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1. Introduction

The first attempt of investigating functional differential equations with
deviating argument in the framework of regular variation in the sense of
Karamata was made by the present authors in the paper [4] in which a
sharp condition was presented for differential equations of the type

" (t) = q(t)z(g(t)) (4)

to possess slowly varying solutions.
The purpose of this paper is to study the existence of regularly varying
solutions (of nonzero regularity indices) of (A).
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For readers convenience we recall that a measurable function L : [0, 00) —
(0,00) is said to be slowly varying if it satisfies
L(\t)

tL%oWZI for any A > 0.

Furthermore, the function
f(t) =t7L(t)

is said to be regularly varying of regularity index p € R. The totality of
these functions is denoted by RV (p) and in particular RV (0) (or SV') stands
for the totality of slowly varying functions.

In the paper, among many basic properties of slowly varying functions,
we emphasize the representation theorem which asserts that L(t) € SV if
and only if it is expressed in the form

un:dQWp{/%?ﬁ},tzm, (1.1)

to

for some ty > 0 and some measurable functions ¢(t) and £(t) such that

lim c(t) =cp € (0,00) and lim e(t) = 0.
t—o00 t—o00

If especially ¢(t) = ¢g then L(t) is called normalized.

The most comprehensive text on the theory and numerous applications
of regularly (slowly) varying functions is [1]. In particular, applications to
the asymptotics of solutions to some classes of differential equations are
presented in [5].

Here and hereafter it is assumed that the functions ¢(t) and g(t) are
positive and continuous on [0, 00), that g(¢) is an increasing function such
that g(t) < ¢t and tlggo g(t) = oo and that ¢(¢) is integrable over (0, 00).

We prove

Theorem A. Let ¢ > 0 and denote by A\;, i = 0,1, A\g < A1, the two
roots of the quadratic equation

M_XA—c=0. (1.2)

Suppose that
(1.3)
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then equation (A) has two regularly varying solutions z;(t) of indices \;, i.e.
possessing the form

zi(t) = tYLi(t)
where L;(t) are some normalized slowly varying functions, if and only if

o0

Q(t) == t/q(s)ds —c—0, as t— oo. (1.4)

The proof will be given in section 3. It heavily depends on a similar
result for the equation without deviating argument

" (t) = q(t)x(t) (B)

([5], Theorem 1.11). In section 2 we partially frame it as Lemma 2.1 and
prove it using the procedure from [3]. The later is modified here in such a
way that the explicit expression obtained for the regularly varying solution
of (B) can be directly applicable to the construction of the desired solution
of equation (A) by means of the fixed point technique.

In order to point out some possible applications of the existence Theorem
A we prove in section 3 the following result which is in fact a corollary of a
known one to be quoted below.

Theorem B. Let conditions of Theorem A hold with

g(tt):l—i-O(i) as t— oo (1.5)

instead of (1.3).
If

o0

/t’q(t)—;

a

dt < oo (1.6)

then there exist two solutions x;(t), i = 0,1 of equation (A) such that

zi(t) ~ Y as t — oo.
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2. A Lemma

‘We prove

Lemma 2.1. Let ¢ > 0 and \; be as in Theorem A, then there exist two
reqularly varying solutions x;(t), i = 0,1,2 of (B) possessing the form

x;i(t) :exp{/)\i_Q(s)+vi(s)ds}, t>T (2.1)

S
T

where v;(t) are solutions of the integral equations

[e.o]

vo(t) =t / 2P0 f[u(s) — Q(s)]? — 2M0Q(s)}ds, t>T. (2.2—0)

u(t) =t / SMD0ONQ(s) — [v(s) — Q)P }ds,  (2.2-1)
T

respectively, if and only if (1.4) holds.

Proofof Lemma 2.1.

The ”only if” part is proved in [2]. We will present here the detailed
proof of the ”if” part for the case ¢ = 0, and then point out the alterations
needed for the case i = 1. To simplify the notation the subscripts 0, 1 in the
functions v; and x; will be omitted throughout the proof.

