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SPACELIKE FACTORABLE SURFACES IN FOUR-DIMENSIONAL
MINKOWSKI SPACE

SEZGIN BUYUKKUTUK, GUNAY OZTURK

ABSTRACT. In the current work, we study factorable surfaces in Minkowski
four space. We describe such surfaces in terms of their Gaussian and mean
curvature functions. We classify flat and minimal spacelike factorable surfaces
in E4.
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1. INTRODUCTION
In Ef, the Lorentzian inner product is defined by
(u, ’U> = —UupVo + U101 —+ U2V —+ uU3v3

for all u,v € Ef. A surface M : F = F(s,t) : (s,t) € D ( D C E?) in Ef is said
to be spacelike if (,) induces a Riemannian metric on M. Therefore, we know the
following decomposition at each point p of a spacelike surface M;

El =T,M © T, M.

The Levi-Civita connections on M and E} are represented by V and %, respec-
tively. Let X; and Xs be tangent vector fields and 7 be a normal vector field of
M.V x,n and v x, X9 are separated into tangential and normal components by the
Weingarten and Gauss formulas;

Vxn = —Ap X1 + Dx,,
VX1X2 = VX1X2+h(X1,X2).

Thus, these formulas introduce the second fundamental tensor h and the shape
operator A, corresponding to 1 [4].

Denote H the mean curvature vector field of M, then H = %trh. Consequently,
we have H = 1 ((h(X1, X1) + h (X2, X2)) with respect to a local orthonormal frame
{X1, X5}

Let M : F = F(s,t) : (s,t) € D ( D C E?) be a local parametrization on a
spacelike surface in Minkowski 4—space. In accordance with (F, Fs) > 0, (F}, Fy) >
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0, T,M = span{F,, F;} is the tangent space at any point p on M. The first
fundamental form is given by

I(s,t) =es® +2fst+gt?, s,t € IR (1.1)

where e = (F,, Fy), f = (Fs, F), g = (F;, Fy) [B5]. As the surface M is spacelike,
we denote W = y/eg — f2. We choose unit normal vector fields such that 7 is
timelike, 72 is spacelike. We use the denotations Ffj and cfj, 1,7,k = 1,2 for the
Cristoffel symbols and coefficients of the second fundamental form, respectively.

Then, the covariant derivatives can be written as linear combinations of the vector
fields Fsa Ft> 1, 123

ﬁFst = Fo =T}, F+T}F —cpym + iy,
Ve by = Fa= F%st + F%th - 0}2771 + 0%27727 (1.2)
Ve F, = Fyu=T3F, +T5,F — cjom + cno,

where {Fy, Fy,m1,m2} is positively oriented in E}, (see, [6]). cfj, 1,5,k = 1,2 are
given by

ch = (Fss,m), 6%2 = (Fst,m) 0%2 = <Ftt7771>»
C%l = (Fssim2) C%z = (Fst,m2) » 052 = (Fit, m2) (1.3)
(see, [A]).
The second fundamental tensor h of M defined as (see [0])
h(Fs, Fy) = _6%1771 +C%17727
WFo, Fy) = —ciam + ciona, (1.4)
h(F, ) = —cpm + .

Moreover, the second fundamental tensor can be written as
h(X1, Xz) = — (Ay, (X1), Xo) 1+ (Ay, (X1), X2) 2. (1.5)

The k—th component of H denoted by Hj, is obtained by H, = (H, ;) = M 7.
Hence we get
koo 9ock k
119 — 2¢iy [ + c5he
2(eg — f?)
According to the normal basis, the mean curvature vector field H becomes

H = —Hl’I]l —+ H2772.

Hy, =

Mean curvature function of M is the norm of the vector H.
Gaussian curvature of a surface M : F(s,t) can be calculated by using the shape
operator matrices as
P det(A,,) + det(A,,) _ —chicdy + 33y + (6%2)2 — (6%2)2'
w2 eg — f?
A surface is said to be minimal (flat) if its mean curvature vector (Gaussian curva-
ture) vanishes [3].

