzzy sets and later on, using this idea, in 2004, Park [20]
introduced the notion of intuitionistic fuzzy metric spaces. Furthermore, Saadati
and Park [35] extended this concept to the theory of intuitionistic fuzzy normed
spaces which is, nowadays, a well motivated area of research in science. In this
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paper we study the concept of rough Z-convergence in intuitionistic fuzzy normed
spaces.

2. PRELIMINARIES

Throughout the paper N and R denote the set of natural numbers and the set
of reals respectively. First we recall some basic definitions and notations.

Definition 2.1. [I8] A family T of subsets of a non empty set Y is said to be an
ideal in'Y if

1) 0ez;

(2) A, B € T implies AUB € I;

(3) A€ and B C A implies B € T.

An ideal 7 is called non trivial if Y ¢ Z and Z # (). A non trivial ideal Z is called
admissible if {{z}:2 € X} CZ.

Definition 2.2. [I8] A non empty family F of subsets of a non empty set Y is
called a filter in Y if the following properties hold.

(1) 0 ¢ F;

(2) A,B € F implies ANB € F;

(3) A€ F and A C B implies B € F.

Lemma 2.1. [I8] If Z C 2Y is a non trivial ideal then the class F(I) = {Y \ A :
A €T} is a filter on'Y which is called filter associated with the ideal T.

Definition 2.3. Let K C N. Then the natural density §(K) of K is defined by

1
§(K)=lim —{k<n:ke K},

n—oo N

provided the limit exists.

It is clear that if K is finite then 6(K) = 0.
Now we recall some basic definitions and notations which will be useful in the
sequal.

Definition 2.4. [34] A binary operation x : [0,1] x [0,1] — [0,1] is said to be a
continuous t-norm if the following conditions hold.

(1) % is associative and commutative;

(2) * is continuous;

(3) zx1 == for all x € [0,1];

(4) zxy < z*w whenever x < z and y < w for each x,y,z,w € [0,1].

Definition 2.5. [34] A binary operation o : [0,1] x [0,1] — [0,1] 4s said to be a
continuous t-conorm if the following conditions are satisfied.

(1) o is associative and commutative;

(2) o is continuous;

(3) zo0 == for all x € [0, 1];

(4) z oy < zow whenever x < z and y < w for each x,y,z,w € [0,1].

Example 2.1. [I9] The following are the examples of t-norms:

(1) %y = min{z,y},

(2) zxy =2y,

(3) z xy = max{x +y — 1,0}. This t-norm is known as Lukasiewicz t-norm.
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Example 2.2. [I9] The following are the examples of t-conorms:
(1) oy = maz{z,y},

(2) zoy=ax+y—ay,

(3) z oy = min{x 4+ y,1}. This is known as Lukasiewicz t-conorm.

Definition 2.6. [35] The 5-tuple (X, p,v,%,0) is said to be an intuitionistic fuzzy
normed space (in short, IFNS) if X is a normed linear space, * is a continuous
t-norm, o is a continuous t-conorm and p and v are the fuzzy sets on X x (0,00)
satisfying the following conditions for every x,y € X and s,t > 0:

1. p(z,t) Jrl/(a: t) <1,

2. u(x,t) >

3. w(z, )—1 if and only if x =0,

4. plax,t) = p (7‘|)f07“eacha7é0

5. p(z,t) * ply,s) < plz+y,t+s),

6. ,u(x,t) : (0,00) — [0, 1] is continuous in t,
7. limy oo (2, t) = 1 and limy_yo p(z, t) =0,
8. v(z,t) <1,

9.

v(z,t) =0 if and only ifx=0,

10. v(ax,t) = v(z T 1o |)f0reacha7é0

11 v(z,t)ov(y,s) 2 v(z+y,s+1),

12. v(z,t) : (0,00) — [0,1] is continuous in t,
13. limy_yoo I/(:U t) =0 and limy_ov(z,t) = 1.

In this case (u,v) is called an intuitionistic fuzzy norm on X.

Example 2.3. Let (X,|||) be a normed space. Denote a xb = ab and
aob=min{a+0b,1} for all a,b € [0,1] and let ;1 and v be fuzzy sets on X x (0, 00)
defined as follows:

t [l
x,t) = v(z,t) = .

Then (X, p, v,%,0) is an intuitionistic fuzzy normed space.

