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Abstract We investigate some connections between the Fraissé
theory of amalgamation classes and ultrahomogeneous structures, Ramsey
theory, and topological dynamics of automorphism groups of countable struc-
tures. We show, in particular, that results from the structural Ramsey theory
can be quite useful in recognizing the universal minimal flows of this kind of
groups. As result we compute universal minimal flows of several well known
topological groups such as, for example, the automorphism group of the ran-
dom graph, the automorphism group of the random triangle-free graph, the
automorphism group of the co-dimensional vector space over a finite field,
the automorphism group of the countable atomless Boolean algebra,etc. So
we have here a reversal in the traditional relationship between topological dy-
namics and Ramsey theory, the Ramsey-theoretic results are used in proving
theorems of topological dynamics rather than vice versa.
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0. Introduction

A prime concern of topological dynamics in the study of continuous
actions of topological groups G on compact spaces X. These are usually
referred to as (compact) G-flows. Of particular interest is the study of
minimal G-flows, those for which every orbit is dense. Every G-flow contains
a minimal subflow. A general result of topological dynamics asserts that
every topological group G has a universal minimal flow M(G), a minimal G-
flow which can be homomorphically mapped onto any other minimal G-flow.
Moreover, this is uniquely determined, by this property, up to isomorphism.
(As usual a homomorphism © : X — Y between G-flows is a continuous
G-map and an isomorphism is a bijective homomorphism.) For separable,
metrizable groups G, which are the ones that we are interested in here, the
universal minimal flow of GG is an inverse limit of manageable, i.e., metrizable
G-flows, but itself may be very complicated, for example non-metrizable. In
fact, for the “simplest” G, i.e., the countable discrete ones, M (G) is a very
complicated compact G-invariant subset of the space SG of ultrafilters on
G and is always non-metrizable.

Rather remarkably, it turned out that there are topological groups G
for which M(G) is actually trivial, i.e., a singleton. This is equivalent to
saying that G has a very strong fixed point property, namely every G-flow
has a fixed point (i.e., a point x such that g -z = z, Vg € G). (For sepa-
rable, metrizable groups this is also equivalent to the fixed point property
restricted to metrizable G-flows.) Such groups are said to have the fized
point on compacta property or be extremely amenable. The latter name
comes from one of the standard characterizations of second countable lo-
cally compact amenable groups. A second countable locally compact group
G is amenable iff every metrizable G-flow has an invariant (Borel probability)
measure. However, no locally compact group can be extremely amenable,
because, by a theorem of Veech [77], every such group admits a free G-flow
(i.e., a flow for which g-x = * = ¢g = 1g). This probably explains the
rather late emergence of extreme amenability. In retrospect, the first exam-
ples of extremely amenable groups were constructed by Herer-Christensen
[75]. They found Polish abelian so-called pathological groups, i.e., topological
groups with no non-trivial unitary representations. Remarkably though it
turned out that a lot of important (non-locally compact) Polish groups are
indeed extremely amenable. Gromov-Milman [83] showed that the unitary
group of infinite dimensional separable Hilbert space is extremely amenable,
Furstenberg-Weiss and Glasner [98] showed that the group of measurable
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maps from I = [0,1] to the unit circle T is extremely amenable, Pestov
[98] showed that the groups H4 (I), Hy(R) of orientation preserving home-
omorphisms of I, R, resp., are extremely amenable, and Pestov [98a] showed
that the group Aut((Q, <)) of automorphisms of the rationals is extremely
amenable. More recently, Pestov [02] proved that the universal Polish group
Iso(U), of all isometries of the Urysohn space U is extremely amenable, and
Giordano-Pestov [02] showed that the groups Aut(l,\) (resp., Aut*(I,\))
of measure preserving automorphisms of I with Lebesgue measure A (resp.,
measure-class preserving automorphisms of I, \) is extremely amenable.

