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1. Introduction

In the papers [9, 10] authors followed the definition of the distributional
Stieltjes transform given in [7] which enabled them to use the strong theory
of the space of tempered distributions &’. In fact, they generalized slightly
the definition of Lavoine and Misra. Using the notion of the quasiasymptotic
behaviour of distributions from S = {f € &', suppf C [0,00)}, introduced
by Zavialov in [15], they obtained more general results than in [6, 7, 2] for
the asymptotic behaviour of the distributional Stieltjes transform at oo and
0.
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McClure and Wong [3, 14] studied the asymptotic expansion of the gen-
eralized Stieltjes transform of some classes of locally integrable functions
characterized by their expansions at oo and 0.

Our approach to the asymptotic expansion of the distributional modified
Stieltjes transform which we study in this paper is quite different from the
approach given in [3, 14].

In the first part of the paper we give the definition of the quasiasymp-
totic expansion at oo of a distribution from & given in [4, p.385]. Also
in [4] is given the definition of the giasi-asymptotic expansion at 0 of an
element from &', . In this paper we give the definition of space M'(r), Stielt-
jes transformation, Modified Stieltjes transformation 7,41, and Generalized
Modified Stieltjes transformation T,,;. This enables us to obtain, in the
second part of the paper, the asymptotic expansion at co and at 0T of the
modified Stieltjes transforms of appropriate distributions from &’,.

Domains in [14] and in this paper on which the modified Stieltjes trans-
form is defined do not contain each other.

Notation: As usually R, C, N are the spaces of real, complex and natu-
ral numbers; Ng = NU{0}, S is the space of tempered distributions with
supports in the [0, 00). The space of rapidly decreasing functions is denoted
by § and by S,,,, m € Ny its closure with the norm

V() = sup{ (1 + [t)" 2| (1), t € R™, i <m},

S’ denotes the space of all distributions of slow growth.
A positive continuous function L defined on (0, 00) is called slowly vary-
ing at oo (01) if for every k > 0

_ L(kt) . L(kt)
o= (=)

We denote by >°(3°) the set of all slowly varying functions at oo(0"). For
oo O+

the properties of slowly varying functions we refer the reader to [11].

If L is a slowly varying function at oo(0%), then for every € > 0 there is
A; > 0such that 27 < L(z) < 2® (27 > L(z) > 2°) ifx > A. (0 <z <
Ag).

This property of L and corresponding properties of S, ([12, p. 93])
imply the following assertion: Let G € L}, ., suppG C [0,00), a > —1, and
G(z) ~ z*L(x) as ¢ — oo (x — 0T). Then G(kx)/(k*L(k)) — z%, k — oo,
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in 8 for a4+ 1 > 0. Recall, for « > —1, 2% = H(z)z® H is Heaviside’s
function. (The symbol ~ is related to the ordinary asymptotic behaviour).

The following scale of distributions from S’, has been used in investiga-
tions of the quasiasymptotic behaviour of distributions.

Ht

_t 1
Tat) *°

(1.1)

fa—i—l =
anaJrnJrla a < _L oa+n> _17

where D is the distributional derivative.

2. Definitions
2.1. Definition of q.a.e.

Definition 1. The quasiasymptotic behaviour of distribution (q.a.b) at
infinity. If T be a distribution in ' such that the distributional limit

. T(kx)
dm =~ @

exists in 8" (v #0), then T is called to have the quasiasymptotic behaviour
at infinity related to the regularly varying function p(k) = k*L(k) with the
limat v; we write this as T N vin S as x — oo.

Here p is regularly varying at infinity and the limit v € &, is of the
form (x) = C fus1(2).

We shall repeat in this section some well known facts about the quasi-
asymptotic behaviour from [13].

Let f € 8. It is said that f has the q.a.b. at oo(0") with the limit
g # 0 with respect k*L(k), L € ¥ ((1/k)*L(1/k), L € ¥y), a € R, if

Jim (0 6(0) = (a0 6(0). o € 5

L
(Jm (e iy o) = (90,60, 6 € ).