Definition 2.7. [35] Let (X, p, v, %, 0) be an IFNS. A sequence {xp, }nen of elements
of X s said to be convergent to £ € X with respect to the intuitionistic fuzzy norm
(s, v) if for each ¢ > 0 and t > 0 there exists a positive integer m such that
wan, —&,t) > 1 —¢ and v(z, — &, 1) < € whenever n > m. The element £ is called
ordinary limit of the sequence {x, }nen with respect to the intuitionistic fuzzy norm
(u,v) and we shall write (p,v)-limx, = &.

Definition 2.8. [] Let (X, u,v,%,0) be an IFNS with intuitionistic fuzzy norm
(u,v). A sequence {xy, }nen in X is said to be rough convergent to & € X with respect
to the norm (u,v) for some non-negative number r if there exists kg € N for every
e>0and X € (0,1) such that p(z, —&,r+¢e) > 1—=X andv(z, —&,r+¢€) < A for all
k > ko. Inthis case  is called vy, ., -limit of {xp }nen and we write r(, ,y-limz,, =&

T(p,v)
or x, — &.

Definition 2.9. [20] Let T C P(N) and (X, p,v,*,0) be an IFNS. A sequence
{Zn}nen of elements in X is said to be T-convergent to L € X with respect to
the intuitionistic fuzzy norm (u,v) if for each € > 0 and t > 0, the set {n € N :
wlxy, —L,t) <1—¢ orv(z, —L,t) > e} € I. In this case L is called Z-limit of the
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sequnce {x,} with respect to the fuzzy norm (u,v) and we write Z,, ,,)-limz,, = L
Zip,w

or x, —= L.

Definition 2.10. [4] Let (X, p,v,x,0) be an IFNS with intuitionistic fuzzy norm

(1, v). A sequence {xn}nen in X is said to be rough statistical convergent to § € X

with respect to the norm (u,v) for some non-negative number r if for every e > 0

and A € (0,1), 0({n e N: p(x, —&r+e) <1—Xorv(z, —§r+¢e)>A})=0.

Definition 2.11. [36] Let (X, u, v, *,0) be an IFNS with intuitionistic fuzzy norm
(u,v). For r > 0, we define open ball B(x,\,r) with center x € X and radius
0< A<, as

Bz, \r)={ye X :pulx—y,r) >1—- X vz —y,r) <A}

Similarly, we define closed ball B(z, A\,7) ={y € X : p(z —y,r) > 1 -\, v(z —
y, 1) < A}

3. Main Results

Throughout the paper Z denotes a non-trivial admissible ideal and r denotes a
non-negative real number unless otherwise stated. First we introduce the definition
of rough Z-convergence in an IFNS (X, u, v, *,0).

Definition 3.1. Let {x,}nen be a sequence in an IFNS (X, u,v,*,0). Then
{Zn }nen s said to be rough T-convergent to & € X with respect to the intuitionistics
fuzzy norm (u,v) if for every e > 0 and X € (0,1), {n € N: p(z, —&r+e¢) <
1-Xorv(z, —&r+e) > N} € I. In this case £ is called r-L(,, ,)-limit of {xp }nen
and we write 7-L(,, ,)-limy 00 Tn = & o7 Ty TI(—W)> &.

Remark 3.1. (a) Suppose Iy is the class of all finite subsets of N. Then clearly
Zs is a non-trivial admissible ideal. So rough Z;-convergence with respect to the
intuitionistic fuzzy norm (u,v) agrees with the rough convergence with respect to
the intuitionistic fuzzy norm (p,v) in an IFNS (X, p,v,*,0).

(b) If we take s as the class of all subsets of N whose natural density are zero. Then
Is will be a non-trivial admissible ideal. So rough ZLs-convergence with respect to
the intuitionistic fuzzy norm (u,v) coincides with the rough statistical convergence
with respect to the intuitionistic fuzzy norm (u,v) in an IFNS (X, p, v, *,0).

If » = 0, the notion of rough Z-convergence with respect to the intuitionistic
fuzzy norm (p, v) coincides with the Z-convergence with respect to the intuitionistic
fuzzy norm (u,v) in an IFNS (X, u, v, %,0). From the Definition it is clear that
7-Ty,0)-limit of {2, }nen is not unique. Here we use the notation Z, ,y-LIM; and
LI M;i“ " to denote the set of all 7-L(,,1)-limits and r(, ,)-limits of the sequence
{zn }nen respectively. For an unbounded sequence, LT M;ff'") is always empty. But
for such a sequence, 7, ,)-LIM] # () would happen as shown in the following
example.