Beyond the extremely amenable groups there were very few cases of
metrizable universal minimal flows that had been computed. The first such
example is in Pestov [98a], where the author shows that the universal mini-
mal flow of H(T), the group of orientation preserving homeomorphisms of
the circle, has as a universal minimal flow its natural (evaluation) action on
T. Then Glasner-Weiss [02] showed that the universal minimal flow of So,
the infinite symmetric group of all permutations of N, is its canonical action
on the space of all linear orderings on N. Finally, we have recently received a
preprint of Glasner-Weiss [03], that shows that the universal minimal flow of
H(2"), the group of homeomorphisms of the Cantor space, is its canonical
action on the space of maximal chains of compact subsets of 2V, a space
introduced in Uspenskij [00].

Motivated by these results we develop a general framework, in which
such results can be viewed as special instances. In particular, this gives
many new examples of automorphism groups that are extremely amenable
and calculations of universal minimal flows. There are two main ingredients
that come into play here. The first is the Fraissé theory of amalgamation
classes and ultrahomogeneous structures, and the second is the structural
Ramsey theory that arises in the works of Graham, Leeb, Rothchild, Negettil
and Rodl, and others. Once things are put in the proper context, extreme
amenability of automorphism groups and calculation of universal minimal
flows turn out to have equivalent formulations in terms of concepts that have
arisen in structural Ramsey theory.

1. Topological Dynamics

In this section we survey some basic definitions and facts needed for
stating our main results. Recall that an action (g,2) e G x X —g-x € X
of a topological group G on a topological space X is continuous if it is
continuous as a map from G x X into X. We will consider continuous
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actions of Hausdorff topological groups G on (non-f)) compact, Hausdorff
spaces X. Actually we are primarily interested in metrizable topological
groups G and in fact only separable metrizable one, although we will state
in this survey several standard results for general topological groups.

Let G be a topological group and X a compact, Hausdorff space. If we
equip H(X), the group of homeomorphisms of X, with the compact-open
topology, i.e., the topology with subbasis {f € H(X) : f(K) C V}, with
K C X compact, V C X open, then H(X) is a topological group, and a
continuous action of G on X is simply a continuous homomorphism of G
into H(X). We will also refer to a continuous action of G on X as a G-flow
on X. If the action is understood, we will often simply use X to refer to the
flow. Given a G-flow on X and a point x € X, the orbit of x is the set

G-rz={g9g-x:9€G}

and the orbit closure of x, the set

G-z

This is a G-invariant, compact subset of X. In general, a (non-{)) compact,
G-invariant subset Y C X defines a subflow by restricting the G-action to
Y. A G-flow on X is minimal if it contains no proper subflows, i.e., there
is no (non-f)) compact G-invariant set other than X. Thus X is minimal
iff every orbit is dense. A simple application of Zorn’s Lemma shows that
every G-flow X contains a minimal subflow ¥ C X. Among minimal flows
of a given group G, there is a largest (universal) one, called the universal
minimal flow. To define this, we first need the concept of homomorphism
of G-flows. Let X,Y be two G-flows. A homomorphism of the G-flow X to
the G-flow Y is a continuous map 7 : X — Y, which is also a G-map, i.e.,

m(g-z)=9g-7(x), z€X,geQqG.

Notice that if Y is minimal, then any homomorphism of X into Y is surjec-
tive. An isomorphism of X to Y is a bijective homomorphism 7 : X — Y
(notice then that 7! is also a homomorphism). We now have the following
basic fact in topological dynamics. (For a proof see Auslander [88, Ch. 8§,
or Uspenskij [02, §3].)

Theorem 1.1 Given a topological group G, there is a minimal G-flow
M(G) with the following property: For any minimal G-flow X there is a
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homomorphism m : M(G) — X. Moreover, M(G) is uniquely determined
up to isomorphism by this property.

