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Abstract Inthis paper we study frame representations in projective
and inductive limits of Banach spaces. We introduce the notion of a Fréchet
pre-frame for a given Fréchet space with respect to a Fréchet sequence space.
Main results of the paper include the use of density arguments and represen-
tations in the case of projective limits of isomorphic reflexive Banach spaces.
Ezamples based on modulation spaces, Sobolev type spaces and Kothe type
spaces are given.
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1. Introduction

Our goal is to get frame representations in projective and inductive limits
of Banach spaces via families which are not necessarily (Schauder) bases. To
that end we employ the existing theory of Banach frames, [2, 4, 7, 11, 14, 15,
17, 26] (see Section 3 for the definition of a Banach frame). We use general
Banach sequence spaces for the analysis and provide necessary background
for a general theory of frames for Fréchet spaces, which can be found in [23].
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In Section 2 we recall basic notions and list the main properties of se-
quence spaces under consideration. Although the spaces of sequences, which
are usually used in the frame theory, are the spaces I? (1 < p < o0) and
their weighted versions, in the background of our approach lies a more gen-
eral family the so called Kothe type sequence spaces.

It is known that, in the case of a Hilbert space, the frame conditions
(2) and (3) can be extended from a dense subset. In Section 3 we prove
analogous statement for Banach spaces with minimal conditions on the cor-
responding Banach sequence space, Theorem 3.3.

In Section 4 we study Fréchet spaces defined by a family of isomorphic
Banach spaces, Theorem 4.2. Although the result is not surprising, it is
applicable to important examples of Fréchet spaces such as the Schwartz
spaces S and Dj2. Both spaces are projective limits of certain modulation
spaces which are deeply connected to the theory of Weyl-Heisenberg frames,
[8, 9, 16, 27]. We end the section with examples which illuminate applica-
tions of Theorem 4.2 and relate our results to the ones given in the above
mentioned papers.

In order to develop the concept of a Fréchet frame for a Fréchet space in
full generality, a family of sequence spaces and their projective limit should
be used. This is explained in Section 5. It is well known that sequence spaces
which are useful for the analysis of Banach spaces should contain the space
of sequences of coefficients as a complemented subspace (see [4, 11, 17]).
The analogous property holds for Fréchet spaces, see Theorem 5.3 which is
proved in [23].

2. Basic Notions and Notation

We denote by (X, | - |lx,) a Banach space and by (X*, | - ||x~) its dual
space. Let X; and X9 be Banach spaces and let G : X1 — Xy. If g € X
and f € Xy, then G*g(f) = g(Gf).

We are interested in the reconstruction of f € X via a family {g;(f)}ier
indexed by a countable set I, where {g; };cs is a suitable sequence in X*. We
will use notation {¢;} = {¢;}2, > = Y2y x;... The canonical vector
(0,...,0,1,0,...), where 1 is at the i-th position, is denoted by e;. The
sequence {e;} is a Schauder basis for [P, 1 < p < co. We denote by ¢ the
space of all convergent sequences equipped with the sup-norm, and ¢ is the
subspace of [*° which consists of all zero-convergent sequences.

Let X; and X5 be subspaces of X such that X; + Xo = X and X1 N
Xy = {0}. The space X is complemented in X if there exists a continuous
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projection of X on X7 along X5. The space ¢y is not complemented in [*°,
[21].

Recall, a complete locally convex space which has a countable fundamen-
tal system of seminorms is called a Fréchet space. A Fréchet space E with
a fundamental system (|| - ||x)xen of seminorms is said to have the property
(DN) if there is p € N such that for each ¢ € N there exist n € Nand C' > 0
such that

o2 < Cllalpllalla, Va € E.

Then, || - ||, is a norm. A Fréchet space E with a fundamental system
(IIlx)ken of seminorms has the property () if for each p € N there exists
g € N so that for every n € N there exist 6 € (0,1) and C' > 0 with

1—-6 6
lyllg < Cliylly Nyl vy € E,

where [[y[[;; := sup{|y(z)| : [|z[|x <1}, k € N.