Example 3.1. Let (X, |]]) be a real normed linear space with the usual norm

and let p(z,t) = m and v(z,t) = tm‘alv\l for all x € X and t > 0. Also
let axb = ab and aob = min{a + b,1}. Then (X,p,v,*,0) is an IFNS.
Now let us consider the ideal Z consisting of all those subsets of N whose nat-

ural density are zero. Then T is a non-trivial admissible ideal of N. Let us
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(=)™, ifn#k* keN
n, otherwise

take the sequence {Tpltnen in X as x, = { Then

0, r<1

and L, -LIM? = 0 when r = 0.
[1—r,r—1], otherwise @) o when

Lipu)-LIM;, = {

T(u v)

=0 for any 7.

We obtain by Example that Z(,, ,»-LIM;, # () does not imply LIM"" # 0,
but when 7 is an admissible ideal, LIM;*" # () implies Z(,, ,\-LIM? # 0.

Also since the sequence is unbounded, LIM,

Definition 3.2. Let {x,}nen be a sequence in an IFNS (X, u,v,*,0). Then
{Zn}nen 1s said to be T-bounded with respect to the intuitionistic fuzzy norm (u,v)
if for every A € (0,1) there exists a positive real numgber G such that the set
{neN: uz,,G) <1-Xorv(z,,G) >\ eZ.

Theorem 3.1. Let {z, }nen be a sequence in an IFNS (X, u, v, %,0). Then {zp tnen
is T-bounded if and only if T, ,)-LIM] # 0 for some r > 0.

Proof. First suppose that {z, },en is an Z-bounded sequence. Then, for every A €
(0, 1) there exists a non-negative real number G such that {n € N: u(z,,G) <1 -
Aor v(z,, G) > A} €Z. Now,let A={neN: pu(z,,G) <1—Xorv(z,G) > A}
Then for k € A¢, u(xk, G) > 1—X and v(xg, G) < A\. Now p(zg,r+G) > p(zg, G)*
w0, r) = p(xg, G) 1 = p(xg,G) > 1 — X and v(zk,r + G) < v(zk, G)ov(l,r) =
v(zg, G)o0 = v(xy, G) < A\. Hence 0 € I, ,y-LIM;, . Therefore Z(,, ,-LIM # 0
for some r > 0.

Conversely suppose that Z,, ,\-LIM, # () for some r > 0. Then for every € > 0
and A € (0,1), {neN: p(z, —&r+e)<1l—-XAorv(x, —&r—+e)> A} €Z This
implies that {z,}nen is Z-bounded sequence in the IFNS (X, u, v, *, o). O

Theorem 3.2. Let {z,}nen and {ynlnen be two sequences in an IFNS
(X, p, v, %, O), Then, the following statements hold:

() Ifxn—(“:)%ﬁandaeRthenaxn_(“ig af.
Proof. This is easy. So, we omit details. 0

Theorem 3.3. Let {x,}nen be a sequence in an IFNS (X, p, v, *,0). Then the set
Liy)-LIM; is a closed set.

Proof. If Z(,,,)-LIM], = (), then we have nothing to prove. So let Z,, ,-LIM; #
(. Suppose that {yn}neN is a sequence in Z(,, ,)-LIM such that (u, ) limy, = &.
For given A € (0,1), choose s € (0,1) such that (1 —s)*x(1—s) >1— X and
sos < A Let ¢ > 0 be given. Then there exists a kg € N such that u(y, —
§,5) >1—sand v(y, — &, 5) < s for all n > ko. Suppose y,, € L, )-LIM;
where m > ko. Consequently the set A = {n € N : p(z, — ypm,r +35) < 1 -
s or v(Ty — Ym," + 5) > s} € Z. Now we have M = N\ A € F(Z). So M # .
Let j € M. So we have pu(z; — ym,7 + 5) > 1 — s and v(2j — ym,7 + 5) < 5.
Again we get, for m > ko, u(ym —§&,5) > 1 —s and v(y, —§,5) < s. Now
e —&r+e) = @ —Ymr + 5) xplym —§,5) > 1 —s)*(1—s5) >1—A
and v(z; —&r+¢e) < vz — Ym, 7+ 5) ov(ym — &, 5) < sos < A Therefore
Mc{neN:pua,—&r+e)>1—Xor v(z, —§&r+e) < A}. Consequently
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{neN:p(x,—§ r+e) <1-Aorv(z,—§,r+e) > A} € T. Hence § € Iy, ,)-LIM], .
Therefore Z(,, ,)-LIM; is closed. ]

Theorem 3.4. Let {x,}nen be a sequence in an IFNS (X, p, v, *,0). Then the set
Ziy)-LIM; ~1s conver.