Let us notice that in [10] is reformulated the definition of the g.a.b. at
0" from [13].
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We need in the paper the following Structural theorem (for the q.a.b. at
o0, see [13] and for the q.a.b. at 0T, see [10]).

Structural theorem Let f < g at oo (0) with respect to k*L(k) ((1/k)®
L(1/k)). Then there exist F € L}, suppF C [0,00), C # 0 and
m € Ny, m + «a > —1, such that

f=D"F, F(k)~CE"™L(k), k— oo
(F(1/k) ~ C(1/k)™ ™™ L(1/k), k — o0). (1.2)
We remark that the q.a.b. at 0T is a local property while the q.a.b. at
oo is a global property of an f € S,
For the quasiasymptotic Expansion of Distributions we extend slightly
the definitions of the closed and open quasiasymptotic expansion, in short

the q.a.e. at oo, given in [4] and using the same idea we give the definition
of the q.a.e. at 0T.

Definition 2. Leta € Rand L€y, (L€ )"). We put
o 0

HEA)LE) -t /T(a+1), a> -1

(fL)OéJrl - { Dn(fL)oH—n-i—ha < _17 a+n> _17 (13)

where n s the smallest natural number such that o +n > —1. Obviously,
(fL)as1 2 farr at oo (0T) with respect to k*L(k) ((1/k)*L(1/k)).

Definition 3. An f € S/ has the closed q.a.e. at oo (0") of order
(a, L) e Rx Y ((a,L) € Rx Y) and of length ¢, 0 < { < oo, with respect
o0 0

to k®*Lo(k) ((1/k)** x Lo(1/k)) if f has the q.a.b. it oo (0T) with respect
to k*L(k) and if there exist oy € R, Ly € >, (L € ¥), ¢ € C, i =
[e’e) 0+

1,2,..,N, a1 > as > any (aq < ax < ... < ay) and that f is of the form

N
F) = cilfr a1 (t) + h(t) (1.4)
i=1
such that
. h(kt) B
xlggo </<;‘1_ELO(/<;)’ ¢(t>> =0, g8
(1.5)

. h(k/t) B
(ach—{go <(1/k)a+£L0(1/k)v ¢(t)> = O, (ZS S S> .
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Obviously, we can (and we shall) assume that ¢; # 0, i = 1,..., N, and
that ay > a — ¢ (ay < a + ¢). Since the sum of the two slowly varying
functions is the slowly varying one, we can and we shall always assume that
in the representation (1.4) a; > ag > ... > an(a1 < ag < ... < ay). Namely

(ij)ﬁ-H + (ka),@-H = (ij+Lk),@+1' (ij)ﬁl-l-l and (ka)ﬁz-H have the same
g.a.b. at co(0T) iff 81 = B2 and L; ~ Lj. So, we have

Proposition 1. Let f € S satisfy conditions of above definition and
assume that there are two representation of f

N
F) =" ci(fr,)a1 + h(t)

i=1

M
=Y &(fr.)a+1 + h(t)
=1

for which all the assumptions given alzove hold. Then M = N,
o] = 5[1...0&]\] = &N, Ll ~ Ll...LN ~ LN, a] = o, Ll ~ L.

We shall use the following notation for in f € S’ in Definition 3.

fx ch (f£,)a;+1 at 0o(0™") of order (o, L) with respect to
1=1

ke Lo(k)((1/k)** Lo (1/k)).

2.2. Space M'(r)

We extend the definition of the space J'(r) given in [10] and using the
same idea we give the definition of space M’(r).

M'(r), r € R\ (—N) denotes the space of all generalized functions
f € S8 (R) such that there exist k € Ny and a locally integrable function
F, suppF C [0,00). so that f is of the form

f=tT"D"F, (2.1.)

where F' is continuous on [0, 00) and

/\F(t)\(t + B Fdt < 00, for §>0, (2.2)
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More precisely M’(r) is the dual space for i.e.
M (r) ={v € C*\ (0,00); ¥ =1t"p; 1) € 5([0,00))}

with the multinorm

[9]la = sup{t" @ (t)(1 +t)*; i <k, t € [0,00), k € Np}.