We denote by (0,]|| - |||le) a Banach sequence space. The space © is
called solid if the conditions {¢;} € © and |d;| < |, for all i € N, imply
that {d;} € © and [|[{d:}]llo < |[l{ci}llo-

A Banach sequence space is a BK -space if the coordinate functionals are
continuous or, equivalently, if the convergence implies the convergence of the
corresponding coordinates. A BK-space, which contains all the canonical
vectors e; and for which there exists a constant A > 1 such that

{eititallle < All{ei}Zillle, vn €N, V{ci}2, € © (1)

({ei}tey == >0 ciei), will be called A-BK -space.

A BK-space O is called a C'B-space if the set of the canonical vectors
{e;} forms a (Schauder) basis, which will be called the canonical basis for
the C'B-space ©. When © is a C'B-space, we have 1 < supy ||Sn]|| < oo (see
18, 25]), where Sy : © — © are given by Sy({c;}) = 2N, ¢es, N € N.
The number supy || Sy || is called the canonical basis constant. Thus every
C B-space is a A-BK-space, where A is the canonical basis constant. Solid
C B-spaces, in particular, /P spaces, 1 < p < oo, and ¢y are examples of
1-BK-spaces. Note that a A-BK—space need not be a C' B-space — take for
example the space ¢ or the space £°°, which are 1-BK-spaces.

If © is a C'B-space, then the space BKO* := {{g(e;)} : ¢ € ©*} with the
norm ||[{g(e:)}|||Bre~ := ||g]le~ is a BK-space isometrically isomorphic to
©* (see e.g. [19]). Moreover, if O is a reflexive C'B-space, then the coefficient
functionals { E;} associated to the canonical basis {e;} form a Schauder basis
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for ©* and thus BKO* is a C'B-space, since the canonical vectors {F;(e;)}
form a Schauder basis for BK©*. From now on when © is a CB-space, we
will always identify ©* with BKO*.

Let A = (a;)iken be a matrix with positive elements such that a;j <
a; p+1 for all i,k € N, the so called Kdthe matriz. For any fixed p € [1,00)
and k € N we consider the Kothe type spaces

1/p

XA = {2y s Ieitlllpe = (X lwiasel?) ™ < oo},

We refer to [21] for a detailed exposition on Kothe type spaces. We will
consider the spaces A\2*((i¥);cx), k € N. Their projective limit as & — 0o is
the space of rapidly decreasing sequences

s={{a} 5 Ml = (Tlat?) " < o0, vk e 1},

which is a nuclear Fréchet space. A Fréchet space F' is isomorphic to a
complemented subspace of s if and only if it is nuclear and has the properties
(DN) and (92).

3. Density theorem

Recall [4], if © is a BK-space, a countable family {g;}icr, g; € X*, is a
O—frame for X, if there exist constants 0 < A < B < oo such that

{9i(f)}ier € © and (2)

Allfllx < [ll{gi(f)}ierllle < Bl fllx (3)

for all f € X. The constants A and B are called O-frame bounds. When
(2) and at least the upper inequality in (3) are satisfied for all f € X, then
{gi}ier is called a ©-Bessel sequence for X with the bound B.

If©=/¢" 1< p< oo, then an P-frame is a p-frame introduced in [2]; p-
-frames in shift-invariant spaces of P are considered in [2, 3|, while p-frames
in general Banach spaces are studied in [7].

The definition of a ©-frame is part of the definition of the notion of a
Banach frame, introduced by Grochenig [15] and studied in [4, 6, 11, 12, 13,
14, 17]. A Banach frame for a Banach space X with respect to a BK-space
© is a O-frame {g;} for X, for which there exists a bounded linear operator
S : ©® — X such that S({gi(f)}) = f for all f € X. In other words, a ©-
frame is a Banach frame when the operator U : X — ©, Uf = {¢;(f)}, has
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a bounded left inverse S : © — X. The difference between Banach frames
and O-frames is studied in [4]. We recall the main result from [4] which will
be used later on.