Since by (1.4), Q(t) — 0 as t — oo, for a given 0 < m < 1 one can
choose T' > 0 such that |Q(t)| < m? for t > T and

2(2 + [Xal)
2.3
14 2|\ "= (23)
Define the set
Vi={veCyT,0):|v(t) <m, t>T}, (2.4)

where Cy[T, 00) denotes the set of all continuous functions on [T, 00) that
tend to 0 as t — oo. It is obvious that Cy[T, 00) is a Banach space with the
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norm ||v||o = sup |v(t)| and that V is a closed subset of Cy[T’, c0). Consider
s>T

the integral operator F defined by

Fo(t) = t1=2% / s2R0= DLy (s) — Q(s)]2 — 200Q(s)}ds, t>T. (2.5)

If v € V, then

’f’l)(t)’ < (2(2+ ‘)‘OD

ST O m<m, t>T,
14 2|) N

so that Fv € V, and if v,w € V, then

[Fo(t) = Fu(t)] < tl_”O/SQ(AO_”{Uv(S)!+|w(8)l+2m2]\v(8) —w(s)|}ds

4m

< —— Nv—wl|y, t>T,

which implies that

4dm

_ < -
H.FU wa() = 1x 2|>\0|

[[o = wllo-

In view of (2.3) this shows that F is a contraction mapping on V. Therefore,
there exists a unique v € V such that v = Fv, which is equivalent to the
integral equation (2.2).

Using this function v(¢) we construct the function (2.1). We claim that
this function z(t) becomes a regularly varying solution of index )y of equa-
tion (B). That z(t) is a regularly varying function of index )¢ follows from
the fact that \g — Q(t) + v(t) — Ao as t — oco. To show that z(t) is a solu-
tion of (B) it suffices to verify that the function u(t) = (Ao — Q(t) +v(t))/t
satisfies the Riccati equation u/(t) 4+ u(t)? — q(t) = 0 on [T, 00) associated
with (B). But this is almost trivial, since the Riccati equation in question
can be rewritten in the form

(207 () + 2" {u(t) = Q) = 20Q(1)} =0, ¢ =T,

which can readily be seen to be the one that follows from differentiation of
the integral equation (2.2) for v(¢). This completes the proof for the case
i=0.
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The proof of the case ¢ = 1 mimics the preceeding one, making use of
the operator

Gu(t) = = [0 D{20Q(s) - [o(s) - Q)P
T

instead of Fuv(t) defined by (2.5). Also the constant 0 < m < 1 should
satisfy
2(\ +2)
———m<1 2.
2 -1 (2:6)

instead of (2.3).

3. Proofs

3.1. Proof of Theorem A.

Here again, we present a detailed proof for the case ¢ = 0 and then point
out the alterations needed for the case i = 1. Also the subscripts 0, 1, in the
functions v;, z; will be omitted.

Sufficiency. Let 7 = g(T) for some T' > 0. We define = to be the set
consisting of those functions & € C[r,00) N CY[T, 00) such that

Ety=1, 7<t<T (3.1)
and for ¢ > T have the representation

£(t) = exp {/ st} (3.2)

T

for some continuous functions d¢(t) satisfying for all £ € =

tlirglo o¢(t) =0 (3.3)
and
—R(t) —m < 9¢(t) < =Xo, t2>T. (3.4)
Here we put
R(t) =2Q(t) + ¢ (3.5)

which is positive for sufficiently large ¢ due to (1.4). The number 0 < m < 1
will be conveniently chosen.
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In view of (3.2) and (3.3) all the members of Z are decreasing regularly
varying functions of index A9 < 0, i.e. 2 C RV (XAg). Obviously, = can be
regarded as a subset of the locally convex space C![T,00) endowed with
the topology of uniform convergence of functions and their derivatives on
compact subintervals of [T',00). Moreover E is a closed convex subset of
ClT,00): Let {£,} be a sequence of elements of = converging to & in
CYT, ). Use is made of the representation (3.2) for &,:

t
&n(t) = exp {/ )\(]_'_wds} , t>T, (3.6)
s
T
(where, to simplify, d,(s) stands for d¢, (s)).
From (3.6) we have

£(t)
&n(t)

Letting n — oo and noting that &,(t) — &(t) and &,(t) — &(t) as n — oo
uniformly on compact subintervals of [T, 00), we see that () satisfies

()
€o(t)

for some continuous function dy(t) = Jim 0 (t) with the property that

t =X+ 0,(t), t>T,n=12.... (3.7)

t

=X+ 50(t), t>1T, (3.8)

R(t) = m < do(t) < —Xo, Jim do(t) = 0. (3.9)

This implies that £(¢) is expressed in the form

¢
Ao + 6
&o(t) = exp {/ (ﬁ_o(s)ds} , t>T, (3.10)
s
T

with 0 () satisfying (3.9). This guarantees that &y is a member of =, showing
that = is closed in C[T, o).