Factorable surfaces (also known as homotethical surfaces) in Euclidean and
Minkowski 3—spaces can be parametrized locally as F(s,t) = (s, t, f(s)g(t)), where
f and g are differentiable functions [I0, II]. Some authors have considered fac-
torable surfaces in Euclidean space and in semi-Euclidean spaces [8], @, [IT], 12]. In
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[10], Van de Woestyne showed that minimal factorable surfaces in L3 are helicoids
and planes.
In [1], Yu. A. Aminov introduced the surface M in E* given by

F(57t> - ($7taz(sat)7w(svt))a (16)

where z and w are differentiable functions. The representation is called a
Monge patch. Also, in [2], the authors investigated the curvature properties of
these type of surfaces.

In the present study, we consider a spacelike factorable surface in Minkowski
4-space, which can locally be written as a monge patch

F(s,t) = (s, [1(5)g1(t), f2(5)g2(t)),

for some differentiable functions, f;(s), gi(t), ¢ = 1,2. We characterize such surfaces
in terms of their Gaussian curvature and mean curvature functions.

2. SPACELIKE FACTORABLE SURFACES IN E{

Definition 2.1. Let M be a surface in 4-dimensional Minkowski space E}. If the
surface is given by an explicit form z(s,t) = f1(s)g1(t) and w(s,t) = fa(s)g2(t)
where s,t, z,w are Cartezian coordinates in Ef and f;,g; i € {1,2} are smooth
functions , then the surface is called a factorable surface in E}. Thus, the factorable
surface can be written as a monge patch

F(s,t) = (8, f1(5)g1(t), f2(s)g2()). (2.1)
Let M be a spacelike factorable surface with the parametrization (2.1). We
determine a normal frame {n;,72} such that (n;,m) = —1, (ne,7m2) = 1, and

{Fs F;,m1,m2} is positively oriented frame in Ef.
The tangent space of M is spanned by the vector fields
Fs = (L 0, fi(s)gl(t)v fé(s).g?(t))’
Foo= (0,1, f1(5)9:1(2), f2(s5)g2(1))-

Thus the coefficients of the first fundamental form of the surface can be expressed
as

¢ = (FuF)=—1+(fin)’ + (f202)".
= (Fy,F) = fif19191 + f2f29292, (2.2)
= (FL,F) =1+ (f19)) + (f202)%,
where (, ) is the Lorentzian inner product in E}. As the surface M is spacelike, then
W =+eg— [~
The second partial derivatives of F(s,t) are
Fuo = (0,0,f, (5)gn(0). f3 (5)ga(t),
Fy (0,0, £1(5)g1(t), f2(5)9(t)), (2.3)
Fu = (0,0, fils)gy (1), fa(s)g5 (1)

~  —
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Further, the normal space of M : F(s,t) is spanned by the orthonormal vector
fields

mo= \/TE(f{(S)gl(t),fl(S)g’l(t)’l,O), (2.4)
ne = \/lil—m(Afé(s)gz(t) — Bfi(s)g1(t), Bfi(s)g(t) — Afa(s)g5(t), —B, A),
where
L N2 N2
A = 1—(f191) +(flg1) ,
B = —fif59192 + f1 /29195, (2.5)
N N2
¢ = 1*(f292) +(f292) ;
D = AC - B~

Since M is spacelike surface in E} with respect to choosen orthonormal frame,
A and D are negative definite. Using (2.3) and (2.4]), one can find the coefficient
functions of the second fundamental form as follows;

"

1 _ 19 1 _ fi1
11 = y Cog = )
VIA4] V4]
! figs o Afigs — Bfigi

Cio = y Cl2 = ’

V4] VIAD|

Afy go — Bfugl
2 2 1
2 = 22 Pho 2.6
11 D] (2.6)
Afsgy — Bfigy

VIAD|

Using Gram-Schmidt orthonormalization method for the spacelike vector fields F
and F}, we get orthonormal tangent vectors

2 _
Cop =

F,
Xl = 75,
Ve
e f
X, = \M[/<Ft—er>. (2.7)
By the use of (1.3), (1.4), (1.5) and (2.7) the second fundamental tensors A,,
become
o figie—fi'af
1 W
m = )
eVIAl\ figte—flog  frale®—2figlef+ 5.5
W W2
and
—\f
1 A HeW

A ;
e ev/|AD| pe—Nf  de2—2uef+Af>
W

W2
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where

Afyg2 — Bf{ 91,
Afzgz Bf{9/1,
Af292 —Bf19/1/~

)

2.1. Flat factorable surfaces.

Theorem 2.2. Let M be a spacelike factorable surface in E$. Then the Gaussian
curvature of the surface is given by