Proposition 3.1. ([4, Proposition 3.4]) Let © be a BK-space and {g;} €
(X be a O-frame for X. Then:

(i) The family {g:} is a Banach frame for X with respect to © if and only
if the set {{gi(f)} : f € X} is complemented in ©,

(ii) If © is a C'B-space, then there exists a ©*-Bessel sequence {f;} (fi €
X C X*™ i eN) for X* such that

f=>aHfi, VfeX, (4)
if and only if the set {{g;(f)}: f € X} is complemented in ©.

(iii) If both © and ©* are CB-spaces, there exists a ©*-Bessel sequence
{fi} (fie X C X*,i €N) for X* such that

9=">_9(fi)gi, Vg € X*, (5)
if and only if the set {{g;(f)}: f € X} is complemented in ©.
In each of the cases (ii) and (iii), {fi} is actually a ©*-frame for X*.

A ©*-frame {f;} for X*, satisfying (4) and (5), is called a dual frame of
the ©-frame {g;}.

Remark 3.2. By the proof of the above Proposition 3.1 (iii), given in
[4], we have that a ©*-Bessel sequence {f;} satisfies (4) if and only if it
satisfies (5).

Our aim is to extend Proposition 3.1 to Fréchet spaces and obtain series
expansions by the use of a ”"Fréchet frame” and the corresponding ”dual
frame”, see Section 5 for the definition. The first result in that direction is
Theorem 3.3.

If X is a Hilbert space and © = ¢2, and if (2) and (3) hold on a dense
subset of X then (2) and (3) hold for all f € X, [5]. The same conclusion
holds when X is a Banach space and © = (P, p € (1,0), see [26]. Analogous
result for Banach frames can be found in [11]. Now we generalize these
results for larger class of sequence spaces © and for ©-frames.

Theorem 3.3. Let (O,][||-|||) be a A\-BK-space. Let W be a dense
subset of a Banach space (X, | -|]) and {g;} € (X*)".
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(1) If (2) and the upper inequality in (3) hold for all f € W, then {g;} is
a ©-Bessel sequence for X with a bound AB.

(i) If (2) and (3) hold for all f € W, then {g;} is a ©-frame for X with
bounds A, \B.

Proof (i) Assume that {g;} satisfies (2) and the upper inequality
n (3) for all f € W. First we will prove that {g;(f)} belongs to © for all
f € X. Fix an arbitrary f € X \ W and assume that there exists N € N
such that ||| N, gi(f)eil|| > ABJ| f||. Denote

— AB| f]| > 0.

€;

By the density of W in X, there exists a family {f,} € W" such that f, — f
when n — oo and hence there exists N7 € N such that

all = 171 < 5oz, 0> N,

By the continuity of g;, (i = 1,2,..., N), there exists Ny € N such that

€zHHHZgz fn)e

Now for n > maxz (N, N2) one has

<* Vn > Ns.

4] (5
(e[| > ABISI+ 5 = MBI fall - S = B full

2)\B)

By (1),

{gi(fn) Y2l = (fn)ei|| > Bl full,

which contradicts to the validity of (3 ) for f,, € W. Therefore

< AB||f|l, VN € N.

Thus, for every N € N, the operator Sy : X — O, given by Sy(f) =
SN | gi(f)es, is bounded with || Sy|| < AB. Moreover, Sy (f) converges when
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N — oo for all f in the dense subset W of X. Therefore Sy (f) converges
for all f € X (see, e.g., [20]). Since O is a BK-space, limy_o Sy (f) is
the sequence {g;(f)}:2; and hence {g;(f)}2, € © for all f € X. Now the
Banach-Steinhaus theorem implies that

{9 (F)}Zalll < ABI[f], for all f e X,

and hence {g;} is a ©-Bessel sequence for X with bound AB.

