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N. SUBRAMANIAN?!, P. ANBALAGAN?, AND P. THIRUNAVUKARASU?3

ABSTRACT. The aim of this paper is to introduce and study a new concept of
the fuzzy I— convergent I'? space defined by modulus and also some topological
properties of the resulting sequence spaces of fuzzy numbers were examined.

1. INTRODUCTION

The concept of fuzzy sets and fuzzy set operations were first introduced by Zadeh
[30], fuzzy logic has become an important area of research in various branches of
Mathematics such as metric and topological spaces, theory of functions, approxima-
tion theory etc. Subsequently several authors have discussed various aspects of the
theory and applications of fuzzy sets. The concept of fuzzyiness has been applied
in various fields such as Statistics, Cybernetics, Artificial intelligence, Operation
research, Decision making, Agriculture, Weather forecasting, Quantum physics.
Similarity relations of fuzzy orderings, fuzzy measures of fuzzy events, fuzzy math-
ematical programming etc.

The concept of ideal convergence as a generalization of statistical convergence,
and any concept involving statistical convergence plays a vital role in pure math-
ematics and also in other branches of science involving mathematics, especially in
information theory, computer science, biological science, dynamical systems, geo-
graphic information systems, population modelling, and motion planning in robot-
ics.

The notion of I— convergence initially introduced by Kostyrko et al. Later on,
it was further investigated from the sequence space point of view and linked with
the summability theory by Saldt et al., Tripathy and Hazarika, Kumar, Hazarika
and Savas, Khan and Ebdullah, Khan et al, Khan and Tabassum, Das et al., and
many other authors.

Let (mn) be a double sequence of real or complex numbers. Then the series
Zin:l Tmnis called a double series. The double series Ein:l Tmnis said to be
convergent if and only if the double sequence (Sy,,)is convergent, where
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Sun = Zznjzl zij(m,n=1,2,3,...) (see[l]).

We denote w? as the class of all complex double sequences (x,,,). A sequence
= (Tmn)is said to be Pringsheim’s sense double analytic if

1/m+n

SUPmn | Tmn| < 0.

The vector space of all Pringsheim’s sense double analytic sequences are usually
denoted by A2. A sequence = (Tp,) is called Pringsheim’s sense double entire
sequence if

1/m+n

|| — 0 as m,n — 0.

The vector space of all Pringsheim’s sense double entire sequences are usually de-
noted by I'2. The spaces A? and I'? are metric space with the metric

d(z,y) = Supmn {|;vmn — Y| im0 1,2, 3, }, (1)
forallz = {@n } andy = {Ymn} in T2

Consider a double sequence © = (z;;). The (m,n)" section z[™™ of the se-
quence is defined by zl™™ = ST 2.5, for all m,n € N,

1,7=0

0, 0, .0, 0,

0, 0, .0, 0,
6mn:

0, 0, .1, 0,

0, 0, .0, 0,

with 1 in the (m,n)! position and zero other wise. An FK-space(or a metric
space) X is said to have AK property if (6,,,,) is a Schauder basis for X. Or equiv-
alently 2" — z under metric. We need the following inequality in the sequel of
the paper:

Lemma 1: For a,b >0 and 0 < p < 1, we have
(a+b)P <aP +b°

Some initial works on double sequence spaces is found in Bromwich[4]. Later
on it was investigated by Hardy[9], Moricz[17], Moricz and Rhoades[18], Basarir
and Solankan[2], Tripathy[26], Colak and Turkmenoglu[6], Turkmenoglu[28], and
many others. Tripathy and Dutta [31], introduced and investigated different types
of fuzzy real valued double sequence spaces. Generalizing the concept of ordinary
convergence for real sequences Kostyrko et al. [9] introduced the concept of ideal
convergence which is a generalization of statistical convergence, by using the ideal
I of the subsets of the set of natural numbers.

Throughout the article A2, T'? denote the spaces of Pringsheim’s double analytic
and Pringsheim’s double entire sequences respectively and A%I and F%I denote the
classes of I— analytic and I— entire fuzzy real valued double sequences respectively.