The space M (G) is called the universal minimal flow of G. The space
M(G) can be extremely complicated, e.g., non-metrizable, even when the
group GG is very “small”, e.g., a countable discrete G. For example, we
will show that M(G) is not metrizable whenever G is a locally compact
noncompact group. In particular, and this is a well known result of Veech
[77], when G is locally compact, then G acts freely on some compact space
and thus on M(G). This implies that when G is second countable, then
G admits a free metrizable G-flow. (See Adams-Stuck[93] for an alternate
proof of this case.) Rather remarkably, there are groups G for which M (G)
trivializes, i.e., consists of a single point. Such groups are called extremely
amenable. Thus a topological group is extremely amenable if any G-flow
X has a fixed point, i.e., there is x € X with g -z = z, Vg € G. (For
this reason, sometimes extremely amenable groups are described as groups
having the fized point on compacta property; see Pestov [02a] and Uspenskij
[02].) By Veech’s Theorem such groups cannot be locally compact. As
mentioned earlier, it turned out, a number of important, non-locally compact
Polish groups are extremely amenable such as for example the unitary group
U(H) of the infinite dimensional separable Hilbert space H and the group
of measurable maps from I = [0, 1] to T, with pointwise multiplication, and
the topology of convergence in measure. Except for the case of extremely
amenable groups, there were very few cases where the universal minimal
flow M (G) was computed and shown to be metrizable.

2. Fraissé theory

We will review here some basic ideas of model theory concerning the
Fraissé construction and ultrahomogeneous countable structures (see, Fraissé
[54]) Our main reference here is Hodges [93, Ch. 7]. See also Cherlin [98]
and Cameron [90].

A countable signature consists of a set of symbols L = {R;}iecr U{fj}jecs
(I, J countable), to each of which there is an associated arity

n(i) € {1,2,...} (i € I) and m(j) € N (j € J).

We call R; the relation symbols and f; the function symbols of L. A struc-
ture for L is of the form A = (A, {RA}ier, {f‘jA}j€J>, where A # ),

RA C A0, fJA : AmU) — A. The set A is called the universe of the
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structure. An embedding between structures A,B for L is an injection
m : A — B such that R*(a1,...,a,) < RP(m(a1),...,m(ayq)) and
7T(fJA(CL1, s O (g))) = f]]-3(7r(a1), o3 T(apy(s))). If 7 is the identity, we say
that A is a substructure of B. An isomorphism is an onto embedding. We
write A < B if A can be embedded in B and A = B if A is isomorphic
to B. A class K of finite structures for L is hereditary if A < B € K im-
plies A € K. It satisfies the joint embedding property if for any A, B € K
there is C € K with A < C, A < C. Finally, it satisfies the amalgamation
property if for any embeddings f: A — B, g: A — C, with A;B,C € K,
there is D € K and embeddings » : B — D and s : C — D, such that
rof =sog. We call K a Fraissé class if it is hereditary, satisfies joint
embedding and amalgamation, and contains structures of arbitrarily large
(finite) cardinality. If now A is a countable structure, which is locally fi-
nite (i.e., finitely generated substructures are finite), its age, Age(A), is the
class of all finite structures which can be embedded in A. We call A wul-
trahomogeneous if every isomorphism between finite substructures of A can
be extended to an automorphism of A. We call a locally finite, countably
infinite, ultrahomogeneous structure a Fraissé structure.

There is a canonical 1-1 correspondence between Fraissé classes and
structures, discovered by Fraissé. If A is a Fraissé structure, then Age(A)
is a Fraissé class. Conversely, if KC is a Fraissé class, then there is a unique
Fraissé structure, the Fraissé limit of KC, denoted by Flim(K), whose age is
exactly . Here are a couple of examples: the Fraissé limit of the class of
finite linear orderings is (Q, <), and the Fraissé limit of the class of finite
graphs is the random graph.

3. Ramsey Theory and Extreme Amenability

Let K be a hereditary class of finite structures in a signature L. For
A €K, B € K with A < B, we denote by (B)
A the set of all substructures of B isomorphic to A. If A < B < C are in
K and n=2,3,..., we write
C— (B)A

no

if for every coloring c¢: (C)

A —{1,...,n}, thereis B’ € (C)

B which is homogeneous, i.e., (B )’

A is monochromatic. We say that K satisfies the Ramsey property if for
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every A < B in K and n > 2, there is C € K with B < C such that
C — (B)2. For example, the classical finite Ramsey theorem is equivalent
to the statement that the class of finite linear orderings has the Ramsey
property. Also Nesetfil and Rodl [77] and [83] showed that the class of finite
ordered graphs has the Ramsey property, and Graham-Leeb-Rothchild [72]
showed that the class of finite-dimensional vector spaces over a finite field
has the Ramsey property.

