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ON THE GLOBAL STABILITY OF A NEUTRAL DIFFERENTIAL
EQUATION WITH VARIABLE TIME-LAGS

YENER ALTUN, CEMIL TUNQ

ABSTRACT. In this work, we get assumptions that guaranteeing the global ex-
ponential stability (GES) of the zero solution of a neutral differential equation
(NDE) with time-lags. By help of the Liapunov-Krasovskii functional (LKF)
approach, we obtain a new result related (GES) of the zero solution of the
studied (NDE). An example is given to illustrate the applicability and cor-
rectness of the obtained result by MATLAB-Simulink. The obtained result
includes and improves the results found in the literature.

1. INTRODUCTION

In 2014, Keadnarmol and Rojsiraphisal [10] considered the first order neutral
differential equation (NDE) with two variable time-lags,

%[m +px(t — 7(t))] = —ax + btan hx(t — o(t)). (1.1)

Using Lyapunov functionals, the authors established some sufficient conditions for
the (GES) of solutions of (NDE) (1.1). By this work, the authors [10] established
an improved criterion for the (GES) of solutions of (NDE) (1.1). In this paper,
instead of (NDE) (1.1), we consider the first order non-linear (NDE) with two
variable time-lags:

Lo+ plt)a(t — (0] =~ alt)h(x) — bD)g(a(t — (1))
+ c(t) tan hx(t — o(t)),t > 0, (1.2)

9979

where represents %,a,b, ¢p : [to,00) — [0,00),t0 > 0, and g,h : R — R
are continuous functions with g(0) = 0,h(0) = 0; the function c¢ is continuous
and differentiable, and |p(t)] < po < 1 ( po-constant). The variable time-lags 7
and o are continuous and differentiable, defined by 7(¢t) : [0,00) — [0, 7] and
o(t) : [0,00) = [0, 0] satisfying

0<7(t) <719, 0<0(t) < 0y,
7'(t) < b1, o' (t) <0y < 1, (1.3)
where 79 > 0,00 > 0,47 > 0,52(> 0) eR.
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Throughout the paper, we assume that assumptions given by (1.3) hold when
we need x shows z(t).
For (NDE) (1.2), we assume the existence initial condition

xO(e) = ¢(9)7 NS [_Tv 0]7

where r = max{7, 00}, ¢ € C([—r,0]; R).

Define
@,x #£0
hi(z) = o) (1.4)
ar -t =10
and
%,x #0
g1(x) = o (1.5)
=0

It is seen from (NDE) (1.2) and (1.4), (1.5) that

%[UC +pM)a(t —7(t)] = — a(t)m(x)z = b(t)gr (x(t — 7(1)))2(t — 7())
+ c(t) tan ha(t — o(t)). (1.6)

In this paper, we discuss the (GES) of the zero solution of (NDE) (1.2). Meanwhile,
it is well known that (NDEs) without or with time-lags often occur in many scientific
areas such as engineering techniques fields, physics, medicine and etc. (see [1-
29] and the references therein). Therefore, it is worth investigating the (GES) of
(NDE) (1.2). In the relevant literature, the most of researchers have focused on
the qualitative properties of special case of (NDEs) (1.1) and (1.2) with constant
coefficients and constant time-lags like

%[x +px(t—7)] = —ax + btanha(t — o) (1.7)
or its different models. During the investigations, the authors benefited from differ-
ent methods such as the Liapunovs function (direct) method, Liapunov-Krasovskii
functional (LKF) method, integral inequalities, LMI, perturbation techniques, model
transformations, etc., to obtain specific conditions on the various qualitative proper-
ties of (NDESs) (see [1-29]). It is also worth mentioning that this paper especially mo-
tivated by the results of Keadnarmol and Rojsiraphisal [10] and those can be found
in the references of this paper. When we consider (NDEs) (1.1), (1.2) and (1.7)
and compare our equation, (NDE) (1.2) with that discussed by Keadnarmol and
Rojsiraphisal [10], (NDE) (1.1), it follows that (NDE) (1.2) includes and improves
(NDE) (1.1). In fact, if we choose p(t) = p is a constant, a(t)h(z) = ax,a > 0,
a € R is a positive constant, b(t) = 0, g(.) = 0 and ¢(t) = 1, then (NDE) (1.2)
reduces to (NDE) (1.1) and includes (NDE) (1.7). This fact clearly shows how this
work improves the results of [10] and do a contribution to the relevant literature. In
addition, giving an example and using MATLAB-Simulink show the other novelty
of this paper. These are the originality of this paper.
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2. PRELIMINARIES
For convenience, let Di(t) = x + p(t)x(t — 7(t)). Hence, (NDE) (1.6) can be

written as

D} = lo 4 p(t)a(t — 7(1))] = ~a(t)h (@)a

—b(t)g1(x(t —7(t)x(t — 7(t)) + c(t) tan ha(t — o(t)).