To prove the convexity of = we proceed as follows. Let &,, n=1,..., N,

be any elements of = and let ¢,,, n = 1,..., N, be any positive constants such
N N
that Y ¢, =1. Put n = Y ¢,&,. Using the representations (3.8)-(3.9), we
n=1 n=1
obtain

= o+ A(t), (3.11)
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where A(t) is given by

N N
A(t) = Z Cnén(t)gn(ﬂ/ Z Cnén(t)'
n=1 n=1
As easily verified, A(t) satisfies
—R(t) —m < A(t) < =X\ and tlim A(t) = 0. (3.12)

From (3.11) it follows that 7(¢) has the representation

n(t):exp{/st}, t>T,

T

is a

[1]

with A(t) satisfying (3.12). This means that n € Z, implying that
convex subset of C1[T, 00).

In the sequel some properties of functions & are needed. To derive these
an auxiliary function is of a crucial importance.

Define for some a > 0 and m > 0

¢
A(t) = exp {/ st} :

a
Then, since A(t) is decreasing and ¢(t) < ¢, one has
t

< A0 / —ho+ Rls)+m, L (3.13)

()

But 0 < R(t) +m — Ao < k for some k > 0 and sufficiently large ¢, so
that in view of (1.3), there follows for ¢t — oo

t
/ Mds < klogi = 0.
) s g(t)

g

Thus, due to (3.13)
- Ag(®)
Jim AD 1 (3.14)
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which implies that there exists T" > 0 such that for ¢t > T

1<

< 2. (3.15)

Two preceeding formulas lead to

o Eo)
0

for all £ € Z and t > T. (Observe here that T is independent of &).
Indeed by the definition of the function £ one has

< o) _ exp{j —>\0;5(S)d3}
g9(t)

<2 (3.16)

. (3.17)
< o | osting, ) 200
g9(t)
and (3.16) follows by (3.14), (3.15).
Now, for any £ € = put for t > T
§(9(®))

qe(t) = q(t , 3.18
() =) (318)

and -
Qe(t) =t / ge(s)ds — . (3.19)

t

Because of (3.17) we have for all { and for t > T, q(t) < q¢(t) < ga(t) which
due to (3.17) implies
Q(t) < Qe(t) < Qalt). (3.20)

Observe that condition (1.4) combined with (3.14) gives that for ¢ — oo,
Qa(t) — 0 and so Q¢(t) — 0 for all £ € =. Consequently, there exist
0<m<1and T =T(m) such that for ¢t > T and all { € =

—m® < Q(t) < Qe(t) < Qu(t) <m?
implying that

Q) <m® |Qa()] <m?,  |Qe(t)] < m®. (3.21)
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Now we choose m such that for t > T

2(2 4 [No|)m
e 3.22
L+2[N| (3.22)

Let us consider the family of ordinary differential equations

2"(t) = qe(t)z(t), E€E. (3.23)

Because of (3.21) and (3.22), we are able to apply Lemma 2.1 to each
member of the family (3.23), concluding that each equation of the family
possesses a regularly varying solution of index A\g having the form

t
Ao —
ze(t) = exp {/ 0 Qg(j) + Uﬁ(s)ds} , (3.24)
T
where vg(t) denote the function satisfying the integral equation
vet) =170 [ PO fug(s) - Qe — 200Qe(s)}ds, (3.25)

t

Formulas (3.24) and (3.25) hold for ¢ > T, where T is determined in
(3.21) and (3.22). Unless otherwise stated the same is true for the formulas
that follow and the adjective will be omitted.