Consider now automorphism groups Aut(A) of countably infinite struc-
tures A, for which we may as well assume that A = N. Thus, with the
pointwise convergence topology, Aut(A) is a closed subgroup of S, the
infinite symmetric group. Conversely, given a closed subgroup G < Sy, G
is the automorphism group of some structure on A = N (in some signature).
Given a closed subgroup G < Sy, and F' C N a finite set, we call the G-orbit
G-F={g-F:ge G}, where g- F = {g(i) : i € F}, the G-type of F. A
G-type o is the G-type of some finite set. If p, o are G-types we write

p<ocedF epIFeca(F' CF).
Ifp<o, Fe€o,put
(F)p={F' CF:F cp}.
Finally, if p < o < 7 are G-types, we put
T— (o),

forn =2,3,..., if for every F' € 7 and coloring ¢ : ( F")

p—{1,...,n}, there is Fy € (F)

o which is homogeneous, i.e., (F'),

p is monochromatic. If for every n = 2,3, ..., and G-types p < o, there is a
G-type 7 with 0 < 7 and 7 — (0)%, we say that G has the Ramsey property.
We also say that G < S, preserves an ordering if there is a linear ordering
on N, <, such that for all g € G,

m<n< g(m) < g(n).
We now have

Theorem 1. Let G < Sy be a closed subgroup. Then the following
are equivalent: (i) G is extremely amenable. (ii) (a) G preserves a linear
ordering and (b) G has the Ramsey property.

Assume now that L is a signature containing a distinguished binary
relation symbol <. An order structure A for L is a structure A for which
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<A is a linear ordering. An order class K for L is one for which all A € K

are order structures. Using Theorem 1 we now obtain

Theorem 2. The extremely amenable closed subgroups of Seo are exactly
the groups of the form Aut(F), where F is the Fraissé limit of a Fraissé order
class with the Ramsey property.

We can now use this, and known results of structural Ramsey theory,
to find many new examples of extremely amenable automorphism groups.
Notice that, by the preceding result, the extreme amenability of these groups
is in fact equivalent to the corresponding Ramsey theorem. Consider the
class of finite ordered graphs. Its Fraissé limit is the random graph with an
appropriate linear ordering. We call it the random ordered graph. Let K,
be the complete graph with n elements, n = 3,4,.... Consider the class of
K ,-free finite ordered graphs, whose Fraissé limit we call the random K,-
free ordered graph. Next consider the class of finite ordered graphs which are
equivalence relations (i.e., it can be written as a disjoint union of K,,’s). Its
Fraissé limit is the rationals with the usual order and an equivalence relation
with infinitely many classes, which are all dense in Q. Finally consider the
class of finite linear orderings. Its Fraissé limit is (Q, <). All of the above
classes satisfy the Ramsey property. This is due to Nesetiil-Rodl [77],[83]
(see also Nesetiil [89] and [95]) for the graph cases, and it is of course the
classical Finite Ramsey Theorem for the last case. So all the corresponding
automorphism groups of their Fraissé limits are extremely amenable. This
can be generalized to hypergraphs. Let Ly = {R;}ic; be a finite relational
signature. A hypergraph of type Lo is a structure Ag = <A0,{R;~A0}i€[>
in which (ai,...a,z)) € RA = ay,... , Gp(;y are distinct, and RZAO is closed
under permutations. Thus, essentially, R C [Ag]™® = the set of subsets of
Ay of cardinality n(i). Consider the class of all finite ordered hypergraphs of
type Lo, whose Fraissé limit we call the random ordered hypergraph of type
Ly. More generally, for every class A of finite irreducible hypergraphs of
type Lo (where Ay is irreducible if it has at least two elements and for every
x # yin Ag there is i € I with {z,y} C R™), let F2V|(A) be the class
of all finite ordered hypergraphs of type Lo which omit A (i.e., no element
of A can be embedded in them). We call the Fraissé limit of 72V |[(A) the
random A-free ordered hypergraph of type Ly. Again Nesetfil-Rodl [77], [83]
showed that these classes have the Ramsey property, so the corresponding
automorphism groups are extremely amenable.