(ii) Assume now that (2) and (3) hold for all f € W. It remains only to
prove the validity of the lower ©-frame inequality for all f € X \ W. Take
f e X\ W and a family {f,} € WY such that f, — f when n — oo. For
any n € N we have

| 1THgi () 32411 = 1{gi ()3 EAIl | < AB|fn = £

and therefore

Jim [[[{gi(fn)}ZAlII = [Hg: ()}

By the inequality Al fn| < ||[{g:(fn)}24]]], which holds for all n € N, when
n — 0o we get

AlLFI < [IHgi ()3 Ell-

O
4. Isomorphic spaces
Let {Ys, |- |s}sen, be a family of Banach spaces such that
{0} #NsenyYs C...C Yo C Y1 CY) (6)
lo<[-hi<]-l2<... (7)
YF :=Ngen,Ys is dense in Y, for every s € N. (8)

Then Yr is a Fréchet space with the sequence of norms | - |5, s € Ng. We
will use the above sequences for general Banach spaces, Y = X with norms
I|-||s, s € Np, and for Banach sequence spaces Y = O with norms |||-|||s, s €
No.

Note that if {Og, ||| |||s}sen, is a family of C' B-spaces, satisfying (6) and
(7), then finite sequences belong to © and form a dense subset of O; thus
(8) is automatically satisfied. In this case O has the canonical basis in the
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sense that every x € O can be written uniquely as © = > z;e; with the
convergence in B4 for every s € Np.

For any given p € [1,00), the family {\"*(A), ||| - |||p,s}sen, defined in
Section 2 is a family of solid C' B-spaces which satisfy (6)-(8).

It is well known that a (Hilbert) frame remains a frame via an isomor-
phism (see, e.g. [5, 18]). Let us show that the same holds in the more
general case of Banach frames.

Lemma 4.1. Let (0,]|| - |||) be a BK-space, X and Y be reflexive
Banach spaces and let the operator G be an isomorphism of X* onto Y*.
Let {g;} € (X*)N.

(1) If{gi} is a ©-Bessel sequence (resp. ©-frame) for X, then {Gg;} is a
©O-Bessel sequence (resp. O-frame) for'Y,

(ii) If {gi} is a Banach frame for X w.r.t. ©, then {Gg;} is a Banach
frame for'Y w.r.t. ©.

Proof. (i) Let {g;} be a ©-Bessel sequence for X. By the reflexivity
of X, for all y € Y we have {Ggi(y)} = {9:(G*y)} € © and

H{Gg: W = [[{g:(G* I < BlIGTyllx < BlGlllylly-

Let now {g;} be a ©-frame for X. It remains to prove that {Gg;} satisfies
the lower ©-frame inequality. For every y € Y the following inequalities hold

(G @I = g C I = AlG x> A =] 1ylly -

(G*)

(ii) We need only to prove that the operator U : Y — O, Uy = {Gg;(y)},
has a bounded left inverse. Since {g¢;} is a Banach frame for X w.r.t. O,
the operator U : X — O, Uf = {g;(f)}, has a bounded left inverse S : © —
X. Since U = UG*, we have (G*)~'SU = Id|y and hence the operator
(G*)71S : © — Y is a bounded left inverse of U. O

Theorem 4.2.Let { X} en, be a family of reflexive Banach spaces, satis-
fying (6)-(8), and assume that for every s € Ny there exists an isomorphism
Gs of Xg onto Xs. Let © be a CB-space such that ©F is also a CB-space
(in particular, reflexive C B-space). Assume that there exists sy € Ny and a
sequence {g;} € (X})", which is a Banach frame for Xy, w.r.t. ©. Then
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there exists a Banach frame {fi} € (Xs,)" for Xi w.r.t. ©* such that for
every s € Ng the following holds:

=G G g (f) GGyl fiy for all f € X, (9)
9= 9(G:G'fi) GI " Glygi, for all g € X7, (10)
1y -
{Gs  G%,9i} is a Banach frame for X w.r.t. ©, (11)
{GsGs_Olfi} is a Banach frame for X} w.r.t. ©*. (12)

P r o o f. By Proposition 3.1 and Remark 3.2, there exists a Banach
frame {f;} for X; w.r.t. ©* such that

x=> gi(z)fi, for all z € Xy, (13)
y=> y(fi)g forall y € X7 . (14)
For any given s € Ny, the operator GSG;O1 is an isomorphism of X, onto

Xs and Gz_leo is an isomorphism of Xg onto X. Let f € X, and thus
f=G,G,lzy for some x5 € X,,. By (13) we have