Let 7 = g(T") and denote by ® the mapping which associates to each
¢ € E the function ®£(t) defined by

() =1 for 7<t<T, ®Et) =we(t), t>T. (3.26)

We claim that @ is a self-map on = and sends = into a relatively compact
subset of Ct[r, 00).
i) ® maps = into itself: Let £ € Z. Rewrite (3.24) as

¢

Ao + 9,

z¢(£) = exp {/ Off(s)ds} with  d¢(t) = —Qe(t) + ve(t).
T

It is clear that tlim d¢(t) = 0. Since x¢(t) is a decreasing solution of (3.23),

being convex and tending to zero, one has d¢(t) < —Xg for t > 7. On the
other hand, from (3.20) and since |ve(t)| < m, it follows that

5e(t) > —Qe(t) — m > —Qa(t) —m > —R() — m,
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where R(t) is defined by (3.5). This shows that ®¢ € =.

ii) ®(Z) is relatively compact in C1[T,00): This is an immediate con-
sequence of the Arzela-Ascoli lemma applied to the following inequalities
holding for all ¢ e = and t > T

1> @E(t) > exp {/AO_R(S)_mds} ,

T

' Ao + d¢(t) S X — R(t) —m

0 > (BE)'(t) > DE(t) P t

and
(9€)"(t) = qe(t)PE(t) < qa ().

iii) ® is a continuous mapping: Let {£,} be a sequence in = converging
ton € Z in C[T, 00). It should be proved that {®&,} converges to ®n in
C1T, 00), that is,

DL (t) — Pn(t) and (DE,) (1) — (Pn)'(t) as n — oo, (3.27)

uniformly on compact subintervals of [T, 00). Using (3.24), we have fort > T’

t
| @€ (1) — Pn(t)] < /S_I{IQ&L(S) = Qn(s)| + |ve, (s) — vy(s)[}ds,
T

and

(@) () — (2m)'(2))]

IN

@&, () — Pn(t)]t {| Mo — Qe (t) + ve, (1)} +
+@n(t) [t H{1Qe, () — Qu(t)] + |ve, (t) — vy (B[}
| D& (t) — Pr(t)[t~{|Xo| + 2m}

+t7H{[Qe, (1) — Qu(B)] + lvg, (£) — vy},

IN

and so to establish the desired convergence (3.27) it suffices to show that
the two sequences

11Qe, (1)~ QqO] and o, (1) — vy (1) (3.28)
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converge to zero as n — oo on any compact subinterval of [T, c0). The first
sequence in (3.28) is easier to deal with, since we have by (3.19)

s, t>T,  (3.29)

En(9(s)) _nlg(s)|
§

1 oo
1960 = @0 = [ o) PG - 10

which converges to zero as desired by means of the Lebesgue dominated
convergence theorem. Turning to the second sequence in (3.28), in order to
evaluate |vg, (t) — v, (t)| with the help of (3.25), we first observe that

{[ve. (t) = Qe ()] = 220Q¢, (1)} — {[vg () — Qn(B)]* = 2X0Qy (1)}

< [vg, () + vy (8) + Qe (1) + Q)] [|ve, () — vy ()] + |Qe,, (8) — @n(0)]] +
+2|A0[|Qe, () — @n(?)]

< dmlvg, (t) — vn ()] + (4m + 2| Xo])|Qe,, (t) — @n(t)]-

Using the above inequality, we obtain

[vg, (t) — vy (t)] < 17200 / Blve, (s) — Un(SiLI_P/\L?En(S) — )4 (3.30)

t

where § = 4m < 1 and p = 4m + 2|Ag| < 1+ 2[Ao|.
Putting

[e.o]

walt) = [ 820070 (g, (5) — v (5) . (3.31)

t

(3.30) can be transformed into the following differential inequality for w,(t):

o0

(wn(®) = %5 [ #0701, (5) ~ Qus)l}ds. (332)

t

We note by (3.31) that t%w, (t) — 0 as t — oco. Integrating (3.32) from ¢ to
oo then yields

[e.e]

walt) < L5 [0 {1Qe, (5) — Qu (o))}, (3.33)
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Combining (3.33) with (3.30), we finally obtain the inequality

1 o0
Hloe () = 0 (0] < Tl [0 Qe (5) = Quls) s +
t

o [ #0106, 5) — @yl

t

o0

< 5 [ 72106, = Que)hds+ p [ 5716, (5) ~ Qu(o)]}s,

t

from which it readily follows that |ve, (t) —vy(t)|/t — 0 as n — oo uniformly
on compact subintervals of [T',00). Thus the mapping ® defined by (3.26)
is continuous in the topology of C1[T’, c0).