The Stieltjes transformation S,.(f)(s), r € R\ (—N) is complex valued
function, defined by

S = [ L e ©2.3)
0

se€C\(-00,0], 0<t<oo, € R\ (—N)

Modified Stieltjes transformation introduced by Marichev is defined as
T = = [ (142) L s\l 2
«a €)= - = J\y)ay, T —00, UJ, .
P(a) J v) v

0<y<oo, a€ R\ (—N). It can be written as

[e.o]

a—1
L0 = [ Sy, secr (o0l 29)

Now, we shall find relation between (2.3) and (2.5). Putting r = o —
1, f(t) =y 1f(y) in (2.3) we get,

L a—1
St @) = [ XMy se o (o0l (20)
0

By (2.5) and (2.6), we have

b
I'(a)

Interchanging x by z and « by r + 1, it follows that

To(f)(z) = Sa-1(y* " f(y))(2), € C\ (~o0,0].

F(Y’ + 1)T7”+1(f)(2) = Sr(ny)(z)a KRS C\ (_0070]' (27)
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2.3. Modified Stieltjes transformation Ty1q

Let us define the T).4-transformation » € R\ (—N). Assume that f €
M'(r) that is f =t""D*F and [ |F(t)|(t + B)""'~*dt < oo, for 5 > 0.
R

Modified Stieltjes transformation is defined.

Tr41(f), m€ R\ (—N) is complex valued function defined by

(e.¢]
L4 DTa(£)06) = (o D [ oo
0

re R\ (—=N), s€C\ (—o00,0], 0<t< o0.

2.4. Generalized Modified Stieltjes Transformation Ty 1

The T} 1-transformation of a distribution f € S, (R) is complex valued
function T4 (f) defined by
DG+ 1)T1 (£)(5) = Tim (£(8), n(t)(s + 1)~ exp(—wt).

w—00

weR, sec AC(C\(-00,]), ne€A(s).

Here A is the set of complex numbers for which this limit exists; A(s) is the
family of all smooth functions, defined on R for which there exists ¢ = ¢, s >
0 such that 0 < n(t) <1, t € R, n(t) = 1if ¢t belongs to the e-neighbourhood
of Ry, n(t) = 0 if it belongs to the complement of the 2e-neighbourhood of
R, where ¢ > 0 is arbitrary if Im s # 0 and 0 < 2¢ < maxRes, if Im s = 0.
Moreover, assume |DPn(t)| < Cp, t € R. If n(t) € A(s), s € (C'\ R_), then
nt)(s+t)"Lexp(—wt) € S(R) for w € Ry, r € R.

3. Main results

For the main results of this section we need the following assertion from
[10].

Theorem 1. Let f € S, and f = D™F. Then if f has the q.a.b at oo
with respect to k*L(k), it follows that

F(kt)

mﬁcfwrmﬂ inS, forp>a+m+1 ask—oo. (3.1
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In the case of g.a.b. at 0T

F(t/k)
(1/k)e+mL(1/k)

— Cfatma+1 z'nSI'J forp>a+m+1 as k — oo.

If f e M(r), and f = t"D™F then F € S,,,,,,. For given 2z €
C'\ (=0, 0], we denote by A(z) the space of all n € C*, such that n € A(z),
if0<n<1, nit)=1frt>—en(t) =0 for t < —2€, where ¢ > 0 is
arbitrary if z ¢ (0, 00) and z € (0, c0) then we choose € such that 0 < 2e < z.
Clearly, for a given z € C'\ (—00,0] and every n € A(z)

Rot—nt)(t+z) "™ eS, forp<r+m+l. (3.2)

Let f € M'(r). we have (z > 0,t > 0),

L+ DT f)(tz) = x(r + 1) /OOO L(r +2)(Try2f) (zu)du

and if
D(r 4 2)(Tryo)(z) ~ 2~ T~ L(2) (3.3)

as x — oo(x — 07), then

L(r+ 1D)(Trg1f) () ~
Now we are ready to prove.