Proof. Let &, & € Z,,)-LIM; and a € (0,1). Suppose A € (0,1). Choose
s € (0,1) such that (1 —s)x(1 —s) >1—Xand sos < A. Then for any € > 0,
A; = {n e N: ,u(z:n—&,g(%fa)) <l-sor V(zn—ﬁl,%%fa)) > s} € 7 and
As = {n € N: p(z, —fg,T;Of) <1-—sor vz, —§Q,T2J;E) > s} € Z. Now for
k€ AfN A3, we have p(zy — [(1 — a)éy + abol,r +€) 2 p{(1 — a)(zk — &), 5=} *
iz — &), 25} = plog — €1, 725 ) wpa(op — €2, 52) > (1= s)x (1= 5) > 1\
and v(zp —[(1- )& +abo],rte) < v{(l-a)(zr—&), = or{alzr — &), 55} =
v(xy —§17ﬁ) ov(wp — &,55) < sos < A Thus {n € N : p(z, — [(1 -
a)ér+ab],r+e)<1—Aorv(z, — [(1 —a)é1 + asl,r+¢) > A} € Z. Therefore
(1= )& + s € Ly p)-LIM] ie. T, -LIM; is a convex set. O

Theorem 3.5. A sequence {x,}nen in an IFNS (X, pu, v, %, 0) rough Z-convergent
to & € X with respect to the intuitionistic fuzzy norm (u,v) for some r > 0 if there
exists a sequence {Yn}nen € X such that Iy, ,)-limy, = £ and for every A € (0,1),
w(@y, —yn,r) > 1 =X and v(zy, — ypn,r) < A for alln € N.

Proof. Let ¢ > 0 be given. For a given A € (0,1), choose s € (0,1) such that
(1-5)x(1—s)>1—Xand sos < \. First suppose that Z(, ,y-limy, = £ and
w(@n —yn,7r) > 1—sand v(x, —yn,r) < sforalln € N. Then the set A= {n € N:
w(yn—&€,) <1—sorv(y,—§,e) > s} € Z. Then there exists M € F(Z) such that
M =N\ A. Now for n € M, we have pu(x, —&, r+¢€) > u(xn —yn, ) *pu(yn, —&,€) >
(I—s)x(1=s)>1—-Xand v(x, —&r+e) < (Tp —yn, 7)o (yn —&,6) < 508 < A\
Consequently {n € N : py(z, —&r+e) <1—-Xor v(x, —§r+e) > A} € T.

TZL(p,v)

Therefore x,, &. This completes the proof. O

Theorem 3.6. Let {x,}nen be a sequence in an IFNS (X, p,v,x,0). Then there
does not exist y,z € Ly, ,)-LIM, for some r > 0 and every X € (0,1) such that
wly —z,mr) <1—Xand v(y — z,mr) > X for m(€ R) > 2.

Proof. Suppose on the contrary that there exist the elements y,z € Z(,, ,)-LIM;
for which

wly —z,mr) <1—Xand v(y — z,mr) > A for m(e R) > 2. (3.1)

For a given A € (0,1), choose s € (0,1) such that (1 —s)*x(1 —s) > 1— X and
sos < A Since y,z € L, ,)-LIM , then for every ¢ > 0 we have 4; = {n €
N:px, —yr+5)<l-Xorv(z, —y,r+5) > €T and Ay = {n € N:
wxn —2z,r+5) <1 —=Xor v(z, — 2,7+ 5) > A} € Z. Now for n € Af N A5, we
have pu(y —2,2r +¢€) > p(x, — 2,7+ 5) % p(xn —y,r+5) > (1 —=8)x(1—5) > 1A
and v(y — z,2r +¢) < v(xn —y,r+ 5) ov(z, — 2,7+ 5) < s0s < A. Therefore

ply—z2r+e)>1—Xand v(y — z,2r+e) < \. (3.2)

Now if we choose € = mr — 2r, m(€ R) > 2, then from (3.2)) we get u(y — z, mr) >
1—Xand v(y — z,mr) < A. This contradicts (3.1). This completes the proof. [
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Definition 3.3. Let (X, pu, v, %,0) be an IFNS. Then a point n € X is called rough
T-cluster point of the sequence {x, tnen in X with respect to the intuitionistic fuzzy
norm (u,v) if for every e > 0 and A € (0,1), {n € N: p(x, —n,7r+¢) > 1—
X and v(x, —n,r+e) < A} € . The set of all rough I-cluster points of {xp tnen
is denoted as AZ“%)(I(H’V)).