Therefore, applying the Schauder-Tychonoff fixed point theorem to &,
we conclude that there exists a £ € = such that & = ®¢, which clearly means
that £(¢) is a regularly varying function of index \g and satisfies the ordinary
differential equation

¢'(t) = qe(t)8(1),

which, in view of (3.18), reduces to the functional differential equation

¢"(t) = q(t)s(g(1)).

This establishes the existence of a desired regularly varying solution for the
equation (A), and the proof is completed for the root A.

To prove the case i = 1, we again put 7 = g(7") and define Z to be the
set of those functions ¢ € C[r,00) N C[T, c0) which this time satisfy

ft)=1, T<t<T, (3.34)

and
t
AL +9
£(t) = exp {/ 125(8)(15} L t>T, (3.35)
T
for some continuous functions d¢(¢) such that for all £ € E.

lim 6¢(t) = 0 (3.36)

t—o0
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and
0< (55(t) <A, t>T. (3.37)

Notice that all the members of = are nondecreasing regularly varying func-
tions of index Ay > 0, i.e., © C RV (A1) and that = can be regarded as a sub-
set of locally convex space C![T, c0) endowed with the topology of uniform
convergence of functions and their first derivatives on compact subintervals
of [T, 00). Moreover, exactly as in the case i = 0 one shows that = is a closed
convex subset of C1[T, 00).

The auxillary function here replacing A from the case i = 0, is

20
p(t) = <Z> , t>a, (3.38)
satisfying by (1.3),
plo(t) _ (9@ _ i
o) ( " > 1 as t— oo (3.39)
From (3.35) and (3.39) one readily derives that for every { € E one has
o),
0 1, t (3.40)
e (@(0) _ £a(®)
P9 g
o S Tew o =T (3.41)
Now we define for each £ € Z and for p given by (3.38)
() =a0" 4 Qi) = / de(s)ds — . (3.42)
oy Ple) i
qp(t) = q(t) D) Qp(t) = t/qp(s)ds —c. (3.43)

t

Due to (3.41) and since £(¢) is increasing, one has for ¢t > T

Qp(t) < Qe(t) < Q)

and also, because of (1.4) and (3.40) (implying Q,(t) — 0, as t — co) that
forallé e =Zand t > T
Qe(t)| < m®. (3.44)
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Once more, let us consider the family of linear ordinary differential equa-
tions

" =qe(t)z, E€E. (3.45)

Because of (3.44) we are able to apply Lemma 2.1 to (3.45), concluding that
each of its members possesses an RV (A)-solution x¢(t) expressed in the

form
xe(t) = exp {/ A1 = Qe(s) + ve(s) ds} , t>T, (3.46)

S
T

where v¢(t) satisfies the integrasl equation

ve(t) = t1=2M / s2M D19 Qe () — (vels) — Qe(s))? Yds, (3.47)
T

and
lve(t)| <m  for t>T.

Let ¥ denote the mapping which associate to each £ € Z the function
W¢ defined by

UEt) =1 for 7<t<T, W) =uae(t) for t>T, (3.48)

where x¢(t) is given by (3.46) and (3.47). It is now a matter of routine to
repeat the procedure used in the case of Ay to establish the conditions on ¥
needed for the Schauder-Tychonoff theorem which guarantees the existence
of a £ € Zsuch that £ = ¥¢, which according to (3.46) and (3.48) means that
&(t) is a regularly varying solution of index A; satisfying (3.45) and so, in
view of (3.42), the equation (A). This completes the proof of the sufficiency
part of Theorem A.

Necessity. (for both cases i = 0,1). Assume z(t) = t" L;(t) where L; are
some normalized SV functions (hence positive by definition).