Therefore, we have

{ D} = —a(t)hi(z)x — b(t)g1(x(t — 7(¢)))x(t — 7(t)) + c(t) tan ha(t — o(t)) (2.1)
0=—D1+x+p(t)x(t — 7(t)). '
Definition 1. The solution z = 0 of (NDE)(1.6) is (ES) if

loll < Kexp(-2) sup_[lo(s)] = Kexp(-Mllsoler (22

where K (> 0) € R, A(>0) € R, and |[z4][s = sup_,<<q |2t + 5)]|.
Lemma 2. Let N € R"*™ be any symmetric and positive definite matrix and
z,y € R". Then

+22Ty < 2T Na 4+ yT N~y
Proposition 3. Let M > 0,u > 0, |p(t)] < po < 1, and 0 < 7(t) < 79. If
x @ [—70,00) — R satisfies

[zl < sup[[z(s)[| = [zolls,t € [=70,0]

s€[—70,0]

and
2]l < polla(t — 7(8)[| + M exp(—pt),

then there are positive constants e,m € [0, =220] such that

TO
poexp(ety) < 1

and

2]l < [lzolls exp(—mt) + exp(—et) < N exp(—vt), (2:3)

1 — po exp(eTo)
where t > 0, N = ||zg]|s + #}(p(sm) and ¥ = min{m, }.
Proof. In view of the assumptions |p(¢)| < po < 1 and 0 < 7(¢) < 79 one can find
sufficient small positive constant €, m € [0, %Om] such that pgexp(erp) < 1 and
poexp(mry) < 1. We verify that inequality (2.3) is true. If 4 < e, we can choose
w=c¢; else if > ¢, we have exp(—put) < exp(—et).

Let t = 0. Hence we have

[2(0)[] < pollz(=T(O)I[ + M <po sup [la(s)l| +M
—710<s<0
M

1 — po exp(eTo)
Therefore, estimate (2.3) is true when ¢ = 0.

Now, let ¢ > 0. Assume that inequality (2.3) fails. Then, there is ¢* > 0 such
that

< lzolls +

M

()| > ||xol|s exp(—mt*) + —m——
o) > o exp(—mt*) + s

exp(—et®) = Nexp(—dt*) (2.4)
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and

lz(t)|| < |lzol|s exp(—mt)+ exp(—et) = N exp(—vt) forallt € [0,t%).

1 — po exp(eTo)
I. Let t* > 7(t*) > 0. Then,

@) < pollz(t* — ()| + M exp(—pt*)
exp(—e(t" — ("))}

< pofllzolls exp(=m(t” = 7(t") + T— s

+ M exp(—et™)
Mpq exp(eTo)

exp(—et”
1 — po exp(eTo) ( )

< po exp(mo)||zol|s exp(—mt*) +
+ M exp(—et™)

< ||zo||s exp(—mt*) + exp(—et*) = N exp(—vt").

1 — po exp(eTo)
IL. Let —7p < 0 < t* < 7(t*). Then
(™ —7(E)DI < lzolls = supJz(s)]l,

s€[—70,0]
and hence, it follows that

[z < pollx(t™ — 7(¢*)]| + M exp(—pt®)

< [|lzolls exp(—mt™) + ) exp(—et”)

1 — poexp(emo
= N exp(—dt™).

Thus, for both the cases I and II, we have a contradiction to inequality (2.4).

Therefore, inequality (2.3) is true for all ¢ > 0.

3. EXPONENTIAL STABILITY

We assume that there exist nonnegative a;, b;, m;,n; and positive constants
¢i, (i = 1,2), such that for ¢ > ¢,

a; < a(t) <agz, by <b(t) <bs, c1 <c(t) <co, (t) <0, (3.1)

m1 < g1(z) < ma, n1 < hi(x) < no. (3.2)

Theorem 4. Let a;, b;, m;,n; be nonnegative constants and estimate (1.3) holds.
Then trivial solution of (NDE) (1.6) is (GES) if the operator D is stable (i.e.|p(t)| <
po < 1) and there exist positive constants cj,c2,q1,a,k and constants ¢;, (i =
2,3,...,6), such that

2kq1 —2¢2 (1,2) (1,3) qic2 q3
Q= * x  (3,3) 0 —2¢s <0, (3.3)
* * x  —c1(1—462) 0
* * * * —2qs
where (1,2) = —qraim + 2 — g3 — g1, (1,3) = —qibima + gapo + g3, (2,2) =

2qs — 245 — 2q6 + e® ™0 + €270 (2,3) = qupo + g5 + 246, (3,3) = —2¢6 — (1 — 1)
and the symbols * indicates the elements below the main diagonal of the symmetric
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matrix €.