The notion of difference sequence spaces (for single sequences) was introduced
by Kizmaz [14] as follows

Z(A)={x=(zx) €ew: (Axg) € Z}
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for Z = ¢,cg and l,, where Az = xx — x4 for all k& € N. Here w, ¢, cg and £
denote the classes of all, convergent,null and bounded scalar valued single sequences
respectively. The above spaces are Banach spaces normed by

lzl| = |z1| + supr>1 |Azy]
Later on the notion was further investigated by many others. We now introduce
the following difference double sequence spaces defined by
Z(A) ={z = (Tmn) € W : (Azpn) € Z}
where Z = A? and I'?. respetively. Azpmn = (Tmn — Tmna1)— (Tmain — Tmainil) =
Tmn — Tmn+1 — Tm+1n + Tm+1n+1 for all m,n € N. Further generalized this notion
and introduced the following notion. For m,n > 1,
Z (Ag) = {x = (Tymn : (Agxmn) € Z} for Z = A2 and T2

An Orlicz function is a function M : [0,00) — [0, 00) which is continuous, non-

decreasing and convex with M (0) = 0, M (z) > 0, for x > 0 and M (z) — oo as

x — oo. If convexity of Orlicz function M is replaced by M (z + y) < M (x)+M (y),
then this function is called modulus function.

Remark 1:An Modulus function satisfies the inequality M (Az) < AM () for all A
with 0 < A < 1.

In this article are introduce fuzzy I— convergent ['4 space defined by Modu-
lus function.

2. DEFINITIONS AND PRELIMINARIES

Let 1 = (Amn) be a sequence of non-zero scalars. Then for a given sequence
space F, the multiplier sequence space E (u) associated with multiplier sequence p
is defined by

E(p) ={z = (@mn) : Amnmn) € E}
Let X be a non empty set. A non-void class I C 2% (power set, of X) is called
an ideal if I is additive (i.e A,B € I = A|JB € I) and hereditary (i.e A € I and
B C A= Be€I). A non-empty family of sets F' C 2% is said to be a filter on X if
p¢ F;A,Be F=ANBe€Fand Ac F,AC B= B € F. For each ideal I there
is a filter F'(I) given by F(I) ={K C N: N\ K € I}.
Throughout the ideals of 2V and 2V*V will be denoted by I and I, respectively.
A fuzzy real number X is a fuzzy set on R, a mapping X : R — L(=][0,1])
associating each real number ¢ with its grade of membership X (¢). The a— level
set of a fuzzy real number X,0 < a < 1 denoted by [X]” is defined as [X]* =
{te R: X (t) > a}. A fuzzy real number X is called convex if X (t) > X (s) A
X (r) = min(X (s),X (r)), where s < t < r. If there exists ty € R such that
X (tp) = 1, then the fuzzy real number X is called normal. A fuzzy real X is said
to be upper semi-continuous if for each ¢ > 0, X~ ([0,a +¢€)), for all a € L is open
in the usual topology of R. The set of all upper semi continuous, normal convex
fuzzy number is denoted by L (R).
Throughout a fuzzy real valued double sequence is denoted by (X,,,) i.e a double
infinite array of fuzzy real number X,,,, for all m,n € N.
Every real number r can express as a fuzzy real number 7 as follows:

_ {1, if t =
T =

0, otherwise
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Let D be the set of all closed bounded intervals X = [XL, XR] . Then X <Y if
and only if XX <Y and XE <YE,
Also d(X,Y) = maz (|X* = Y*|,|X® —YE|). Then (D,d) is a complete metric
space.
Let d: L(R) x L(R) — R be defined by

d(X,Y) = supo<a<id ([X]",[Y]Y) for X,Y € L(R).

Then d defined a metric on L (R).
By a lacunary sequence § = (mn), ., where

0, 0, ..0, O,

0, 0, ..0, O,
(mn)oo =1 - )

0, 0, ..0, O,

0, 0, ..0, O,

we shall mean an increasing sequence of non-negative integers with (mn),., —

(mn)r_l)s_1 — 00 as 1,8 — 00. The intervals determined by 6 will be denoted

by I,s = ((mn)r_17s_l,(mn)rs and we let h.s = (mn),, — (mn),_; ;. The
space of lacunary strongly entire sequences Ny is defined as follows:

Ng = {(E = (ZCTS) : hL’rs ZmGITS ZHGL«S |:I:mn — 0|l/m+n = 0, asr,Ss — OO}
2.1. Definition. Let A denote a four dimensional summability method that maps

the complex double sequences x into the double sequence. Ax where the mn — th
term to Az is as follows

(Ax)k,l = e Dot Ay T

In [10] Hardy presented the notion of regularity of two dimensional matrix transfor-
mations. The definition is as follows: a two dimensional matrix transformation is
said to be regular if it maps every convergent sequence into a convergent sequence
with the same limit. In addition, to the numerous theorems characterizing regular-
ity. Hardy also presented the Silvermann-Toeplitz characterization of regularity fol-
lowing this work Robison in 1926 presented a four dimensional analog of regularity
for double sequences in which he added an additional assumption of boundedness.
This assumption was made because a double sequence which is P—convergent is
not necessarily bounded along these same lines, Robison and Hamiltion presented
a Silverman-Toeplitz type multidimensional characterization of regularity in [11]
and [25]. The definition of regularity for four dimensional matrices will be stated
next, followed by the Robison-Hamilton characterization of the regularity of four
dimensional matrices.