Theorem 2. Let f have the closed q.a.e at oo of order (o, L) and of
length € related to k*~“Lo(k) (see the notation in Definition 3). Let r >
a,7 € R\ (=N). Then

(1) f e M(r),(fL)atr1 € M'(r);

(11) If we put T'(r+1)Tr41(fL)at1(x) = Sa,r(z), then for L ~ L, Sa,r(T) ~

Sa,L(fU) N I'(r—a)

a—””L .

(ii6) T(r +1)(Tri1 ) (x) cmx“-%m 0@ T Lo(x)),  (3.4)

Tr — OQ.
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P r o o f. We shall prove the theorem by using the similar idea in the
proof of the main theorem in [9]. Obviously, (i) follows from (1.2).

(ii) Let B <r—1,xz € R,L € ). Let m be the smallest element from
o0
Ny such that 8+ m > —1. Then

o0 f,@-‘rm-ﬁ-l (t)L(t)

L(r+1)(Tr41(fr)p+1)(@) = (r+ L)m o (z+t)rtmt dt
= (r+Dm < fp+m1(t)L(2), (x—i—zg?“’”rl >, 1 € A(),

where < fgym41(t)L(1), mgﬁ% > is observed as a pair from ()., ., Sp4m)-
Obviously this pair does not depend on n € A(x). Since r+m > f+m + 1,

we have
D(r+ )Ty 1(fr) g1 (kz)
KB L(k) B

t
=(r+ 1)m<fm+ﬁ+1L(t)> k5+m+1L(k)(Zc(—i)— (t/k))r+m+1>

f5+m+1 (kt)L(kt)7 U(kt) >

=(r+ 1)m< KOmL(k) (x4 t)r+mt

If k — oo from equation (3.1) it follows

L(r+1)Tr41(fL) g1 (k) (t)
kﬁj?“lL(Z)BH = (Jormaa(0) MW>

G /oo 1B+m it — L(r—p0) G
S TB4+m+1) Jo (x+t)yrtmtl T T(r 1) '

On putting = 1 we obtain that (ii) holds for all & < r — 1. Let us suppose
that r — 1 < 8 < 7. Then by the same arguments given above, we have

L(r+1-7)

B—T—IL
T +2) x (), — oo.

L(r +2)Ty2(fL)gs1(z) ~

Now we completed the proof of result (ii).

(iii) We can assume that o < r — 1 because if r —1 < o < r we have
as in (ii), to observe I'(r + 2)T,42(fr)g+1 firstly and after that to use (3.3).
Since f — C(fr)a+1 € Sy, equation (3.1) implies that
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{T(T + D@ f) (k) = CA(r + DTrp1 (f1)ar) (k) }

:L-aféerO (:E)
=< {F(bt) — O(Fr) (D)} (K Lo(k)) m(D)(x 4+ 1) " >0

as k — oco. On putting = = 1 the assertion (iii) follows. The similar assertion
holds for closed q.a.e. at 0T but with more restrictive assumptions.

Theorem 3. Let f have the closed g.a.e. at 0T of order (a, L) and of
length £ with respect to (1/k)*T*Lo(1/k). If (a+£) < r and f € M'(r), then

I(r—a)

ml’a*%(l’) = 0(z*T " Lo(x)),z — 0, (3.5)

L+ D)(Trg1 f)(2) = C

P r o o f. The proof of this theorem is very similar to the proof of Theorem
2. We only notice that we must observe firstly 5,11 f and after that to use
(3.3). From f € M'(r) we have F' € S|, and this implies that we have
to observe the dual pair (S.,,,. 1S 4m+1) (M) (@+1)"""""2 € Sppmy1 as
a function of t).