Proof. We define a (LKF) Vo + V5 = Vi(t) + Va(t) + Vi(t) by

_|_

01Ta 0 0717[ D

0 2 g 0 x| =eMq D3,
0 4 45 gs 0

¢ ¢
Va(t) = a/ e2R(5H70) 12 (5)ds + c(t)/ k(s +00) tan h2a(s)ds,
t—7(t) t—o(t)

Vs(t) = ne** D,

where D1 = = + p(t)z(t — 7(t)),q1 > 0, > 0,¢(t) > 0,¢; € R, (i = 2,...,6), and
n(> 0) € R, we determine it later.
Differentiating V4 and V4 along system (2.1), we get

Vi(t) = e (2kq D} + 21 D1 DY)

100 G 92 g3 D
= 2e?*' kg, D? + 2¢**[Dy, 2,0 | 0 0 0 0 q1 qs 0
0 0 O 0 0 gs 0
Benefited from the formula, x — 2(t — 7( j; ) s)ds, we obtain

Vi (t) = 2¢**"kq) D}
t QI 92 g3
+262kt[D1,$,—/ 2/ (s)ds +x —xz(t — 7(t) q4 q5
t—7(t)
)+

—a(t)hi(z)z = b(t)g1(x(t — 7(¢))x(t — 7(¢)) + c(t) tan ha(t — o (t))
X —D1+$+p() (t—7(t))
(

Jry @ (s)ds =z +2(t — 7(1))
= 262ktkq1D%

¢
+2¢2*[D1q1, D1gs + qux, D1gs + g5 — e / z'(s)ds + qex — gez(t — 7(t))]
t—7(t)

—a(t)hy(z)z — b(t)gr(z(t — 7(t)))x(t — 7(t)) + c(t) tan hx(t — o(t))
X -Dy +x+p() (t —7(1))
ft 7- ds —x +z(t —7(t))

= 262ktl€q1D% + 262kt{—D1q1a( )hl( )x

— Diqab(t)g1(x(t — 7(¢))x(t — 7(t)) + D1gic(t) tan ha(t — o(t))
— Digo + D1gz2a + D1gap(t)x(t — (1))

— Diquz + quz® + qap(t)za(t — (1))

t
+ Dig3 / ' (s)ds — Digzz + Digza(t — 7(t))
t—7(t)
t
T / 2/ (s)ds — g52° + gsa(t — 7(1))
t—7(t)

t t t
cal[ SO [ S s gl — o) [ a(s)ds
t—7(t) t—7(t) t—7(t)
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t
gex / 2/ (s)ds — goa® + qoar(t — 7(t))
t—7(t)
t

~aurt—7(0) [ 6)ds + gorat = 70) ~aoa®(t ~ )}

= M {(2kq1 — 2¢2) D} + 2[~qra(t)h1(z) + g2 — g3 — qu)z D1
+ (294 — 2g5 — 2¢¢)x* + 2D1q1c(t) tan ha(t — o(t))
+2[-q1b(t)g1(z(t — 7(1))) + a2p(t) + gs]x(t — 7(t)) D1

+ 2(qap(t) + g5 + 2g¢)zx(t — 7(t)) + 2D1q3 / 2 (s)ds
t—7(t)
t

— 2q622 (t — 7(t)) — dgez(t — (1)) / x'(s)ds

t—7(t)
t

+2(gs5 + 2%)96/

t—7(t)

x'(s)ds — 2q6[/t7 o 2’ (s)ds]*}.

Using conditions (3.1), (3.2) and |p(t)| < po < 1, we have

Vi(t) < e {(2kq1 — 2¢2) D} + 2(~q1a1m1 + g2 — g3 — qa)z Dy
+2(qa — g5 — g6)2* + 2q1c2 Dy tan ha(t — o(t))
+ 2(=q1bima + gapo + q3) D1x(t — 7(t))
+2(qapo + g5 + 2q¢)xa(t — 7(t))
t t
+ 2¢3 D, / 2’ (s)ds — 2qez*(t — 7(t)) — 4gex(t — 7(t)) / z'(s)ds
t t—7(t)

—7(t)
t

2’ (s)ds — 2 t 2’ (s)ds)?}, 3.4
R qﬁ[/t_T(t) (s)ds]?} (3.4)

Vi () < ae?ktH70) 52 _ qe2k(tFm0=7() (1 — /()2 ((t — 7(t))

+2(gs5 + 2q6)~’6/

t

+c(t) / k(s +00) tan h2x(s)ds + ¢(t)e? 70 tan h2x
t—o(t)

— c(t)eFtroo=o®) (1 _ 5/(1)) tan K2 (t — o(t)).