We denote by A, )(Z(4,,)) to mean the set of all ordinary Z-cluster points
of {zp}neny with respect to the fuzzy norm (p,v). If » = 0, then we have

Ay Zuw)) = M) Tiuw))-

Theorem 3.7. Let {x,}nen be a sequence in an IFNS (X, u,v,*,0). Then
Al Zip)) is a closed set.

Proof. The proof is an analogue to Theorem So it is omitted. O

Theorem 3.8. Let {z,}nen be a sequence in an IFNS (X, p,v,x,0). Then, for
an arbitrary B € A, (L)) and X € (0,1) we have p(n — B,7) > 1 — X and
v(n—B,r) <A for alln € Agxn)(l'(#)l,)),

Proof. Let w € (0,1). Now choose A € (0,1) such that (1 —=A)x (1 —A) >1—w
and Ao A < w. Let 8 € A, )(Z(,,)). Then, for every e > 0, we have

{neN:ulx, —B,e)>1—Xand v(z, — B,e) < A} ¢ . (3.3)

Now we prove that if n € X having the properties u(n—38,r) > 1—Aand v(n—8,7) <
Athenn € AY, (Z(up)) Letk € {n € N: p(zn—B,6) > 1-Aand v(z,—fB,€) < A}.
Now we have p(xy —n,r +¢) > pler — Bye) xpun—B,r) > 1 =X+ (1 =X >
1—wand v(zg —n,7 +¢) < vz — B,e)o(n—B,7) < Ao < w. Therefore
{neN:pulz, —p,e) >1—Xand v(z, — B,e) <A} C {n e N: u(z, —n,r+¢)>
1—w and v(z,,—n, r+¢) < w}. Hence from we obtain {n € N : p(z,—n,r+¢) >
1—wand v(z, —n,r+e) <w} ¢I Sonec Al () This completes the

proof. (I

Theorem 3.9. Let (X, p,v,*,0) be an IFNS.Then for some r >0, A € (0,1) and
fixed ¢ € X we have

Aley Zeu)) = U BleAn).
€A (o) (Z(po))

Bar denotes the closure of open ball B(c, \, ).

Proof. Choose s,w € (0,1) such that (1 —s)x (1 —A) > 1 —w and so XA <
w. Let y, € UcEA(w,L)(I(u,u)) B(c,A\,r). Then there is ¢ € A, )(Z(,,,)) such that
ple—=ys,7) > 1—=Xand v(c—y.,7) < A. Let € > 0 be given. Since c € A, )(Z(u0))s
then there exists a set A = {n € N: p(x, —c,e) > 1 — s and v(z, — ¢,e) < s}
with A ¢ Z. Now for i € A, we have pu(x; — ys, 7+ ) > p(x; — ¢,8) x p(c — yu, ) >
(I=s)*x(1=X)>1—wand v(z; —ys,r+e) <v(z;—c,e)ov(c—ys,r) < SO < w.
Therefore A C {n € N: p(zp, —ys,7+¢) > 1 —w and v(x, — ys, 7 + ) < w}. So
{neN:p(xy, —ye,r+¢) >1—wand v(z, —ys, 7 +¢) < w} ¢ Z. This implies
that y. € AT, (Z(u))- Hence UcGA(xm(I(“,u)) B(e,A\,r) S AL, (Ziuw))-
Conversely suppose that z, € AE’%)(I(MU)). We shall show that z. €

UCEAmn)(Iw,w) B(c, A\, 7). On contrary that =, ¢ UceA(mn)(I(,‘,,y)) B(c, A\, r). Then
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ple—24,7) <1 —=Xor v(c—xs,7) > A for every ¢ € A, ) (L)) Now, by Theo-
rem [3.8 we get p(zy —c,7) > 1 — X and v(zsx — ¢,7) < A which is a contradiction.
Therefore A’(”xn)(I(W,)) C UceA<z (T B(e, A,7). This completes the proof. [

Theorem 3.10. Let {2, }nen be a sequence in an IFNS (X, pu,v,*,0). Then, for
any X\ € (0,1), the following statements hold:

(a) ifc S A(xn)(I(#’,,)) then I(H’V)-LIM;L - B(C, /\,7“).