GsGoley = gi(xp)GsGLl fi =Y 9i(Ge G GG i
and finally
F =3 (GG 9:) () GG i

Let now g € X and thus g = GjilG:Oyg for some y, € X7 . By (14) we
have

Gy soyg Zyg fi) G* Ogl ZG G9(fi) G* Ogi

and therefore

9= (GG ) G GE i

By Lemma 4.1 we conclude that {GflG:Ogi} is a Banach frame for X w.r.t.
© and {G,G! fi} is a Banach frame for X} w.r.t. ©*. O

In the same way as above, if there exists sop € Ny and a sequence {f;} €
(Xs,)", which is a Banach frame for X3 w.r.t. ©, then there exists a Banach
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frame {g;} € (X3))" for Xy, wr.t. ©* such that (9)-(12) hold for every
s € Ng.

Remark 4.3. Theorem 4.2 deals with families of reflexive Banach spaces
together with their corresponding dual spaces,

{0} #NgenXs C...CXo C X3 CXoCXjCX{CX)C...Ugen X;.

Thus, (10) gives expansions of distributions g € X C supyey X2, via dis-
tributions G;‘ilG’s‘Ogi, {9:} € (X)), for some sg € N. This is different from
the usual structural theorems for distributions where the synthesis is done by
elements from NgenXs. See, for example [30], for the expansion of tempered
distributions by orthogonal polynomials. We also mention [9, 10, 24] for the
representation of tempered (ultra)-distributions by Gabor frames and Wilson
bases. More details on this remark will be given in a forthcoming paper.

4.1. Ezxamples

As usual, S(R™) denotes the Schwartz class of rapidly decreasing func-
tions whose dual is the space of tempered distributions, §'(R"). By Ff = f
and F~!f we denote the Fourier and the inverse Fourier transform. We use
the notation (-) = (1+|-|?)%/2 and (D) = (1 — A)Y/2. The Bessel potential
space of order s € R, H2, is the Hilbert space of all tempered distributions
f such that f = Fg, for some g which satisfies

[ a6 de < .

We have S C H2 C H? C &' for s’ < s. The Bessel potential spaces satisfy
(6)—(8), and therefore we may apply Theorem 4.2. We now generalize this
example to families of Banach spaces.

4.1.1. Modulation spaces

Modulation spaces are recognized as the most important spaces of func-
tions and distributions in time-frequency analysis [5, 8, 9, 11, 16, 27]. Frame
decompositions of modulation spaces are based on Gabor (Weyl-Heisenberg)
frames, [16]. We refer to [8, 16] for general theory of modulation spaces and
list only those features which are necessary for the present work.

Let g be any nonzero function from the Schwartz class S(R?). The short-
-time Fourier transform of f € S’(R%) with respect to the window ¢ is given
by

Vof(z,w) = [ f(t)g(t =) e 2 dt. (15)
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Modulation space Mf”tq = Mﬁ’f(Rd), 1 <p,qg< oo, steR,is a Banach
space of f € S'(R") such that HfHMP’f < 0o, with the norm || - HM”’f defined

by
1/q
Vs ey ) )
(L )

with obvious modifications when p = co and/or ¢ = co. We have (MP1)* =

S)
Mf/’gl/t, 1<pg<oo,steR 1/p+1/p=1,1/9g+1/¢ =1.
Let there be given monotonically increasing sequences of positive num-

bers {s,} and {t,}, lim, o s, = 00 and lim, ¢, = oo, and let there

be given modulation space M??% . Then we have MP9, s MP4 and
P g s0,to Snytm Sn—1,tm
3 v
MY — MY, . Moreover, for any given s,t,u,v € R the map f + (-)*f

is an isomorphism between M{}, , and M) and the map f — (D)"f is an
isomorphism between MY, , and MY/, see [8, 27].

Therefore, it is easy to observe a family of modulation spaces such that
(6) - (8) holds. If {s,} is an increasing sequence such that lim, . s, =
o0, then & = Ny oo MP, ~and, consequently, S’ = UnﬂooMi;g/’,Sn. In
particular, for p = ¢ = 2, we obtain S as the projective limit of the sequence
of Hilbert spaces M22, , known also as Shubin spaces.