(f f19V 91 — £12912) C — (f1 fog195 + f1f5 gy 92 — 2f1 f59195) B+ (£3 f295 92 — £3295%) A
DW?2 ’

K =

Corollary 2.3. Let M be a spacelike factorable surface in Minkowski 4—space. If
M is given by one of the following parametrizations, then it is a flat surface:

(1) F(s,t) = (s,t,a101(t), az2g2(t)) ,

(2) F(s,t) = (s,t,b1f1(s),b2f2(s)),

(3) F(s,t) = (s,t,a191(t), a2f2(s)),

(4) F(s,t) = (8 t,b1f1(s), b2ga(t)) ,

(5) F(s,t) = (s,t,a1b1,exp(azs + bg) exp(ast + bg))

(6) F(s,t) = ( t,arbr, (azs + by) ™% (agt + by) *T )

(7) F(s,t) = (8 t,exp(ais + b1) exp(ast + bs), exp(ass + bs) exp(ag,%t + b4)> ,

(8) F(s,t) = (s,t, fi(s)cost, fi(s)sint),
the function f1(s) satisfies

alfl

where 4,5 = 1,2, 1 # j and ag, b, k =1, ...,4 are real constants.

Proof. Let M be a spacelike factorable surface given with the parametrization (2.1))
in Ef.

If £1(s) = 0, fal(s) = 0 or g (t) = 0, g5(t) = 0 or F1(5) = 0, gh(t) = 0  f4(s) = 0
g1(t) = 0) , then we obtain the cases (1), (2), (3) and (4).

If f1(s) =0, g} (t) = 0, then we have

3 fag5 g2 — f’zgé2 = (2:8)
Let p(s) = g—; and ¢(t) = de . By the use of ({2 , we can write
fz(S)p(S)dTng(t) o) = ()a(®)’ =0 (29)
If p(s) # 0, q(t) # 0, from , we get
) g oa(t) 3 = pls)alt)

Then we have differential equation

f2( )dfz _ Q(t)
p(s) 92(15)(%’2

= (2.10)
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where A is constant.
(1) If A =1, from (2.10) we have
fa(s) = exp(azs +b2), (211)
92(t) = exp(ast + bs),
which gives the case (5).
(2) If A # 1,from (2.10) we have
fQ(S) = (CLQS + bg)ﬁ R (2.12)
ga(t) = (agt+by)*T,

which gives the case (6).
Further, we assume f! fig"g; — f{?g/*> = 0 holds for i = 1 and i = 2. Then we get
fi(s) = exp(ais+b1), f2(s) = exp(aszs + b3),
g1(t) = exp(agt+ by), 92(t) = exp(aqt + by). (2.13)

Substituting these functions into B = 0 and f{ fag1g5 + f1.f5 (g2 — 211 149195 = 0,
we have ay = “2% i, j = 1,2 (i # j) which vanish the Gaussian curvature of the

surface. Thus, we obtam the case (7).
Also, if fl(s) = fa(s) and g1(t) = cost, go(t) = sint, then by the use of the
previous theorem, for a flat surface we get

— /() fi(s) (F2(s) + 1) + (F(s)? ((f1(5)* = 1) =0,

By the solution of this differential equation we obtain the case (8). g

2.2. Minimal factorable surfaces.

Theorem 2.4. Let M be a spacelike factorable surface in E}. Then the mean cur-
vature vector of the surface is given by

919+ figie - 2f{g'1fm N A (f5 929 + fa95e —2f595F) — B (f1'919 + f197e — 2f191f) -

2,/JA[W2 2,/[AD|W?2

Theorem 2.5. Let M be a spacelike factorable surface in Ef. Then M is a minimal

—
H =

surface if and only if
U919+ figle —2flgif =0, 1=1,2. (2.14)

Proof. Let M be a spacelike factorable surface with the parametrization in
]E‘ll. We can write the mean curvature vector as H = —Hin; + Hano, for a minimal
surface, H; = 0, H2 = 0. By the use of the previous theorem, we get . The
converse statement is trivial. (Il

Corollary 2.6. Let M be a spacelike factorable surface in Minkowski 4—space. If
M is given by one of the following parametrizations, then it is a minimal surface:
(1) F(s,t) = (s,t,(a1s + az) b1, (a3s + aq) ba),