4. The uniform Behaviour of Tr4+1(f)

Let F be a continuous function with supp F C [0,00),7 > a > —1 and
F(z) ~ 2% as ¢ — o00. Denote by Ay, a > 0,¢ > 0, a subset of C defined by
Ape={a+Re;R>0,~1+e<¢p<m—e} If 2=a+Re®” € Ay and
t € [0,00), then we have

)(r+1)/2(R+a+t)r+1_ (4.1)

]_ —
EERTianss (7‘2305‘ZS

This follows from the elementary inequalities:
(a+1t)?>+2(a+t)Rcos¢+R? > (a+1t)> — 2(a + t)Rcose + R?
=(a+t)* +R?*+ ((a+t)* + R*) cose — (a+t+R)*cose
> ((a+1)* +R?)(1 4 cose) — 2((a +t)? + R?) cose
= ((a+t)* + R*)(1 — cose).

Assumptions on F' imply F(z) < C(1+2z%),z > 0 For z € A, and suitable
Gy

<  F(t) 2 (r41)/2 /°° (1+1t)
_ N\ < Oof(—2 B Sl
‘/0 (z—i—t)”ldt‘ _C(l—cosa) 0 (R—i—a—i—t)r“dt
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Ir—a)l'(a+ 1)} [ 1 }T*a (4.2)

I(r+1) a+R

So, we have proved the following

501{%4-

Lemma 1. Let F satisfy the conditions given above. The function
2T (r + 1)(Tr41F)(2) is bounded in Age,a > 0,e > 0.

We use this lemma for the proof the following theorem.

Theorem 4. Let f satisfy the conditions of Theorem 2 and let all the
slowly varying functions in Theorem 2 be equal to 1. Then
) A (2) = T(r + D)(Tpan f)(a) — CLT =) 27
fr rH T(r+1) za—t=r
is bounded analytic function in any Ay, a > 0,e > 0;
(ii) Ay, (2) converges uniformly to zero in Aq . when |z| — oco.

Proof: (i) It follows from the Structural theorem (cf. 2.1) and Lemma

(ii) It follows from (i) and Theorem 2 which enable us to use the Montel
theorem [1,p.5].

Theorem 5. Let f satisfy the conditions of Theorem & and let all the
solwly varying functions in Theorem 3 be equal to 1. Let

Af,T(Z) = {F(T‘ + 1)(Tr+1f)(22) — mzar}/zaJrgr.

Then

(i) Afr(2) is a bounded function in Ao N B(0,Ry), € > 0, Ry > 0,
where B(0, Ry) = {z;]2| < Ro};

(ii) A, (2) converges uniformly to zero in Ag. when |z| — 0.

For the proof of this theorem, we need

Lemma 2. Let F € L}, ,suppF C [0,00),7 > a > —1,
o
ﬂﬂwﬁwaﬁﬂmd/|ﬂmHﬂ”ﬂﬁ<w
0

z € Noe N B(0,Ry). Then 2"~ °T'(r + 1)(T741F)(2) is bounded in Age N
B(0, Ry), Ro > 0.
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P roofof Theorem J:
(i) From the Structural theorem and Lemma 2 it follows that Ay, (2) is

bounded in Ag. N B(0, Ry).

(i) Let Ay,.(2) = Af,(1/2),2 € C'\ (—00,0]. The function Ay, (w),w €

Aoe N{w : |w| > 1/Rp},e > 0,Ry > 0 is analytic and bounded. As well,
we have A fr(x) — 0 as © — oo. This implies that the same assertions hold
for Ay, in the domain Ay N {w;|w| > 1/Ro},a > 0,Ry > 0. So by the
Montel theorem it follows that A (%) converges uniformly to 0, in Ay, as
|z| — oo. Further on this implies that Ay, (z) converges uniformly to 0 in
Ao as |z| — oo and so that the assertion (ii) holds.
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