Put
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integrate over (¢, 00), multiply throughout by ¢ to obtain

—ta’ T sl ()N 2 ds 00
;(tgt) +t/< x(i)>) %2 :tt/qgv(s)ds.

A direct calculation, using (1.1) with ¢(t) = ¢, gives

tz'(t)
x(t)

— X\ as t— o

so that

[e.9]

N\ = tlirélot/qx(s)ds
t

which gives
o0

lim t/qx(s)ds =c,
t—00
t
since \; satisfies (1.2).
This, however, implies (1.4) since % — 1 as t — oo due to the
representation (2.1) in which Q(s) and v;(s) tend to zero, and using (1.3).

P r oo fof Theorem B.
Write equation (A) as

(1) = q.(Ha(t)

where x(t) is positive. Such solutions exist in virtue of Theorem A. Now
apply Theorem 2.7 in [5] asserting that there exist solutions x;(t) such that

zi(t) ~ N as t— oo

if -

I— /t|qw(t) — Sldt < oo.

a

But, because of (1.5) and (2.1)

c
tlg.(t) — | <
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for some k > 0, so that I converges due to (1.6) and the integrability con-
dition on ¢(t).

Example 3.1. Consider the retarded differential equation

(o) = (5 + tj(t)) £t — (1)), (3.49)

where ¢ and d are positive constants, and ¢(t) is a continuous slowly vary-
ing function on [0, 00) such that tlirglo o(t) = oo, and ¥(t) is a continuous
regularly varying function of index p < 1 defined on [0, 00).

Since ¥ (t)/t decreases to 0 as ¢ — oo, g(t) = t — ¢(t) is eventually
increasing and satisfies tlirn 9% — 1. On the other hand, by the Karamata

— 00 t
theorem for integrals (see [5, Proposition 1]), we have

o0

/ ds ds 1 as t— 00
~ —
s2¢(s) to(t) ’

oo
which implies that ¢(t) = 5 + tgi satisfies lim ¢ [ ¢(s)ds = c¢. Therefore,
W(t) t—o00 t

from Theorem A we see that equation (3.49) possesses regularly varying
solutions of indices \;.

Example 3.2. Let g(t) be a retarded argument satisfying (1.3) and
consider the functional differential equation

wo  2logt+3 .
H(1) = e elalh). (3.50)

Since g(t) ~ t, again by Karamata theorem one has

(o]

2logt+ 3

t/q(s)dSNL—i_, as t — oo,
logt

t
e}
so that ¢ [ q(s)ds — 2 as t — oo. The quadratic equation \2 — A\ —2 = 0
t

has a positive root A\; = 2. Therefore, Theorem A ensures the existence of
an RV (2)-solution of equation (2.38). One such solution is z(t) = t*log t.
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4. The special case c =0

In the preceding section we have established the existence of regularly
varying solutions under the assumption that the constant c is positive. What
will happen if ¢ is zero? In that case the quadratic equation (1.2) has the
roots A\g = 0 and A\ = 1.

When )\ = 0, it is shown in [4] that equation (A) has slowly varying
solutions both for the retarded case (¢g(t) < t) and for the advanced one
(g(t) > t) under the conditions g(t) that are much more general then (1.3).

The purpose of this section is to show that, when A; = 1, the existence of
RV(1) solutions can be established for quite and extensive class of retarded
functional differential equations of the form (A). Namely, we will prove the
following

Theorem 4.1. Equation (A) possesses an RV(1)-solution, i.e., of the
form x(t) = tL(t), where L(t) is some normalized slowly varying solution
for every retarded argument g(t) satisfying

g(t) <t, g(t)—o0, as t— o0 (4.1)

o0

Qt) = t/q(s)ds 0, as {— oo (4.2)

t

Proof of Theorem 4.1. Let m € (0,1/4) be any fixed constant and
choose T' > max{a, 1} so that g(T') > a and

Q(t)y<m? t>T. (4.3)
By [5, Theorem 1.1] the linear ordinary differential equation
" =q(t)z (4.4)

possesses an RV(1)-solution X (¢) having the expression

X(t) = V7 exp {/Tt 1= Q) + ”(S)ds} , (4.5)