There are similar results for metric spaces. Consider the class of finite
ordered metric spaces. Its Fraissé limit is the so-called rational Urysohn
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space with an appropriate ordering. We call it the ordered rational Urysohn
space. In response to an inquiry by the authors, Nesetfil [03] verified that
the class of finite ordered metric spaces has the Ramsey property. Thus
the automorphism group of the ordered rational Urysohn space is extremely
amenable. We also show how this result can be used to give a new proof
of the result of Pestov [02] that the isometry group of the Urysohn space is
extremely amenable.

We next consider some other kinds of examples. We first look at the class
of all finite convexly ordered equivalence relations, where convexly ordered
means that each equivalence class is convex (whenever two elements are in it
every element between them is also in it). Their Fraissé limit is the rationals
with the usual ordering and an equivalence relation whose classes are convex,
order isomorphic to the rationals, and moreover the set of classes itself is
ordered like the rationals. We show that the automorphism group of this
structure is extremely amenable. This implies that the corresponding class
has the Ramsey property, a fact that can also be proved directly. Next we
consider finite-dimensional vector spaces over a fixed finite field F'. A natural
ordering on such a vector space is one induced antilexicographically by an
ordering of a basis. These were considered in Thomas [86], who showed that
the class of naturally ordered finite-dimensional spaces over F' form a Fraissé
class. We call its limit the Ng-dimensional vector space over F with the
canonical ordering. The Ramsey property for the class of naturally ordered
finite-dimensional vector spaces over F is easily seen to be equivalent to the
Ramsey property for the class of finite-dimensional vector spaces over F,
which was established in Graham-Leeb-Rothchild [72]. So the corresponding
automorphism group of the Fraissé limit is extremely amenable. Finally,
we consider the class of naturally ordered finite Boolean algebras, where
a natural ordering on a finite Boolean algebra is one antilexicographically
induced by an ordering of its atoms. By analogy with Thomas’ result,
we show that this is also a Fraissé class, and we call its limit the countable
atomless Boolean algebra with the canonical ordering. The Ramsey property
for the class of naturally ordered finite Boolean algebras is again easily seen
to be equivalent to the Ramsey property for the class of finite Boolean
algebras and this is trivially equivalent to the Dual Ramsey Theorem of
Graham-Rothchild [71]. Thus the corresponding automorphism group is
extremely amenable. We summarize

Theorem 3. The automorphism groups of the following structures are ex-
tremely amenable:
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(i) The random ordered graph.

(i) The random K, -free ordered graph, n = 3,4,...

(i1i) The rationals with the usual ordering and an equivalence relation
with infinitely many classes, all of which are dense.

(iv) The rationals with the usual ordering.

(v) The random ordered hypergraph of type Lo and more generally the
random A-free ordered hypergraph of type Lg, for any class A of irreducible
finite hypergraphs of type Ly.

(vi) The ordered rational Urysohn space.

(vii) The rationals with the usual ordering and an equivalence relation
whose classes are convex, ordered like the rationals, and moreover the set of
classes itself is ordered like the rationals.

(viii) The Ro-dimensional vector space over a finite field with the canon-
ical ordering.

(iz) The countable atomless Boolean algebra with the canonical ordering.

As mentioned earlier the result (iv) already appears in Pestov [98a).