SnySn?

We have 2\48202 = H?

<, and obtain the space D2 (see [29]) as projective
limit of isomorphic (Hilbert) modulation spaces M, 52 ’02, s € R.

Both § and D, 2 are Fréchet spaces which have properties (DN) and (2).
However, S is nuclear while D2 is not a Montel space, and therefore it is
not nuclear. Therefore S is isomorphic to (a complemented subspace of) the
Ko6the sequence space s, see Section 2.

Theorem 4.2 can be easily applied to modulation spaces. Actually, by
[15, Chapter 12], there exist Gabor frames which are frames for all modula-
tion spaces, see also [28]. The elements of the Gabor frames belong to M 817’751,
for some s,t € R. On the other side, in Theorem 4.2, different modulation
spaces are characterized by different frames.

In the above examples, one can choose Hilbert modulation spaces to
obtain the Fréchet spaces & and Dj2. Let us now give an example with

isomorphic Banach spaces which are not Hilbert spaces.
4.1.2. Banach spaces which are not Hilbert spaces

Let p € (1,00), Xo := F1(LP),

Xo={f e8| [ eF (L), YaeNgla|<s}, seN,
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with the norm || f|x, = (f(1+|£[2)?5/2|f(£)|Pd€)'/?, s € Ng. The derivatives
are understood in distributional sense. If we restrict to 1 < p < 2, then
Xo C LY, where ¢ = ﬁ. Similar constructions related to Sobolev spaces
can be found in [1, 22].

The operator G4 given by

Gof = F H A+ €22 f(9)), f € Xo,

is an isomorphism of Xy onto X. If p = 2, we have X, = HZ, as above.
Since

Xo={f €S [(A+EP)Pf ey ={f €S| [ € L] gyor)}

its dual is

Xi={geS [ (1+|gP) g e Ly = {g € 8 |5 € LY\, a2},
where ¢ = 1%’ and the dual pairing is given by (g, f) = [ §(€)f(&)d¢.
Therefore X, s € N, is a reflexive Banach space.

Let {g;} C L?1+|£|2)‘S/2 be a p—frame for LZ(’HKP)S/Q. Then {F1g;} is a

frame for X with respect to /7 and we can again apply Theorem 4.2.

5. Fréchet frames
We begin with the definition of a pre-frame for a Fréchet space.

Definition 5.1. Let {Xs, || - ||s}sen, be a family of Banach spaces, sat-
isfying (6)-(8) and let {Os, ||| - |||s}sen, be a family of BK -spaces, satisfying
(6)-(8). A sequence {g;} € (X3)" is called a pre-Fréchet frame (a pre-F-
frame) for Xp with respect to ©F if for every s € Ny there exist constants
0 < As < Bs < 00 such that

{9:(f)} € ©p, (16)

Asllflls < [[Hgi(N)HIs < Bsll Flls, (17)

for all f € Xp. When (16) and the upper inequality in (17) hold for all
f € Xp, {9} is called a Fréchet-Bessel sequence (an F-Bessel sequence) for
X with respect to Op.

If X = Xp =X,and © = Op = 04, s € Ny, the above definition of
a pre-F-frame gives a O-frame for X. Having in mind the definition of a
Banach frame, we define a Fréchet frame as follows.
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A Fréchet frame (F-frame) for a Fréchet space Xp with respect to a
Fréchet sequence space Op is a pre-F-frame {g;} for Xp with respect to
O, for which there exists a continuous linear operator S : O — Xp such
that S({g:(f)}) = f for all f € Xp. In other words, a pre-F-frame is an
F-frame when the operator U : Xrp — Op, Uf = {gi(f)}, has a continuous
left inverse S : O — Xp.