(2) F(s,t) = (s,t,a1 (bit 4+ b2), as (bst + by)),
(3) F(s;1)

—1—exp(b b
(4) Fls.t) = (s,t,a1b, (s + az) S22,

(S, t, (a1$ + (12) bl, as (bgt + b4))

(5) F(s,t) = (s,t,a1b1,tan(ags + az) (t + b2)),
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_ —1—a?+exp(+2a;(a1s+az)) —1—a?+exp(+2a;(a1s+az)) .
(6) F(S’t> - (S’t’ 2allexp(i2a1(;15<1ka2))2 cost, 2allexp(i2a1(alls~1%a2))2 sint |,

—1—exp(bit+b —1—exp(bit+b
(7) F(s,t) = (s,t, (s + ay) Spyoblbitits), (s+a1)$&itib’;’§)7

(8) F(s,t) = (s,t,tan(a1s + az) (t + by) ,tan(ays + az) (t + b1)),
(9) F(S’t) = (S7taa1b17f2(5)92(t))7

(10) F(s,t) = (s,t, fr(s)n ()1f )g1(t)),

1(s
the functions f;(s), gi(t), 2 satisfy the equations

dgZ

/ dfi(s
\/2mlnfZ —|—a1 azg

or

S:/ dfi(s / dgi(t)
/a1f4 V2nng;(t) + as’
/ \/ fzifl@ / \/ jlg: ’

— Q4

or

where ¢c,m,n,ar,bg, k=1,..,4 are real constants and ¢ # :I:l.

Proof. Let M be a spacelike factorable surface with the parametrization (2.1)) in
E$. By the use of (2.14) with (2.2)),
Flai (V4 a0 40398 ) +1.0) (—1+ [P0 +0503) —2£19, (fl11g1 91+ Fofaghon) =0, (2.15)

holds for ¢ = 1, 2. If g{(¢) = 0, ¢g5(t) = 0 or fi(s) = 0, f}(s) = 0, we obtain the
cases (1) and (2), respectively.
If f3(s) =0, g1(t) = 0,4,j = 1,2, i # j , then

flon (L+ fig?+f395) = 0, (2.16)
fogh (=1 + [Pgi+f3g3) = 0. (2.17)

Since the first fundamental forms e and g are positive, then we get f7'(s) = 0 and

g4 (t) =0 which congruent the case (3).
If f1(s) =0, ¢} (t) =0, from the equality (2.15) for i = 2, we get

HONRAOI L PR(8)) g2 () + (gl (Daa(t) — g2(0)) F2(s) =
) R (B~ ) 65 0) + (@ Wet) — aF (1) () =0 (218)

If f/(s) =0or ¢g§(t) =0 in (2.18]), we obtain the cases (4) and (5).
If f2(s)g5(t) # 0 in (2.18), differentiating (2.18) with respect to s and ¢, we have

(f5(s)fa(s) = J5(5)) _ (95(1)g(®) — 95(2))

' T i =c (2.19)
(f5%(s)) (92(t))
Thus, we can write
5 (s) fa(s) = (1 + ) f2(s) = m,
95 (t)g2(t) — (1 — c)g#(t) = n. (2.20)
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If c=1, ¢c=—1and ¢ # %1, then from the solution of (2.20)), we obtain the case
9)

If f1(s) = fa(s) and ¢1(t) = cost, go2(t) = sint, then we get

F(s) (L+ f2(s)) = fi(s) (1+ (£{())?) = 0.

By the solution of this differential equation we obtain the case (6).
If f1(s) = fa(s), g1(t) = ga(t) in (2.15)), then for ¢ = 1 or i = 2, we find

fi'(s) _gi(®)

fi(s) it

If f'(s) = 0or ¢g/(t) = 0in (2.21), we obtain the cases (7) and (8). Also, if
fI'(s)gl (t) # 0, we obtain the case (10), which completes the proof. O

+ (' () fils) = Fi2(5)) 20 (6) + (9 (D)ga(t) — g5 (1)) 2% (s) = 0. (2.21)

Example 2.7. By selecting a; = 1, by = 2, by = 0 for the case (7) in Corollary
2.6, we can plot the projection of this surface with mapple command:

plot3d([s,t,z + w], s = a..b,t = c..d). (2.22)

FIGURE 1. 3D Model of the surface given by the case (7) in Corol-
lary 2.6
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