S

where v(t) is a solution of the integral equation
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Relations (4.5), (4.6) and the following ones are valid for t > T'. Hence the
adjective will mostly be omitted. It should be noticed that X (t) satisfies
the inequality

t<X(t) < ETexp {/t 1+v*(s)ds} , (4.7)

where v*(t) solves the integral equation

1t
V() = - / 2Q(s) {v*(s) + 1} ds. (4.8)
tJr
Since X'(t) is increasing and
XT—16T T X'T—lﬁl T 1
(1)= DT> T, X(T) = (- QD) > 1,

we have X (t) > ¢ for t > T, which is the left inequality in (4.7). The proof
of the right inequality proceeds as follows. First note that the solution v*(t)
of (4.8) is a fixed point of the integral operator

Gru(t) = 1/; 20(s) {v(s) + 1} ds, t>T,
which, as easily seen, is a contraction mapping on the set
Vi={veQ[T,0): 0<wv(t)<m, t>T}.
Consequently, v*(t) is obtained as the limit of the sequence {v(¢)}:

vy (t) =G vy _1(t), n=1,2,---, wu;(t) =0.

n—1

This fact enables us to compare v*(t) with the solution v(t) of (4.6), which
is constructed as the limit of the sequence {v,(t)}:

vn(t) = gvn—l(t)a n=12--, UO(t) = 0.

In fact, it can be shown by an inductive argument that v, (¢) < v} (t) for all
n and t > T. This implies that v(t) < v*(t) for ¢ > T, and hence the right
inequality in (4.7).

We denote by = the set of all continuous nondecreasing functions on
[g(T"), 00) that satisfy £(t) =1 for g(T) <t < T and

16 t1 4o
t < &(t) szexp{/T J”;(S)ds}, t>T. (4.9)
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Clearly, E is a closed convex subset of the locally convex space C[g(T), 0o
with the topology of uniform convergence on compact subintervals of [¢(T'), ).
For any £ € = define

wt) = a0 Qo =t [Tacas. @)
Since £(¢) is nondecreasing and g(t) < t, we have £(g(£))/£(¢) < 1, and hence
a(t) <q(t), Qe(t)=<Q(t), =T, (4.11)

which implies that
Qe(t) <m?, t>T, forall ¢€E. (4.12)

Let us consider the infinite family of linear ordinary differential equations
" =qe(t)x, E€E. (4.13)
Because of (4.12) each of the equations (4.13) has an RV(1)-solution

Xe(t) = %Texp {/Tt 1= Qf(s; + vf(s)ds} : (4.14)
where vg(t) satisfies
1 st 9
wet) = 5 [ {20(5) - (vels) - Qets))?} ds. (4.15)

Let ¥ : 2 — C[g(T), ) be the mapping which assigns to each & € =
the function W¢ defined by

VE(t) =1 for g(T)<t<T, W)= X(t) for t>T. (4.16)

Much as before, we will show that ¥ is continuous and maps = into a
relatively compact subset of =.
(i) If £ € E then, proceeding exactly as in deriving (4.7), we see that

16 t1 *
t < Xe(t) < —Texp {/ —H)(S)ds} , (4.17)
15 T s

wihch gurantees that ¢ € =.
(ii) Since ¥(E) C E, ¥(E) is locally uniformly bounded on [¢(T"), o).
For any ¢ € = we have for t > T

0< (06 (1) = Xe( — 2 < B e { [0}
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which implies that ¥(Z) is locally equi-continuous on [g(T"), 00). The relative
compactness of ¥(Z) then follows from the Arzela-Ascoli theorem.