Let ©5 = O, Vs € Ny, be a CB-space and assume that {X}sen, is a
family of Banach spaces, satisfying (6)-(8). If {g;} € (X;)" is a pre-F-frame
for X with respect to © and if there is a continuous projection U from ©
onto R(U) = {{¢:(f)} : f € Xr}, then X should be isomorphic to R(U),
which is a closed subspace of O, see Theorem 5.3 below. Therefore Xpg
should be (isomorphic to) a Banach space. This explains that in case when
Xp is a Fréchet space which is not a Banach space a sequence of different
sequence spaces O, s € Ny, should be used.

Let {gi}ier € (X3)N be a pre-F-frame for Xp with respect to ©p. For
any given s € Ny and i € I, the unique continuous extension of g; on X, will
be denoted by g;.

Lemma 5.2. Let { Xy, ||-||s}sen, be a family of Banach spaces, satisfying
(6)-(8) and and let {Os, ||| |||s}sen, be a family of \s—BK -spaces, satisfying
(6)-(8). If {giticr € (X5)" is an F-Bessel sequence (resp. pre-F-frame)
for X with respect to ©p with bounds By (resp. As, Bs), then for any given
s € No the family {g}icr is a ©-Bessel sequence (resp. ©s-frame) for X
with a bound A\sBs (resp. Ag, AsBs).

P r o o f. The result follows from Theorem 3.3, because of the density
of X in each X, s € Np. |

Theorem 5.3. Let {Xs, || - ||ls}sen, be a family of Banach spaces, sat-
isfying (6)—(8) and let {Og, ||| - |||s}sen, be a family of CB-spaces, satisfy-
ing (6)-(8) and we assume that ©% is a CB-space for every s € Ny. Let
{gitier € (X5)N be a pre-F-frame for Xp with respect to Op. There exists
a family {f;} € (Xp)N such that

(a) f=>ai(f)fi, Vf € XF, and g =3 g(fi)gi, Vg € Xf;
(b) f=2X6g()fi, Vf € Xs, and g =3"9(fi)g;, Vg € X3, Vs € No;
(c) for every s € No, {fi} is a O%-frame for X¥.

if, and only if, there exists a continuous projection U from Op onto its
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subspace {{g:(f)} : f € Xr}.

A family {f;} € (Xp)Y, which satisfies the conditions (a)-(c) in the
above theorem, is called a dual pre-F'-frame of the given pre-F-frame {g;}.

We refer to [23] for the proof of Theorem 5.3, the existence of frames
for Fréchet spaces, and more details on frames for Fréchet spaces. In the
case of a single Banach space, Theorem 5.3 follows from Proposition 3.1 and
Remark 3.2.

Very general concept of "localization of frames” is proposed by Grochenig,
[17]. Families of Banach spaces are associated to a Riesz basis of a Hilbert
space. Note that our approach is different since Theorem 5.3 does not refer
to any Hilbert space.

We end with an example when the sequence spaces O4, s € Ny, are
Hilbert spaces. If {g;} € (X;)" is a pre-F-frame for Xy with respect to
O, then, by Lemma 5.2, the family {¢7} is a Os-frame for X for any
s € Ng. Therefore the space X is isomorphic to a closed subspace of ©4 and
thus X, is a Hilbert space. Theorem 5.3 points toward a complementedness
condition, which is necessary and sufficient for series expansions via given
pre-F-frame and the corresponding dual pre-F-frame. In particular, when
Os = A2%((i%);en) (see Section 2, by Theorem 5.3 we have the following.

Corollary 5.4.Let { X }sen be a family of Hilbert spaces, satisfying (6)—
(8). Let {gi} € (X5)" and let for every s € Ny there exist constants 0 <
Ay < Bg < oo such that

1/2
A7) < (ergxf)r?) < Billflls, V€ Xp.

Then the following statements are equivalent:
(i) There exists a family {f;} € X such that for every s € No one has:

- ~ - _ /2 .
30 < A, < By <00 Aggllx: < (3l g(f)2) " < Billglx:, Yo € X3

F=>"aiNfis Vf€Xp; g=> g(fi)gi, Vg € Xf

F=> 6N Vf€Xss g=> g(fi)g}, Vg € X7
(i1) The set {{gi:(f)} : f € XFr} is nuclear and has the properties (DN)
and ().
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