2.2. Definition. A double sequences (X,,) is said to be convergent in Pring-
sheim’s sense to the fuzzy real number X, if for every e > 0, there exists ng =
ng (€), ko = ko (€) € N such that d (X, X) < € for all n > ng, k > ko.

2.3. Definition. A double sequence (X,,,) is said to be I —convergent to the fuzzy
number X, if for all € > 0, the set {(n,k) € N? : d (Xpn, Xo) > €} € I. We write
I —limXomm = Xo.
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2.4. Definition. A double sequence E¥ is said to be monotone if E¥ contains the
canonical pre-image of all its step spaces.

2.5. Definition. A double sequence E¥ is said to be symmetric if (X,,(m)y,,(n)) €
EF | whenever (X,,,,) € EF', where 7 is a permutation of N x N.

2.6. Definition. A double sequence E¥ is said to be sequence algebra if (Xmn ® Yin) €
EF, whenever (X,un), (Yimn) € EF.

2.7. Definition. A double sequence ET is said to be convergence free if (Y;,,) €
EF, whenever (X,,,) € Ef and X,,,, = 0 implies Y,,,,, = 0.

The notion of the statistical convergence was introduced by H. Fast. Later on
it was studied by J.A.Fridy from the sequence space point of view and linked it
with the summability theory.

The notion of I-convergence is a generalization of the statistical convergence. At
the initial stage it was studied by Kostyrko, Salat and Wilezynski. Later on it was
studied by Saldt, Tripathy and Ziman and Demirci, Das, Kostyrko, Wilczynski,
and Malik, Mursaleen and Alotaibi, Mursaleen, Mohiuddine and Edely, Mursaleen
and Mohiuddine, Sahiner, Gurdal, Saltan and Gunawan and Kumar, V.A.Khan,
Suthep suantai and Khalid Ebadullah. Here we give some preliminaries about the
notion of I— convergence.

Let X be a non empty set. Then a family of sets I C 2% ( power set of X) is
said to be an ideal if I is additive i.e A,B € I = A|JB € I and hereditary i.e
Ael, BCA=Bel.

A non-empty family of sets £ (I) C 2% is said to be filter on X if and only if
O ¢ L(I), for A,B € L(I) we have A(N\B € L(I) and for each A € L(I),A C
B=BeL().

An ideal I C 2% is called non-trivial if I # 2%.
A non-trivial ideal I C 2% is called admissible if {{z}:2 € X} C T

A non-trivial ideal I is maximal if there cannot exist any non-trivial ideal J # I
containing I as a subset.

For each ideal I, there is a filter £ (I) correspondingto [. i.e L(I) ={K C N: K¢ e I},
where K¢ =N — K.

3. DOUBLE ENTIRE SEQUENCE SPACE OF FUZZY NUMERS

This paper to introduce the following sequence spaces and examine topological
and algebraic properties of the resulting sequence spaces. Let I be an admissible
ideal of N and let p = (pmn) be a sequence of positive real numbers for all m,n € N.
Let 6 = (mn),, be a lacunary sequence, f be an modulus function, pt = (Amy) be
a sequence of non-zero scalars and X = (X,,,) be a sequence of fuzzy numbers, we
define the following sequence spaces as:

Ty = {9 €N: o X Sy, [£(T(Ama ) ™47.9) )7 2 e} €
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1

)

N5y = {9 €N i Tner, Tcr, [£(T (O X7 0) )| 2 K
I,

and

— m4n = Pmn
AgF} wp {SupTShLm Zmelm Znelm |:f (d ((Amnan)l/ + ,0)):| < OO} .
Some classes are obtained by specializing 0 = (mn),.., f, ft = (Amn) and p = (Pmn) :

(i)If 0 = (mn),, = (2"%), then we obtain
1) (i €8 s 5 [ (3 (O X ) 2 )
K

NP = L) N 250 S [F (3 (e X7 0))] 7 2
I

and

A?ip {SupTSrs Em 1 En 1 [ ( (()‘mnan)l/ern 76))}%”1 < 00}

(ii) If f (z) = z, then we obtain,

Ty = {09 €N e Sy, Ser,, [(F(ounXon) " 0)) 7" 2 e}
1,

8= {1 3 S, S, (A )] 2 )
I

)

and
3 1/ m+4+n = Pmn

AZ};ZD {SupTSh Zmefrs z:nel,wS |:(d (()‘mnan)/ + ,O>>:| <OO}.