Using conditions (1.3), (3.1) and applying the estimate tan h%z < x2, we obtain

Vi (t) < 2R (e 4 cpe?k70)2? — (1 — 61)2?(t — 7(t))
—c1(1 — &) tan h%z(t — o (t))}. (3.5)

Combining equations (3.4) and (3.5), we have

Vi () + V3 (1) < e®{(2ka1 — 202) D
+2(=qra1n1 + ¢2 — g3 — q4)x D1
+ (2q4 — 2¢5 — 2q6 + a0 4 ¢ye2k0) g2
+ 2qico Dy tan ha(t — o(t))
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+ 2(—q1bimi + gapo + g3) D1z (t — 7(1))
+ 2(qapo + g5 + 2¢¢)xx(t — 7(t))

¢ ¢
+ 2¢3 D / 2/ (s)ds + 2(qs5 + 2q6)x/ 2'(s)ds
t—7(t) t—7(t)

+[=2¢6 — a(l — &;)]z?(t — 7(t)) — 4gex(t — (1)) /ti o 2'(s)ds

—c1(1 = 6g) tan h?x(t — o(t)) — 2q6[/t ( )I/(S)d5]2}
t—7(t
= 2FT(1)QU(t)
where [(t) = [Dy,z,2(t — 7(t)), tan hz(t — o( ft T s)ds]T and ( is defined
by (3.3). Making use of assumption Q < 0, we have
Vi) + Va(t) < 2T (1)Q1(t) < 0
Therefore, there is a constant A\, A > 0, such that

VI(t) + V3 (t) < = e (IlDlll2 + |2l + ot = ()]

t

+ |[tanhx(t — a()||* + || x'(s)ds||2)

t—r(t)
< =z (1)),
Calculating the derivate of V3 along system (2.1), we have
Vi (t) = 2¢*¥'n(D1 D} + kD?)
= 2% p{ [z + p(t)z(t — 7(1))] X [—a(t)hi(z)x
—b(t)g1(x(t — 7(¢)x(t — 7(t)) + c(t) tan ha(t — o (t))]
+kla + p(t)a(t — 7(t)))*}
= 2¢®n{—a(t)h1(x)a® — b(t)gr(a(t — 7(1)))ax(t — 7(1))
+ c(t)xtan ha(t — o(t)) — a(t)hi(2)p(t)zz(t — 7(t))
= b(t)gu(a(t — 7(1))p(t)2* (t — 7(1))
+ c(t)p(t)x(t — 7(t)) tan ha(t — o(t))
+ ka? + 2kp(t)za(t — (1)) + kp* () 2> (t — (1))}
Utilizing conditions (3.1), (3.2) and |p(t)| < po < 1, we have
Va(t) < eFp{—2ayn12* — 2bymyza(t — 7(t))
+ 2cqz tan hx(t — o(t)) — 2a1nipoxx(t — 7(t))
— 2bymipoz®(t — 7(t)) + 2capox(t — 7(t)) tan ha(t — o(t))
+ 2kx? + dkpoza(t — 7(t)) + 2p2ka®(t — 7(t))}.
By means of Lemma 2, we find
Vi (t) < e2Fn{(2k — 2a1n1 + [bima|* + 4|pok|® + |ca|? + |ainipo)?)z?
+ (=2bymapo + 2p3k + |capol?® + 3)2*(t — 7(t)) + 2tan h?z(t — o(t))}.
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Let us choose the constant 7 as

o min{L Ly ifv <o,
g amin{l, L1} if ¢ >0,
where
5 = —2b1m1p0 + 2p%k—|— |02p0|2 —|—3 and 1/) = 2I€— 2&1711 —+ |b1m1|2 —|—4|p0k|2 + |02|2 —+
|aln1p0|2-

Hence, we can obtain
A
Vi) + V() + V() < =S a@®)]* < 0.