(iii) Let {&,} be a sequence in Z converging to & as n — oo. This
means that the sequence of functions {&,(t)} converges to £(t) uniformly
on any compact subinterval of [¢(T"),c0). It suffices to verify that {W¢, ()}
converges to W¢(t) on compact subintervals of [T',00). Using (4.14) and

(4.16), we have
(W& (t) — WE(1)] = | Xe, (1) — Xe(2)]

eXp{/t 1 —Q¢,(s) +v5n(8)ds} exp {/t 1 —Q¢(s) +Us(8)d8}‘

T S T S

< 7
— 15

< BT exp { fhs Lt v ()}ds } J s~ (Jve, () — ve(3)] + Qe () — Qe(s)])ds,

and so we need only to prove that

%w&(t)fuﬁ(t)po and %|Q§n(t)—Q€(t)|HO as m — oo (4.18)

uniformly on any compact subinterval of [T, 00). The desired convergence
of the second sequence in (4.18) follows immediately from the Lebesgue
dominated convergence theorem applied to the inequality

§nlg(s)) _ &(9(s))

1 oo
11060 = Q)] < [ ato) |20 - S8

To deal with the first sequence in (4.18), we first use (4.6) to obtatin

e, ()~ vel)] < § [ 106, (5) ~ Qel)ds + T [ Iue,(5) ~vels)lds, (419)
where 6 = 2(m? +m) < 5/8 and o = 2(m? + m + 1) < 21/8. Putting
2(0) = [ e, (5) = velo)las, (4.20

we transform (4.19) into

<Zt(‘?>, = tt‘% /Tt Qe (s) — Qe(s)lds,

from which, after integration on [T} t], it follows that

() < 5 [ 57(1Qe,(5) ~ Qcls))ds. (4.21)
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Combining (4.21) with (4.19) yields

e, 6 = ve < 7 [10e, ()~ Qellds + 575 [ 1Qe,(5) — Qelo)lds

20 (1
<7 [ 1Qe.(9) ~ Qelolds,  t=T.
(4.22)
which clearly ensures the uniform convergence of the first sequence (4.18).
Thus we are able to apply the Schauder-Tychonoff fixed point theorem
to conclude that there exists { € Z such that £ = V¢, that is, {(t) = X¢(t)
for t > T'. This shows that £(t) satisfies

¢"(t) = qe(t)§(t)  or equivalently £"(t) = q(t)s(g(t)) on [T, 00),

establishing the existence of an RV(1)-solution for equation (A). This com-
pletes the proof.

Example 4.1. Consider the retarded differential equation

A

=(t) = tlog(put)

z(g(t), t=>e, (4.23)

where A and p are positive constants. The function ¢(t) = m satisfies
(4.2), and so by Theorem 4.1 there exists an RV(1)-solution of (4.23) for
any retarded argument g¢(¢). If in particular g(t) = ut and % = p with

0 < p < 1, one such solution is z(t) = tlogt.
Example 4.2. Theorem 4.1 does not apply to the retarded equation

1

" t) = te
z() 9t1+910gtx( )

t>e, (4.24)
where 0 < 6 < 1, since the function ¢(t) = Hﬂ%logt does not satisfy (4.2).
Yet equation (4.24) has an RV(1)-solution z(t) = tlogt.

This example shows that for the rather general class of functions g(t)

satisfying (4.1), condition (4.2) is not a necessary one for the existence of
an RV (1) solution. However, there holds

Theorem 4.2. If in addition to (4.1), g(t) satisfies

t
lim sup — < oo. 4.25
msup -y (4.25)
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Then, equation (A) possesses an RV(1)- solution i.e. of the form z(t) =
tL(t) where L(t) is some normalized SV function if and only if (4.2) is
satisfied.

Proof of Theorem 4.2. We need only to prove the “only if”part
of the theorem. Let x(t) be an RV(1)-solution of (A). By (1.1), z(¢) has the
representation

x(t) :ctexp{/t 6<8)ds}, t>T, (4.26)

T S

for some T > a, some constant ¢ > 0 and some continuous function §(¢) > 0
such that §(t) — 0, as t — oo.
Write equation (A) as

where

Then again by [5. Theorem 1.1]

o
t/qx(s)ds — 0, as t— oo. (4.27)
t

By (4.26) and (4.27) for some k,m > 0 and any ¢ > 0

o) - _ LeX t 8(s) s
o< ow ~ |/

t
< mexpelog — <k,

9(t)
whence ¢(t) < kg, (t) and condition (4.2) follows.

Remark 4.1. Recently T. Tanigawa proved in [6] a result for the half-
linear retarded functional differential equation which (among other things)
contains our Theorem 4.2 but not its sufficency part in the full generality of
our Theorem 4.1.
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