() Zgpo)-LIML = ﬂceA(Z")(Iw,u)) B(e,\r) = {zg € X : A (Z(nw) S
B(zg, A, 1)}

Proof. (a) First we choose s,t € (0,1) such that (1 —s)* (1 —¢) > 1— X and
sot < A. On the contrary we assume that there exist a point ¢ € A, )(Z(,,.)) and
B € Tipy-LIM;  such that u(f —c,r) <1—Xand v(8—c,7) > A\ Let € >0 be
given. Then we have P = {n € N: u(z,, —c,e) > 1 —t and v(z, —c,e) <t} ¢ T
and @ ={neN: pu(x, —B,r+¢)<1—sorv(z, —pF,r+e)>s} € Suppose
Q¢ =M € F(I). Now for n € PN M we get u(8—c,r) > p(zy, — 6,7 +¢€)* pu(x, —
ce)> (1=s)x(1—t) > 1-Aand v(B—c,7) < v(xy—B,r+e)ov(zy,—c,e) < sot < A,
which is a contradiction. Therefore we have u(8—c,r) > 1—Xand v(8—c,r) <\
Hence 8 € B(c, A\, r). This completes the proof of Part (a).

(b) Using Part (a), above, we have T, ,y-LIM; C ﬂceA(mn)(Iw‘y))B(c,)\,r).

Now let [ € ﬂceA@n)(Iw,,,))B(c’ A, 7). Then we have p(l —¢,7) > 1 — X and

v(l —c,r) < XAfor all ¢ € A \(Ziu)) and so A ) (Ziuw)) € B A7), ie.,
ﬂceA<M)(I<H,V))B(C’ A1) C{ro € X 0 A (Z(uw)) € Blzo, A7)} Now assume
I ¢ Z(,,)-LIM] . Then there exists an ¢ > 0 such that {n € N: p(z, — 1,7 +¢) <
1—Xorv(z,—1l,r+¢e) > A} ¢ Z, which gives that there exists an Z-cluster point ¢
for the sequence {z, }neny with u(l—c,r+¢) <1—Xand v(l —¢,7+¢) > A. Hence
A(zn)(I(;L,V)> g B(l, )\,7‘) and [ ¢ {wo e X : A(acn)(I(,u,u)) - B(.T(), )\,’I‘)}. This giVGS
{zo € X 1 Ay, )(Z(u)) € Blxo, N\, 1)} € Lpy)-LIM;, . Therefore Z(,, ,\-LIM; =
mceA(ﬂtn,)(I(u,u)) B(C, /\,’/‘) = {.730 e X: A(In)(I(M,V)) - B(xo, )\,’I‘)}. O
Zipw

Theorem 3.11. Let {x, }nen be a sequence in an IFNS (X, p, v, %, 0) and x, Sy
xo then Ty, ,)-LIM] = B(xo, A\, ) for A € (0,1).

Proof. Let w € (0,1). Now choose s € (0,1) such that (1 —s)*(1—A) >1—w and

Zip,w
so A < w. Let € > 0 be given. Since z, G2 0, E={n € N: u(x, — xp,e) <

1—sor v(z, —x0,6) > s} € Z. Let ¢ € B(zg, A\, 7). Now for n € E° we have
wxn, — Cr+e) > plz, —xo,e) * (g —¢r) > (1—8)x(1—A) >1—w and
v(xn—C,r+e) < v(zy—x0,8)0v(x0—C(,7) < oA < w. Therefore ¢ € Z(,, ,)-LIM] .
Hence B(zo, A, 1) € Zy,)-LIM, . Again from the Theorem Tipy-LIM; <
B(xo, A,7). Therefore Z(,, ,y-LIM; = B(xo, \,r). This completes the proof. [

Theorem 3.12. Let {z,}nen be a sequence in an IFNS (X, p,v,%,0) such that
L(uw)
T —_, n then A7(" )<I(MV)) = I(u,u)'LIMan-

Tn

Zip,w
Proof. Since x,, —=2 7, therefore A, (Z(y)) = {n}. Now, by Theorem

AL (Z(uw)) = B(n,Ar). Again using Theorem , we have A} (Z(,.)) =
Z(y)-LIM; . This completes the proof. [
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