Since V'(t) is negative definite and 0 < 7(¢) < 79, 0 < o(t) < 0 then, V(z) <
V(z(0)) for all t > 0, with

V(2(0)) = Vi(2(0)) + Va(2(0)) + Va(2(0))
= q[(0) + p(0)z(~7(0))]*

0 0
+ a/ e2R(5F70) 22 (5)ds 4 ¢(0) / e2k(s+o0) tan K22 (s)ds

—7(0) —a(0)
+1[2(0) + pO)a(7(0))
0
<al+pllali+a [ @ o))
—7(0) —r<s<

0
oo [ M sup (o)) s+ a1+ po)?leol
—o(0)

—r<s<0
< qu (14 po)?||zoll? + ae* ™ ro|lzol|Z + 27 ool|zol|2 + n((1 + po)?||zoll?
= Allao?
where A = q; (1 + po)? + ae? ™07y + c2e2k70 04 + n((1 + po)2.
From ne?*t||Dy||?2 < V(z) < Aljzo||2, we obtain ||Dy|| < Me™*t,
where M =, /%||a:0||5. Because of Dy =z + p(t)z(t — 7(t)), we have

2]l = [|1Dy = p(#)a(t = 7 @) < [ D1l + lpE)a(t = ()| < Me™™ +polla(t — (1))

Since |p(t)] < po < 1 and 0 < 7(t) < 79, we can choose sufficiently small positive
constant ¥ = k < %Om so that poe’™ < 1. Utilizing Proposition 3, we have

M

-9t
W)e ,t > 0.

]l < (llolls +

Choosing v = max{||zo]|s, 17100%}’ we obtain
z| <2 eV,
]| <2y

This implies that the zero solution of (NDE) (1.6) is (ES). By radially unbounded-
ness, it is also (GES) with rate of convergence k =9 > 0.

Remark 5 If £ = 0 one can easily see that the zero solution of (NDE) (1.6) is
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uniformly asymptotically stable when the following criterion holds:

—2q2 (172) (173) qic2 q3
(2,2) (2,3) 0 g5 + 2q6
Q= * * (3,3) 0 —2¢¢ <0, (3.6)
* * x  —c1(1—462) 0
* * * * —2¢s
where (1,2) = —qraini + q2 — g3 — qa, (1,3) = —qibima + qapo + g3, (2,2) =

2q4 — 295 — 2g6 + @ + ¢2, (2,3) = qapo + g5 + 26 and (3,3) = —2gs — (1 — 61).

Example 1 As a special case of (NDE) (1.2), we consider the following nonlin-
ear (NDE) with variable time- lags,

o st r)] = -+ oo [o+
_ (% n exp(_t)> [x(t —7(t) + %
n %tan ha(t — o(t)),t > 0. (3.7)
Here,
1

8+t
a(t) = 2+ exp(—t),b(t) = % + exp(—t), c(t) =

) .
sin“t sin 2t

1
h(z) =2+ —— h1(:v)={ 1+ o2 #0

1422’ h'(0),2=0
x B 1+1+1$2,3:7§O
9(117)—117+1+$2,91() { ¢'(0),z =
Then, we have
h(O):O,nl—lghl(a:)SZan
g(O):O,m1:1§91($)§2:m2
a1 =2<a(t)=2+exp(—t) <3 =aq
1 1 3
1 1
t) = < -= 1
p(t) sTpSg=—M<
1 1 1 5 1
C1 C2 37 1 57 2 10,0{ 87 4
3
QI—Q2—§aQB:(J5:CI6:07CI4:_17
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and

Qi1 Q2 Qs Qs
x Qoo oz Qo
* * Q33 Q34
* * * Q44

Q= <0,

where Qll = —2, 25, ng = —O, 5, ng = —O, 5625, 914 = O, 5, QQQ = —1, 0174, 923 =
—0,125,Q94 = 0,933 = —0,5,Q34 = 0,244 = —0,3 . The eigenvalues of this ma-
trix, -2,6729, -0,8803, -0,4154 and -0,0988. Clearly, all the assumptions of Theorem
4 hold. This discussion implies that (NDE) (3.7) is (GES) if the operator D; is
stable.

x{t)

4.5
) IS SRS SRS SN SN SN — x(0)=

I L SIS EE
K i T e L B e e

.
.
:
:
;
.
: .
: !
: :
: :
. :
. :
25NN e Ao b -
. .
. .
- L
: :
: :
. :
; .
:
.
:
:

2 _________
15 N NN g
1 ......................................

-
P
—
I
—
(3]

time (sec)

FIGURE 1. Trajectory of z(t) of Eq. of (3.7) in Example, when

22
sin”(t)
t)=o0() = t>0.
r(t) = olt) = =55t >
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