1, 1, .1, 1,

1L, 1, .1, 1,
DI p = Amn) = | - , then we obtain

1, 1, .1, 1,

1, 1, .1, 1

2I(F
Ton = {(8) €N 7= Yoner, Ter,, [£(

2U(F
Aey;m) = {(T’ s) € - =D el Enezm{
I

/—\ S
C\\
>~
3
\:_/

=
3
+
3
l
N—
N—
=
3
3
vV
=
—
m

)
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and
— 1 m+n = Pmn

AgF}p = {Suprsﬁ Zme[m Zneh f /mt y ))} < OO}

1, 1, .1,

1, 1, .1,
(iv) If p= (pmn) = | - , then we obtain

1, 1, .1,

1, 1, ..1,
P;IJE};) = {(T’ ) 1 Zmelrs Znelrs [f )‘mnan)l/ern 76>>] > 6} € I,

2I(F 1/ m+4n H

AG,JE,;L) = {(T‘, ) 1 Zmelrs nel,s [f ()\mnan) fmt 70))} > K} S
I,
and

Aglj‘ w {Sul)mﬁ Zmelm Znelm [f (E ((/\mnan)l/m+n ,6))} < oo} .

4. MAIN RESULTS

In this section we examine the basic topological and algebraic properties of these
spaces and obtain the inclusion relation between these spaces.

4.1. Theorem. I‘zl;i)p nd Azlji)p are linear spaces

Proof: It is routine verification. Therefore we omit the proof.

4.2. Theorem. The space Az(?ib pisa paranormed space (not totally paranormed)
with the paranorm g, defined by

gu (X) =inf {supmn [f (E ((/\mnan)l/er" ,6))}%% < 1} .

0, 0, .0, 0,
0, 0, .0, 0,
Proof:Clearly g, (—X) = g, (X) and g, (0) =
0, 0, .0, 0,
0, 0, ..0, 0,
)
Let X = (Xpmn) and Y = (V) be two elements in Ae(fup Then

A = inf{supmn [f (3 ((Amnan)l/er" ,6))} < 1}

(Owron7.5))) <1}

)] = 17 (7 (@ X 7.0) ) +

and

Ay =inf {supmn [ (
We obtain the following
1 (@ (an (X + Yima) /™4 ,1)

7 (@ (nYoun) ™7, 0) )]
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Thus we have

Pmn

suppn [ £ (2 (A (Xon + Vo) 70) ) |77 <1
and
g (X +Y)=inf{A1} +inf{As} =g, (X)+ g, (Y).
Let tyn — t where t,,,t € C and let g, (Xyn — X) — 0 as m,n — oo. To prove

that g, (tmnXmn —tX) = 0 as m,n — co. By the continuity of the function f we
observe that

TG o =307 )] = [1 (o~ 50 )

(@O Xm0 5))] < [1 @O )]
(@G )]

From the above inequality it follows that
SUPmn |:f (E ((Amn (tmnan _ tX))l/m+n ,6)):|p7nn <1

and consequently
Gp (mnXomn — tX) < [tgn — tlinf {A1} + [t]inf {A2}

Gp (trnXmn —tX) <maz {1, [tmn =t} gu (Xonn) + maz {1, [t} gu (Xmn — X).
(2)
Therefore the above equation (4.1) implies that g, (Xmn) < g, (X)+9u (Xon + X)
for all m,n € N. Hence by our assumption the right hand side of the relation (4.1)
tens to 0 as m,n — oco. This completes the proof.

4.3. Theorem. Let f and g be modulus functions. Then the following hold:
(i) FjI;i)p - FjI}i)p, provided p = (pyn) be such that Gy = infpm, > 0.
r2I(F) 2I(F) 2I(F)
(i) I 60,f:m, meG Grkp = FO,f-i-gwm
G _Go

Proof: (i) Let ¢ > 0 be given. Choose €; > 0 such that maz {51 L €7 } < e

Choose 0 < § < 1 such that 0 < ¢t < § implies that f (t) < €. Let X = (X;n) be
21() pyg
oD

As = {(r, s)€EN: ﬁ Y omel,. 2omel,. {g (E ((,\mnan)l/ern 76))}17% > 5G} c
I.

any element in I’

= 2 Ter, Sner,. [9/(4 (A Xo) " 0)) | < 60
= Yoer,. Sner,. [8/(8 (o Xow) " 0)) [ < s
= [g (3 ((Amnan)l/’”*" ,6))}]%” < 6% Ym,n € I,

= [g (E (()\mnan)l/m+” ,6))] < 6% Ym,n € I,. (3)
Using the continuity of the function f from the relation (4.2) we have

f ({9 (a (()\mnan)l/m+" ,6))}) < e, Vm,n € I,
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Consequently we get

Zmehs Znelm [f ([g( (()\mnan)l/m-i-n 76))})}1)”1" < hTS - max {6?76?0} <
hys€

= ﬁ Zme[m Zn@m [f [g (E (()\mnan)l/me ,6))Hpmn .