4. Representing Universal Minimal Flows

We now use the results of previous sections, and some additional con-
siderations, to compute universal minimal flows. In (E) we have seen a
host of examples of Fraissé order classes K in a signature L O {<}. Let
Ly = L\ {L}, the signature without the distinguished symbol for the or-
dering. For any structure A for L, we denote by Ay = A|Lg its reduct to
Lo, i.e., Ag is the structure A with <# dropped. Denote also by Ko = K|L
the class of all reducts Ag = A|Lg for A € K. When K satisfies a mild
(and easily verified in every case we are interested in) condition, in which
case we call IC reasonable (see 5.1 below for the precise definition), then Ky
is a Fraissé class, whose limit is the reduct of the Fraissé limit of K. Put
Fo = Flim(Ky), F = Flim(K), so that Fg = F|Lg, i.e., F = (Fo,<¥). In
particular, Fy = F. Put <F=<g. It is natural now to look at the action
of Aut(Fy) on the space of all linear orderings on Fy. Denote then by X
the orbit closure G- <y of <g in this action. It is easy to see that X is
the space of all linear orderings < on Fj which have the property that for
any finite substructure By of Fg, B = (By,< |By) € K. We call these
K-admissible orderings. This is clearly a compact Aut(Fp)-invariant subset
of 200 in the natural action of Aut(Fg) on 2f0X%0 5o Xy is an Aut(Fy)-
flow. If K has the Ramsey property, it turns out that it is the universal
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minimal flow of Aut(Fp) precisely when K additionally satisfies a natural
property called the ordering property, which plays also an important role in
structural Ramsey theory (see Nesetfil-Rodl [78] and Nesetfil [95]). We say
that IC satisfies the ordering property if for every Ay € Ko, there is Bg € Ky
such that for every linear ordering < on Ay and every linear ordering <’ on
By, if A = (A, <) € K and B = (B, <) € K, then A < B. Then we have

Theorem 4. Let L O {<} be a signature, Ly = L\ {<}, K a reasonable
Fraissé order class in L, Ky = K|Lo, F = Flim(K), Fo = Flim(Ky) = F|Lo.
Put Gy = Aut(Fy). Let Xx be the Go-flow of K-admissible orderings on
Fy (= F). Then the following are equivalent:

(i) Xx is a minimal Go-flow,

(ii) K satisfies the ordering property,
and when K satisfies the Ramsey property, these are also equivalent to:

(i1i) X is the universal minimal Go-flow.

Now all the classes I, considered in (E) above, except for the class of
finite ordered equivalence relations, satisfy the ordering property. This is
due to Nesetfil-Rodl [78] for the case of graphs and hypergraphs, Nesetfil
[03] for metric spaces, and is easily verified in all the other cases. Therefore,
we have the following computations of universal minimal flows:

Theorem 5. (i) Consider the automorphism groups of the following
structures:

(a) The random graph.

(b) The random IC,,-free graph, n =2,3,. ..

(c) Seo

(d) The automorphism group of the random hypergraph of type Ly.

(e) The automorphism group of the random A-free hypergraph of type
Lo, where A is a class of irreducible finite hypergraphs of type Lg.

(f) The rational Urysohn space.

Then their actions on the space of linear orderings on the universe of
each structure is the universal minimal flow.

(7i) The universal minimal flow of the automorphism group of the equiv-
alence relation on a countable set with infinitely many classes, each of which
s infinite, is its action on the space of all linear orderings on that set for
which each equivalence class is conver.

(i1i) The universal minimal flow of the automorphism group GL(V )
of the Ng-dimensional vector space Vg over a finite field F, is its action



104 A.S. Kechris, V. Pestov, S. Todoréevi¢

on the space of all orderings on Vi, whose restrictions to finite-dimensional
subspaces are natural.

(iv) The universal minimal flow of the automorphism group of the count-
able atomless Boolean algebra B, is ils action on the space of all linear
orderings on By, whose restrictions to finite subalgebras are natural.

In particular, in all these cases, the universal minimal flow is metrizable.
Of course (i), (c¢) is the result of Glasner-Weiss [02]. Pestov and Uspenskij
asked whether the group in (i) has metrizable universal minimal flow. Fi-
nally, very recently, Glasner-Weiss [03] computed the universal minimal flow
of H(2Y), the homeomorphism group of the Cantor space 2, as the space
of maximal chains of compact subsets of 2V, which is metrizable. Since the
group in (i) above is, by Stone duality (see Halmos [63]), isomorphic to
H(2"Y), we have another proof that the universal minimal flow is metriz-
able and a different description of this flow. Of course these two flows are
isomorphic and in fact an explicit isomorphism can be found.
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