This implies that

{(r, s) €N: h_is D mel, . 2omel,. {f [9 (E (()\mnan)l/m+n ,6))”1%7@ > 6} CAs e
I

(i) Let X = (Xpun) € Ty t5) AT5E) | Then by the following inequality the
result follows:

% domel,, 2anel,, [(f +9) (E ((,\mnan)l/ern 76))}177% -
P

Hh%s Emehs Enelm [f (E (()‘mnan)l/m+n ,6))} +
H;%S Y omel,. 2anel,, {g (E ((/\mnan)l/m+" ,ﬁ))rmn . This completes the proof.

4.4. Theorem. Let 0 < pypn < @mn and (q’"") is positive and bounded sequence,

then

2I(F) 2I(F)
Ffﬁtbum - P(’J}u,p'

Proof: It is routine verification.. Therefore omit the proof.

4.5. Theorem. For any two sequences p = (pyn) and ¢ = (gmn) of positive real
numbers, then the following holds:

2! F) p2I(F
0 T ey *
( ) OfupmAGflhq#(b’
(iii) A G,f,,u,p mAH,j,u,q 7 ¢-

4.6. Lemma. A sequence space Er is solid implies Fr is monotone

4.7. Lemma. If I C 2V is a maximal ideal, then for each A C N we have either
AelorN—-Ael

I(F) 2I(F) . i
4.8. Theorem. The sequence spaces Fe Foip and A97 F.0,p AT€ solid as well as mono
tone

Proof: Let X = (Xn) € szﬁi?p and Y = (Y,,n) be such that

d (Yn%er",ﬁ) <d (Xrln/,?—m,ﬁ) for all m,n € N. Then for given € > 0 we have
n={9) €N i cr, Suer, [£ (A (o X7 0) )] 2 b e

Again theset n = {(r, s)eN: }%S > mel,. dnel,, [f (E (()\mnYmn)l/m+" ,ﬁ))} > e} C

melandsoY = (Yiun) Fg{;ﬂ?p. Thus the space Fj{}i?p is solid. From the Lemma

4.6, it follows that lef(i)p is monotone.
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L . 2U(F) . .
4.9. Result. If I is neither maximal nor then the space I'y ; u,p 18 nOt symmetric
Proof: Let us consider a sequence X = (X,,,) of fuzzy real numbers defined by

1+t—=2tif{te2(m+n)—1,2(m+n)]};
Xalm (1) = {1 —t+2(m+n),if {t € [2(m+n),2(m+n) +1]};
0, otherwise.

for (m,n) C I an infinite set. Then (X,,,) € F;If(i)p. Let K C N be such that

K ¢ T and N— K ¢ I (the set K exists by the Lemma 4.7, as I is not maximal).
Consider the sequence Y = (Y;,,,,) a rearrangement of the sequence (X,,,) defined
as follows:

yl/mtn _ X}n/,:nJrn,ifm,n € K,
mn =\ = .
0, otherwise.

Then (Y,,) ¢ Fgfﬁi?p. Hence Fgfﬁi}p is not symmetric.

4.10. Result. If I is neither maximal nor then the space Azlf(i)p is not symmetric

Proof: Let us consider a sequence X = (X,,,) of fuzzy real numbers defined by
1+t-3tif{te[3(m+n)—1,3(m+n)l};
Xl (#) = Q1= t+3(m+n),if {t € [3(m+n),3(m+n)+1]};

0, otherwise.

for (m,n) C I an infinite set. Otherwise X/ = 0.

Since I is not maximal, so by Lemma 4.7, there exists a subset K € N such that
K¢land N—K ¢ I. Let (: K - Aand h : N— K — N — A be bijections.
Consider a sequence Y = (Y;,,,) a rearrangement of the sequence (X,,,,) defined as
follows:

Xfll(/;?r;n, otherwise.

yl/mtn _ {X;(/s:)",ifm,n € K;

Then (Yinn) ¢ Aj{}i)p. Hence Ag{}i)p is not symmetric.
Acknowledgement: I wish to thank the referee’s for their several remarks and
valuable suggestions that improved the presentation of the paper.
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